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Denn die Wahrheit ist ewig, ist géttlich ; und keine Ent- 
wickelungsphase der Wahrheit, wie geringe auch das Gebiet 
sei, was sie umfasst, kann spurlos voriibergehen; sie bleibt 
bestehen, wenn auch das Gewand, in welches schwache 
Menschen sie kleiden, in Staub zerfallt. GRASSMANN. 
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PREFACE 


IN the beginning of last century, it was still possible to regard 
the Greek Geometry as the most rigorously logical body of 
doctrine ever erected, for the mathematics of that day which 
was of modern origin was clearly based on insecure founda- 
tions. The critical mathematicians of the last century and of 
this have succeeded in placing Analysis on what seems to 
most an unassailable basis, and the results of their labours are 
readily accessible in a number of excellent text-books. But 
although the Euclidean Geometry is the oldest of the sciences 
and has been studied critically for over two thousand years, it 
seems that there is no text-book which gives a connected and 
rigorous account of that doctrine in the light of modern in- 
vestigations ; for Hilbert’s Grundlagen is a work of research, 
while the books of Vahlen, Schur, Veblen and Baker are 
preoccupied with Projective Geometry. It is hoped that this 
book will fill that gap. 

Part of the book deals with the elementary Geometry taught 
in schools, and it might be thought that when the foundations 
had been laid, we could refer to the school-texts for this 
portion of the work ; and this I should have done, but for the 
fact that scarcely one proof in any school-text will survive a 
critical examination, even from the point of view of the 
writers, still less from ours. This seems to shew that it would 
be unwise to leave to the reader the task of erecting the 
school Geometry on the basis supplied in this book ; and for 
this reason I have included proofs of the theorems usually 
taught in schools. In cases where they are merely a correction 
of the traditional proofs, I have put them in small type. Other 
matter which is not of first-rate importance has also been put 
in small type, and so have certain elucidatory paragraphs, 
headed ‘Vode, which are not part of the logical argument, and 
in which a freer phraseology is allowed than in the main part 
of the text. 
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This book is clearly not intended for beginners; but the 
teachers of elementary Geometry and the writers of elementary 
text-books can learn from it how far short of logical perfection 
are the proofs usually received ; and this should result in an 
improvement of Geometrical teaching, unless indeed it be 
contended that an unsound proof has an educational value 
not possessed by a sound one. Geometry, in its first stages, is 
rightly taught empirically, and all propositions, regarded by 
the unsophisticated mind as obvious, are rightly assumed ; 
and while the content of mathematical knowledge is being 
increased, demonstration can only be divorced from experience 
and intuition at great sacrifice. But when some well-defined 
field has been covered, minds of a critical and logical bent 
will wish to derive logically the propositions in that field from 
as small a number of assumptions as possible. At this stage 
the utmost rigour and abstractness are desirable; and this 
stage can be reached, by some, in the latter years of school- 
life. As Professor G. H. Hardy has recently said, “Anyone 
who has the faintest hope of a scholarship at Oxford or 
Cambridge could learn the nature of an axiom, and how a 
system of axioms may be shewn to be consistent with, or 
independent of, one another.” 

Logical investigations, besides being of interest in them- 
selves, often point the way to extensions of knowledge 
previously unthought of. It was from such investigations that 
the classical non-Euclidean Geometries arose, and they freed 
the mind from its age-long bondage to the obvious, and made 
possible the bolder conceptions of space reached in our day. 
For the virtue of a logical proof is not that it compels belief, 
but that it suggests doubts. 

I have tried not to overcrowd the text with references to 
propositions previously proved. It is hoped that the references 
which are given will be sufficient for the reader. The first 
chapter contains a résumé of non-geometrical work which is 
needed subsequently. In a first reading, after the first few 
pages of that chapter have been read, Chapter II and the 


following chapters should be taken, the first chapter being 
consulted when necessary. 
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No attempt has been made to trace propositions or proofs 
to their original authors. I have referred in the body of the 
book only to those papers and books that I have made use of. 

In matters of pure logic, I have tried not to be controversial. 
Where alternative views of some logical process are widely 
held, I have sometimes given alternative methods. The 
attentive reader will be led to consider many logical questions, 
some of which are not yet answered and some of which are 
possibly unanswerable. 

Professor H. F. Baker, F.R.S. read most of the work before 
and after it reached its final form, and suggested many im- 
provements in exposition and arrangement, and finally read 
many of the proofs as they passed through the Press. For 
this help I tender my best thanks. 

Readers who are familiar with the Literature will know how 
full it is of errors, how numerous are the pitfalls. In avoiding 
some, I have doubtless fallen into others. For these I must 
accept full responsibility, and I pray the reader to be 
charitable. 

Acknowledgment is due to Mr R. Cooper, B.A., Scholar of 
Trinity College, Cambridge, who read some of the work in 
manuscript, and discussed some difficulties with me. 

My best thanks are due to the Staff of the University Press 
for the careful way in which the printing has been done, and 
to the Readers of the Press for pointing out slips that had 


escaped me. 
Es Ge Be 
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CHALLER®! 
GENERAL INTRODUCTION 


The object of this work is to shew that all the propositions of 
Euclidean Geometry follow logically from a small number 
of Axioms explicitly laid down, and to discuss to some extent 
the relations between these Axioms. The most famous work 
whose aim was a logical deduction of the propositions of 
Geometry is of course that of Euclid, but many flaws have 
been noticed in his treatment during the two thousand years 
that have elapsed since his work was written. In particular, 
Euclid almost completely ignored the relations of order, 
suggested by such words as ‘between, ‘inside, though such 
relations are, in fact, of great importance in a deductive treat- 
ment. They are fundamental in much of the present work. 

A point in which Euclid was criticised in earlier days, his 
introduction of a Parallel Axiom, is now recognised as a mark 
of his insight. He proved the propositions for congruent tri- 
angles without the use of that Axiom; that Axiom—roughly 
equivalent to ‘Not more than one straight line can be drawn 
through a given point parallel to a given straight line’—was 
first used in shewing the fundamental properties of parallels. 
The fruitless efforts to prove it from the other assumptions of 
Euclid resulted at length in the creation of the non-Euclidean 
Geometry of Bolya and Lobatschefsky—a landmark in the 
history of human thought. While we shall be mainly con- 
cerned with Euclidean Geometry, some reference now and 
again to non-Euclidean Geometries is inevitable. In the Hyper- 
bolic Geometry, as that of Bolya and Lobatschefsky is called, 
all Euclid’s Axioms hold, except that an infinity of straight 
lines can be drawn through a given point so as not to meet a 
given straight line, though coplanar with it*. Propositions in 


* An introductory account of that Geometry will be found in Carslaw, 
“The elements of plane Non-Euclidean Geometry” (1914), and a more 
complete account in Coolidge, “The elements of Non-Euclidean Geo- 
metry ” (1909). 
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the Euclidean Geometry, whose proof does not depend on the 
Euclidean parallel Axiom, will still be true in the Hyperbolic 
Geometry, but those whose proofs do depend on that Axiom 
will now be false. Thus the results of the Hyperbolic Geometry 
are different from those in the Euclidean; nevertheless, as we 
shall subsequently shew, that Geometry is self-consistent, it 
does not contradict itself. The Hyperbolic Geometry was the 
forerunner of numerous non-Euclidean Geometries, differing 
more or less from the Euclidean. In fact, almost any body of 
doctrine, based on Axioms, which resembles in some way the 
Euclidean Geometry, is now styled by courtesy a Geometry. 

We assume, without discussion, the principles of modern 
logic and the fundamental properties of the natural numbers. 
Most of these are known by common sense and need not be 
consciously before the reader. We will only explain one or 
two terms whose meaning may not be immediately clear. 


1. We use the word ‘c/ass’ in its everyday sense, and mean 
thereby a set of objects connected together in the mind be- 
cause they possess some common properties*; examples of 
classes are ‘even numbers, ‘ points,’ ‘men.’ We leave aside all 
logical difficulties connected with the use of the term class. 

A ‘unit class’ is one containing only one member, e.g. the 
class of the present kings of England. An ‘empty class’+ is 
one containing no members, e.g. the class of round squares. If 
all members of a class A are also members of a class ZB, then 
A is a ‘sub-class’ of B. If, also, there are members of B which 
are not members of A, then A is a ‘proper’ sub-class of B. 
Thus the class ‘men’ is a proper sub-class of the class ‘mam- 
mals.’ The members of a class are also called its elements. 


2. We use the word ‘relation’ in its everyday sense. Thus 
‘A is north of 8’ asserts a relation between 4 and ZB. Similarly 
‘A is the son of B ‘A is greater than B’ assert relations. 
Verbs often indicate relations, as in ‘A loves B, ‘A precedes 


* These statements and some of the following are not to be taken as 
definitions (see 6 below), but merely as explanations. 
+ An empty class is sometimes called a ‘null-class,’ but as the adjective 


‘null’ has been appropriated by writers on Analysis, another word is 
necessary. 
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B. We generalise these examples by writing aRd to mean ‘a 
is in the relation R to 3’ 

A relation may relate three terms, eg. the relation ‘ pre- 
ferred’ in the fact ‘A preferred B to C’ Such three-termed 
relations will be of the utmost importance to us. They often 
appear under the guise of ‘oferations.” Thus in Arithmetic 
a+6=c is essentially a relation between a, 4 and ¢, though we 
shall usually regard this equation as asserting that the opera- 
tion of adding ¢ to a produces c. Two classes may be related 
by the fact that there is a ‘correspondence’ between the elements 
of one class and those of the other. Thus the class of men and 
the class of their names are so related. 

3. An ‘ordered couple’ is a pair of entities* (a, 6) distinct or 
not (for example, a pair of points or of numbers) such that 
(a, ) is identical with (c¢, d) if and only if @ is identical with c, 
and 6 is identical with d. Thus (a, 4) and (4, a) are identical 
if and only if @ and @ are identical. Similarly we can intro- 
duce ordered triads, etc. 

4. Use of the sign‘=. If the sign = be put between any 
two entities those so connected are thereby asserted to be the 
same entity. Vo other use of this sign is permitted in this book. 
Thus, in Geometry AABC=ADEF means that the triangles 
are identical, and not merely congruent or of equal area. 
a+ 06 always means a is distinct from 0. 

5. If we have two classes (which need not have a finite 
number of members) such that a correspondence can be set up 
between the members of one class and those of the other, so 
that one and only one member of the first class corresponds 
to one and only one member of the second, then the classes 
are said to be put ‘zz (1, 1) correspondence.” For example, 
natural numbers and even numbers can be put in (I, I) corre- 
spondence, by making each number correspond to its double. 
In this instance, if a, 6 are in the first class, and a’, 0’ corre- 
spond to them in the second, then @’ will be greater than Oe it 
and only if @ is greater than 4. We express this by saying 
that the classes are ‘szmz/ar’ for the relation ‘greater than.’ 

* We use the word ‘entity,’ in default of a better, to mean element or 
class or relation. 
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We can generalise this thus: if we have a class C and re- 
lations R, S,... between certain of its members, and a class 
C’ and relations R’, S’, ... between certain of its members, 
and if a (1, 1) correspondence can be set up between C and 
C’ such that two members of C are in relation #, if and only 
if the corresponding members of C’ are in relation 2’, and 
similarly for S, S’,... then we shall say, C with the relations 
R, S, ... is ‘similar to’ C' with the relations A’, S’, .... 

6. Our Geometry will consist of a series of propositions 
each of which is deduced from some earlier ones. There must 
then be some propositions which are assumed as the basis of 
our deductions. These are what we call ‘Azzoms.’ They need 
not be self-evident or simple; they are merely foundation- 
propositions from which others are deduced. Our Axioms will 
always be propositions about a certain class or classes and 
certain relations between the elements of those classes. All 
other entities spoken of in deductions from these Axioms 
must be defined in terms of those occurring in the Axioms. 
And by definition we mean zomzna/ definition, i.e. an agree- 
ment to replace a long phrase by a shorter. Thus instead of 
saying ‘a quadrilateral whose opposite sides are parallel’ we 
say ‘parallelogram.’ In the formal treatment, a Definition will 
be preceded by the sign Def, an Axiom by the sign Ax. and 
a deduced Theorem occasionally by the sign The. Of the 
classes and relations in the Axioms themselves it may be 
possible to define some in terms of those which occur earlier, but 
it is clear we must ultimately reach entities which are not defined. 

Thus our Axioms are finally unproved propositions about un- 
defined entities. (When a new Axiom is introduced it may of 
course be then possible to prove an earlier Axiom. This may 
then be dropped.) 

Any entities which do satisfy the Axioms, also satisfy all 
the propositions deduced from them, and give an interpretation 
of the Geometry. A Geometry may have and usually does 
have more than one interpretation. Instances of this will be 
given subsequently. 

We shall introduce our Axioms gradually. At any stage 
our propositions will hold not only in the Euclidean Geometry 
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but in any in which the Axioms in force are true. Each time 
we introduce a new Axiom we narrow the range of Geometries 
for which the succeeding propositions are true. 

In our deductions it is not necessary, though it may be 
helpful, to have in mind azy interpretation. We may pretend 
we are just playing a game, deducing in accordance with 
logical laws propositions containing terms which do not have 
assigned definite meanings, from Axioms of the same sort. 
This is the formalist view. The game will be worth our play- 
ing if it has an interpretation which is interesting in itself. 


7. Our Axioms and Definitions must be conszstent, i.e. it 
must not be possible to deduce from them two contradictory 
propositions. To shew that the Axioms are consistent we 
exhibit a set of entities which are known to satisfy them. These 
entities are generally sets of numbers of some sort, real, complex, 
and so on, and relations between them. Hence it is pre- 
supposed that the properties of these numbers are consistent. 
For this reason we sketch in this chapter the deduction of the 
properties of the numbers subsequently used from the pro- 
perties of the natural numbers. We shall assume that the 
properties of the natural numbers themselves are consistent. 

We must also shew that the entities defined in our defini- 
tions exist. This we shall do, when necessary, by constructing 
them by means of earlier theorems and definitions. 

We shall also strive to make our Axioms as simple as 
possible, that is, to weaken them as much as we can. It is an 
advantage if they be also zxdependent, i.e. if none follows from 
the others; this is the case if the systems got by replacing 
one Axiom by its contradictory and leaving the rest unchanged 
are consistent. For example J cannot be deduced from A, B, 
C, if A, B, C and not-D are consistent. To shew the inde- 
pendence of the Axioms we must thus exhibit entities satisfy- 
ing the modified sets. It is found, however, that whether 
Axioms are independent or not depends very much on their 
verbal or symbolic formulation and the question is not so 
interesting or so important as it appears. We shall accordingly 
only trouble about shewing independence when the system 
which shews it, is interesting on its own account. 
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The following important characteristic of certain sets of 
Axioms, though given now for completeness, will be better 
understood later. A set of Axioms about an undefined class 
K and undefined relations R, S,... between its members, will 
be called a ‘complete’ set, if all the interpretations of the 
Axioms (such as a definite class A, with definite relations 
R,, S;,... and a definite class K, with definite relations R,, S5,...) 
are similar* (5). Then if P be any proposition involving only 
K, R, S,..., either P or its contradictory proposition, not-P, 
is inconsistent with the set of Axioms; for we could not have 
two sets of entities satisfying the Axioms in one of which FP is 
false and in the other true. Whether any proposition, con- 
sistent with the Axioms, is necessarily deducible from them 
when they form a complete set is an interesting logical 
question which does not seem to have been discussed. 

For example; we shall shortly give a complete set of 
Axioms for integral numbers. A theorem such as Goldbach’s 
Theorem, “Every even integer is the sum of two primes” 
(whose truth or falsehood is unknown), either is inconsistent 
with these Axioms or its contradictory is inconsistent with them. 
The question is whether its proof, if true, or its disproof, if 
false, can be set up from these Axioms in a finite number of 
steps. 

If a set of Axioms be not complete a proposition and its 
contradictory may both be consistent with them. For example, 
the Axioms common to Euclidean and Hyperbolic Geometry 
form an incomplete set, and both the Euclidean and the 
Hyperbolic parallel Axioms given above are consistent with 
them. 

If a set of Axioms be given, entities satisfying them are 
sometimes said to be defined by the Axioms. This is a different 
kind of definition from that in 6. ‘Definition’ used alone 
always means ‘nominal definition,’ 


* A set of Axioms and Definitions is ‘complete’ when it has the same 
property. 
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Linear Order 


8. Def. If there be a relation ~ (read ‘ precedes’) between 
certain members of a class and the relation satisfies ‘1'2°3 below, 
then the class is said to be ‘iz near order for the relation <. 

I. If x, y be any distinct members of the class, then etther 
AKI OY YK. 

2. Lf x, y be members of the class and x< y, then x #y. 

‘3. If x, y,2 be members of the class and x< y and y < z, then 
<2. 

Thus the natural numbers are in linear order for the relation 
‘less than.’ The above statements are thus consistent and they 
can easily be shewn to be independent. From them we can 
deduce °4'5. 

"4. If x, y be members of the class, then +< yand y~< x can- 
not both be true (*3'2). 

5. In a finite sub-class of the class there are two elements 
a, 6 such that if # be any other element of the sub-class, then 
a<x<b. 

6. Defs. xis the ‘maximum’ or ‘last’ member of a class in 
linear order if all other members of the class precede it; + is 
the ‘s22nzmum’ or ‘ first’ member if it precedes all other mem- 
bers of the class. 

7, Def. A non-empty sub-class C of a class D in linear 
order is ‘bounded above’* (in D) if there is a member of D 
such that every other member of C precedes it. (The member 
of D in question may or may not be a member of C.) 


Types of Relations 


9. Defs. A relation R between two terms is ‘symmetrical’ if 
aRb implies Ra, Thus the relation ‘parallel’ between straight 
lines is symmetrical. A relation R is ‘asymmetrical’ if aRb 
implies that Ra is false. Thus ‘father of’ is asymmetrical. 
A relation may be neither symmetrical nor asymmetrical; 
thus ‘A loves B’ does not imply either that & does or does 
not love A. A relation R is ‘aliorelative’ if xRx is always 
false, ‘reflexive’ if xRx is always true. ‘Perpendicular’ be- 
tween lines is aliorelative; ‘congruent’ between triangles is 


* We shall omit the word ‘above.’ 
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reflexive. A relation R is ‘transitive’ if aRb and bRe always 
imply a@Rc. The relation ‘is earlier than’ between moments 
of time is transitive. The relation < of 8 is transitive, alio- 
relative and asymmetrical (8°3'2'4). The sign = has the pro- 
perties of a symmetrical, reflexive, transitive relation. Such a 
relation is called ‘eguable. In the proposition ‘the segment 
AB equals or, as we prefer to say, is congruent to the segment 
CD’ the relation ‘congruent to’ is equable. If an equable 
relation holds between each pair of a class of entities, the 
entities are often spoken of as having a common property, 
which is said to be defined by abstraction. Thus from the 
relation ‘congruent to’ between segments, the ‘length’ of 
segments is defined by abstraction and congruent segments 
are said to have the same length. There is a difficulty here in 
that the supposed common property (even if it exists) is not 
isolated, we are left to guess which one is meant. In Russell's 
logic the difficulty is turned thus: the length of a segment 
would be defined as the class of all segments congruent to the 
given segment. The common property is then that of belong- 
ing to this class. We shall avoid discussion of these logical 


points and shall simply call attention to them when they 
arise, 


10. The three-termed relation most important for us is 
‘between,’ to which we now turn. A class is said to be ‘ordered 
by the relation between’ when there is a relation called ‘between’ 
relating certain triads of members of the class, which has the 
following properties: If we use the symbol AAC to mean the 
proposition ‘2 is between A and C,’ then 

If A, B, C, X are in the class, 


‘t. ABC implies that A, B, C are distinct. 

‘2. ABC implies that ACB is false (ie. if B is between A 
and C then C is not between A and 8). 

‘3. ABC implies that CBA is true (i.e.if B is between A and 
C, it is between C and A). 

‘4. If A, B, C are distinct, then BAC or CAB or ABC or 
CBA or ACB or BCA. 


‘5. ILA, B,C, X are distinct, then ABC implies ABX or XBC. 
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It must be distinctly understood that nothing is to be 
assumed about the relation ‘between’ save these statements 
and what can be deduced from them. Any three-termed 
relation satisfying these statements has a right to be called 
‘between. Points on a straight line can be ordered by the 
relation between; points on a circle cannot, for whatever 
three-termed relation be taken among the points of a circle, 
some of the above statements will not hold for that relation. 
We can compare the above statements with those which would 
hold for the three-termed relation a+ 4=c for numbers. If we 
write abc for this relation, then adc would imply dac (since if 
@+b=c then 6+a=c). The above statements are inde- 
pendent*. 


It. We shall build up the whole of Euclidean Geometry 
using as undefined entities a class of elements called ‘points’ 
and a relation relating three points which turns out to have 
the properties of the between relation. This development 
starts in the next chapter. The rest of this chapter contains a 
summary treatment of certain number-systems, etc. which are 
subsequently used. Its reading can be postponed until refer- 
ence is made to it. 


The Natural Numbers 


12. We shall not attempt to define the natural numbers, but 
we shall outline how their properties can be deduced from the 
four following and how other types of numbers can be con- 
structed from them. By ‘successor’ we mean immediate 
successor, thus 4 is the successor of 3, and for the present, 
‘number’ means natural number. 

‘t, The natural or finite numbers 0, I, 2,... have the follow- 
ing properties t+ : 

‘tt. There ts at least one number (i.e. the class of numbers is 


not empty). 
‘12. The successor of a number exists and ts a number. 


* Huntingdon, “A new set of postulates for betweenness,” 77avs. Amer. 


Math. Soc. 1924, XXVI, p. 257. 
+ Pieri, “Sopra gli assiomi aritmetici,” Bod/ettino del?’ Acc. Gioenta in 


Catania, Serie 2%, 1908, p. 26. 
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12°13. In any class of numbers, which is not empty, there ts 
a number which is not the successor of any number of the class 
[i.e. a first number]. 

14. There is not more than one number which is not the 
successor of any other. 

‘2. From these statements the following can be shewn: 

‘21. There is only one number which is not the successor of 
any other. We denote the number by o, and the successor 
of a by at. 

‘22, Each number save o is the successor of one and only 
one number. 

‘23. The principle of induction. If the truth of a theorem for 
a number z implies its truth when is replaced by xz*, and if 
it be true when 2 =0, then it is true for all natural numbers. 

‘24. In a certain sense all ordinary mathematical analysis, 
e.g. the Differential and Integral Calculus, can be deduced from 
the above four statements. (19°5 below.) 

‘3. By means of induction we can define addition of numbers 
thus%2 

Def. a+0=a, a+(bt) =(a+ 8). 

Our definition defines what is meant by adding 46+ when we 
know what is meant by adding 0. It is a definition by tnduction. 

31. Hence at=a+1 where 1=0't; (a@+1)*=a+2 where 
2=17, and SO On. 

32. Hence the second part of the Def. can be written 

a+(64+1)=(a+6)+1. 

°4. Again by induction we can prove the following : 

‘41. Ifa, 6 be fixed natural numbers, so is a+. 

‘42. (a@+6)+c=a+(b4+c). The Associative law, denoted by 
Assoc +. 

‘43. a+ b=6+a. The Commutative law,denoted by Comm +. 

‘44. a+c=b+c implies a=6, The Binary law, denoted by 
Bin+. 

As an example we will shew ‘42. The theorem is true for 
c=0, for by 3, (@+6)+0=a+6 and a+(64+0)=a+td. 


* For the following, cf. Peano, Formulario Mathematico. Bocca, Turin 
(1895-1910). 
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Assuming it true when c=~ we can shew it for c=-+1 thus: 
Since (@+6)+n2=a+ (42) we have by ‘12 
[(@+4)+2]+1=[a+(6+n)] +1, 
But by repeated use of -32 
[(a+ 6)+2]+1=(a+6)4+(x+1) 
and [@+(6+)]+1=a4+[(6+2)+1]=a+[b4+ (~+1)]. 
Whence (2+ 6)+(w+1)=a+[6+(7+1)]. So that if the 
theorem holds when c=, it holds when c= +1, and since it 
holds when c=o, it holds generally by induction. 

12°45. Def. The operation which produces a+ from a is 
called ‘adding 6, 

5. Similarly we can define the product of two numbers by 
induction thus: 

Def. by induction. ao=0, a(6+1)=ab+a, and shew 

‘51. Ifa, 6 be fixed natural numbers, so is ad. 

"52. (ab)c=a(bc). Assocx. 

53. ab=ba. Comm x. 

54. Ifcf#othen ac=dcimpliesa=6. Binx. 

55. (@+6)c=ac+bc. The right-hand distributive law. 
R Distrib +x. 

56. c(a+b)=ca+cb. The left-hand distributive law. 
L Distrib+x. 

If both distributive laws hold (as here) we denote them by 
Distrib +x. 

‘57. Def, The operation which produces aé from a is called 
‘right-hand multiplication by b. 

‘6. We do not regard the statements in ‘I as the definitions 
by Axioms of the natural numbers, because not only do the 
natural numbers 0, I, 2, ... satisfy them, but also the odd 
numbers, the prime numbers in their natural order, and in fact 
so does any class of elements for which a relation ‘successor 
of’? can be found satisfying the statements. Any class of 
elements satisfying these statements where ‘number’ and 
‘successor of’ can now be treated as undefined, and where 
the above definitions of sum and product are set up, will be 
called a class of ‘integers’ or ‘integral numbers” Natural 
numbers are thus a special kind of integers. We cannot adopt 
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the formalist view (6) of our statements, if they are intended 
to refer to natural numbers, but we can adopt that view if they 
be regarded as giving a definition by Axioms of integers. 
The whole of the arithmetic of integers can be deduced from 
‘r if we assume a knowledge of the natural numbers. As 
illustrating the difference between integers and natural num- 
bers, we note that though we may say ‘a+ @ is an integer if a 
and J are’ we may not say ‘the sum of 2 integers is an in- 
teger, if by ‘2’ we mean the integer 2, but we may say so, if 
by ‘2’ we mean the natural number 2. Again the sum of a 
natural number of integers is an integer, but ‘the sum of an 
integral number of integers’ is, in our use of the words, a _ 
meaningless phrase. 

12°61. The statements ‘1 1—14 regarded as a set of Axioms 
for integers can easily be shewn to be complete. 

‘62. If z be a natural number and @ an integer, 


na=a+ta+... to # terms. 


‘7. Def. by induction. If a, m be integers, a =1, a41=a".a. 

‘71. Hence, if 2 be a natural number and a@ an integer, 
then a” = aaa... to factors. 

8. Def. and The. \f the integer a be the sum of an integer 
6 and another ¢, then c is uniquely fixed by a, 6 and is denoted 
by a—%&. The operation which produces a— 4 from a is called 
‘ subtracting b. 

‘9. Def. and The. If the integer a be the product of an 
integer 6+ 0 and another ¢, then ¢ is uniquely fixed by a, 6 
and is denoted by a/b, The operation which produces a/é from 
a is called ‘division by 62 We can now define ‘factor,’ 
‘prime,’ ‘ multiple,’ ‘co-prime.’ 


13. Any class of elements satisfying 12°11—14 can be put 
in (I, 1) correspondence with the natural numbers. (12°61.) 
‘I. Def. An ‘enumerable’ class is one which can be put in 


(I, I) correspondence with the natural numbers. (Sees 7 
below.) 
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Positive and Negative Integers 


14. Defs. If a be an integer the ‘fositive integer’ +a is the 
operation of adding a; the ‘negative integer’ — a is the opera- 
tion of subtracting a. A ‘signed integer’ is a positive or 
negative integer. 

‘1. If a, 6 are integers and a=34, then +a=+44, —a=—4, 
Also +0=-—0. 

‘2. Defs. If +x isa positive integer, + (+) is the operation 
of adding x. If — is a negative integer, + (— x) is the operation 
of subtracting x. That is,+(+7)=+2, +(-—x)=—-2. [The 
Operations may here be supposed to be on integers. ] 

"3. Def. If x,y be signed integers, then ++, is the signed 
integer z such that, if « be an integer such that we can apply 
to it the operation +2 and then the operation +y on the 
result, then always ~+%+y=u+4. It can be shewn that z is 

unique. 

4. Def. If x be a signed integer, then — x is that signed 
integer y for which ++y=+0. (It can be shewn to be 

unique.) Def If x, z be signed integers, then x—z=4%+(—2). 
Hence — (+4) =—4 and —(—2)=+4. 

It is now easy to define the multiplication of signed integers 
(by the ‘rule of signs’) and to shew that 12'41—-44 and 
12°51—'56 hold, and also 

5. If r+y=2 and two of 4, y, z be any fixed signed inte- 
gers, the third exists and is fixed. 

‘6. Defs. If a,é are signed integers (or integers) a< 6 means 

‘there is a positive integer x#+0 (or an integer x #0) such 
‘that at++=6. a>b means b<a. 


Rattos 
15. Defs. If a, 6 be integers and 4#0 the ‘ratio’ a/b is the 
operation ‘multiply by a and divide by 4.’ a/t1 is often written a. 
‘1. a/6=c/dif and only if ad= bc where a, b,c, dare integers*. 
‘2. Defs.and Thes. Vf r=a/b be a ratio and w an integer 
divisible by 4, then wr means the integer wa/b. If x, y be 
ratios, then x + yv means the operation z such that wr + uy = uz 


* Two operations are identical, if they operate on the same elements 
and produce the same effects on them. 
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whenever x, ux, wy are integers. It can be shewn to be unique. 
The def. of xy is similar. From these defs. follow the laws of 
12'41—'44 and 12'51—"56, also the theory of division of ratios, 
and 

15°3. If xy =z and two of 4, y, z be any fixed ratios (%, y +0) 
the third exists and is fixed. 

‘4. Note. It is illogical to define a/é as an ordered couple 
(as is often done), for then a/4 =c/dif and only if a=c,d=d (3). 

*s, We can now define ‘sudtraction’ of ratios as in 12°8, 
‘signed ratios’ as in 14, the relation < between ratios or signed 
ratios as in 14°6, the addition and multiplication of signed 
ratios as in 14°34. All the laws of 12°41—44 and 12°51—56 
hold for signed ratios and also 14°5 and 15°3. 

‘6. As in 12°7 we can define the zth powers of all our 
numbers, z being an integer. 

‘7, The class of ratios ts enumerable (131). 

Dem.* We can arrange the ratios f/g in sets, in order of 
increasing +g. The ratios in each set which have not occurred 
in previous sets shall be arranged in order of increasing mag- 
nitudes (°5), the others shall be rejected. Since the number of 
ratios in each set is finite, a given ratio will have a place 
allotted to it somewhere. The ordered set starts thus: 


O/t, 1/1, 1/2, 2/1, 1/3, 3/1, 1/4, 2/3, 3/2, 4/1, 1/5, «- 
and if we make the ratio in the th place correspond to the 


natural number z, we have a (1, I) correspondence between 
the ratios and the natural numbers. 


"8. The class of signed ratios and the class of ratios between 
O and 1 are enumerable. 


16. Lhe integers, signed integers, ratios, signed ratios are in 
linear order for the relation <. (8, 14°6, 15°5.) 

‘I, Defs. A class is ‘condensed’ if it is in linear order (for <) 
and if when x and y are in the class and x ~ y, there is an 
element z in the class with x < z < y. If WZ isaclass in linear 
order for <,a sub-class JV is ‘relatively dense’ in M, if when 


x, y are any elements of M/ and x < y, there is an element z of 
N with + ~ z~ y. 


* The sign Dem. precedes a formal proof. 
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16:2. All enumerable condensed classes with no first or last 
element are similar with their relations < *. (See 5.) 

3. Lhe ratios and signed ratios are condensed classes. Thus 
the definitions of condensed classes are consistent. 

‘4. If m is a natural number and »™ is an integer+ which is 
not the product of z equal integers+, then there is no ratio x 
with 2” = m., 

Dem. If x=p/q, where ~, g are co-prime integers, then 
(A/¢)"=m implies ~”= mg". But in f” each prime factor 
occurs a multiple of z times while in mg” not all prime factors 
so occur, since # is not the product of z equal integers. 
Nevertheless we need numbers x which satisfy "=m. We 
construct them next. 


Real Numbers 


17. Defs. If a is a class of ratios, containing at least one 
ratio but not all ratios, then the class of ratios which are less 
than at least one member of a is called a ‘veal number’ If r 
is a ratio the class of ratios less than + is the ‘ ratzonal (real) 
number’ corresponding to 7. 

‘1. Mote. By this def. we avoid postulating the existence of 
new numbers called real numbers, just as we avoided postu- 
lating the existence of signed integers, etc. Thus the class of 
ratios whose squares are less than 2/1 is a real number, which 
will shortly be written V2. We shall later give a definition of 
real numbers (or rather of signed real numbers, see ‘7 below) 
by a complete set of Axioms and then any class satisfying 
these Axioms can be called a class of (signed) real numbers. 
If Analysis is founded on such a set of Axioms—and this 
method has many advantages—the difficulty is to shew the 
set consistent. We generate from the natural numbers one 
class satisfying the Axioms in question with the sole object of 
shewing the consistency of these (and other) Axioms. 

‘2, If all ratios be divided into two classes A and B, neither 
empty, such that each ratio of A is less than each of B, and that 


* Cantor (Math. Ann. XLVI, 1895). “Contributions to the Founding of 
the Theory of Transfinite Numbers.” Translation by Jourdain, p. 124. 
+ More exactly, integer-ratios, but see 17°9. 
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A has no maximum element, then the‘ lower class’ A ts a real 
number. Conversely any real number ts such a lower class. 

17°3. Def. and Thes. Vf a, 6 be real numbers and a6, one 
must contain the other. If a contain 4, we say <a. The real 
numbers are in linear order for <. 

‘4. Def.and Thes. Vf a, b be real numbers, a+ is the class 
of ratios got by adding each ratio of a to each of 6. Similarly we 
can define ad. Whence, if a is the class of ratios whose squares 
are less than 2/1, then a is a real number and a’ is the class of 
ratios less than 2/1 and so is a real number. We write a=V2 
where now ‘2’ is the real number 2 (i.e. the class of ratios less 
than 2/1). The laws of 12°41—'44 and 12°51—56 and 15°3 
hold for real numbers. If a, 6 be real numbers and a< @ there 
is a real number x >o with a+ 7=6. 

-5. A real number less than I can be represented by a 
decimal (terminating or not). 

‘6.. The class of real numbers less than 1 ts not enumerable. 

Dem. For suppose a (1, I) correspondence 
could be set up between the natural numbers I | ‘a,@,a;... 
and the real numbers less than I, expressed by 2 | *0,0,0,... 
decimals as in the margin, where if adecimal 3 | qaag... 
ends in an infinity of 9’s it is to be replaced by 
the equal terminating decimal. We can define 
a real number less than I thus: let the first figure of the decimal 
representing it be o if a,=9 or 8 and be a,+1 otherwise; let 
the second figure be 0 or 4,4 1 and the third be o or ¢,+1 
under like conditions, and so on. Clearly this number cannot 
equal any of the numbers in the table and our assumed (1, 1) 
correspondence breaks down. 

‘7, We can define ‘szgned real numbers’ (and the real 
number 0=+a—a) and the relation < between them and 
their addition and multiplication as in 14°2°3'4°6. They satisfy 
the laws of 12-41—44 and 12°51—56 and 14°5 and 15°3. As 
in “4 we can define the real number 4/a, where # is an integer 
and @ any (positive) real. We can then define a, where a is 
any (positive) real and y any signed rational or signed real. 

8. The classes of real numbers and of signed real numbers 
are not enumerable. 


. 
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179. Note. It is usual to identify the integer 2, the signed 
integer +2, the ratio 2/1, the signed ratio + 2/1, the real 
number 2 and the signed real number +2. This does not 
lead to trouble, because a true formula among real numbers is 
true in one of the other sets, provided the elements indicated 
in the formula exist in that set. If the signed real numbers 
are defined by Axioms, the distinctions between the above 
entities need never be made, and + 2, 2/3, —2 and V2 are then 
elements of the same kind. The natural number 2 is of course 
an entirely different entity. 


Continurty 


18. Defs. and Thes. If C bea class linearly ordered for ~ 
and D be a sub-class, the ‘upper bound’ of D (in C) is an 
element / of C such that ezther 7 is an element of D and all 
other elements of D precede /, or all elements of D precede / 
and if y is in C and precedes / then it precedes some element 
of D. Neither the maximum element (86) nor the upper 
bound of D need exist, but if either does, it is unique. If the 
maximum exists, it is the upper bound. 

er, /Vore.. As an illustration of 18, take for C the real 
numbers between o and 2 ordered for <, and for D the num- 
bers 4, #, £, 48,..... Their upper bound is 1, but they have no 
maximum. 

‘2, Def. A class C in linear order has ‘ Dedekind continuity’ 
if it is condensed (16°1) and if every bounded (87) sub-class of 
C has an upper bound in C™*. 

3. If C is in linear order and has Dedekind continuity and 
it be divided into two proper sub-classes X, Y so that each 
element of C ts in one only of X, Y and so that each element of 
X precedes each element of YV, then either X has no maximum 
but VY has a minimum, or X has a maximum but Y no mint- 
mum and 

‘4. The upper bound of X is an element A of C and each 
clement + A of X precedes A,and A precedes cach element + A of ae 


* Those who compare with Russell’s definition in the Mathematical 


| Philosophy should note that he does not require the class to be condensed. 
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18's. The real numbers and the signed real numbers are 
in linear order with Dedekind continuity. Thus Def. 182 is 
consistent. For the proof see I9'I. 


19. Def. A class in linear order has ‘Cantorzan continuity’ 
if it has Dedekind continuity and also has an enumerable 
relatively dense sub-class. (16'I.) 

‘1, The class of real numbers has Cantorian continuity and 
the rationals are an enumerable relatively dense sub-class (15°7). 
Hence Def. 19 is consistent. 

Dem. Vf a,b be any real numbers and a< 4, there are ratios 
in & which are not in a. (17°3.) If « be one of them, the class 
of ratios <x is a real rational number ¢c and a<c< J. 

To shew that the class of real numbers has Dedekind con- 
tinuity, consider a bounded set S of real numbers, that is, by 
17°2, a set S of lower classes C of ratios all contained in some 
lower class*, All the ratios considered constitute a lower 
class D, since, if any ratio occurs, so do all those less than it, 
and there is no maximum among the ratios considered. Then 
D is the upper bound of the set S of real numbers, for all 
classes C are sub-classes of D and if C, be any class of S, then 
either C,= D or there is a class C, of S containing C.. 

‘2, A linearly ordered class can have Dedekind continuity 
without having Cantorian continuity. 

Dem. Let K be the class of ordered couples (a, 4) where a, 
6 are reals and oS a1, 0X68 1, and let (a, 4) < (a, &) 
when a,<a, or when a,=a, and 4,<6,. K is then linearly 
ordered and has Dedekind continuity but a relatively dense 
sub-class would contain couples (a, 4) corresponding to each real 
number between o and 1 and thus would not be enumerable. 
(17°6.) 

‘3. Def. A linearly ordered class with Cantorian continuity 
and with no first or last element is a ‘(ome dimensional) con- 
tinuum. 

‘4. It can be shewn that a@l/ one dimensional continua with 
their relation < are similart. Our definitions for the same, if 

* We avoid all difficulties connected with the Doctrine of Types. See 


Whitehead and Russell, Principia Mathematica, 1 (1925). 
t Cantor, loc. cét., p. 134. 
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regarded as Axioms, thus form a complete set of Axioms 
defining continua*. The class of signed real numbers ts a con- 
tinuum. 

195. Vote. As we have constructed from the natural num- 
bers, entities which possess the properties of the (signed) real 
numbers of Analysis, it is clear that in a certain sense all 
ordinary Mathematical Analysis follows from 12°11 to ‘14. 

We shall now consider certain important classes whose ele- 
ments have some of the properties of the numbers already 
considered. The consistency of the Axioms given will follow 
when they hold for any of the classes of numbers constructed 
above. 


Axioms for Magnitudes + 


20. Undefined. A class MZ of at least two elements called 
magnitudes and an operation which from an ordered couple 
(a, 6) of magnitudes produces a third magnitude denoted by 
até, 


Ax. ‘1. Jf a,6 are magnitudes so 1s a+b,and a+b ts fixed 
when a, 6 are. 


Ax. ‘2. a2+b+a, if the elements indicated are in M. 


Ax. °3. (a+)+c=a+(b+0), ¥ the elements indicated are 
in M. 
31. Def. If a, 6 are in 7 then a<é means there is a mag- 
nitude x with a+x+=06. a>b means d<a. Thus a<a+dé. 
e2eulfa<0 and 6<cthen a<c, (By -1°3'31) 
‘33. Not more than one of a=, a< 6, a>46 can hold. 
Dem. lf a< 6 and a>6é then (31) there are magnitudes 4, y 
with a+2=6and 6+y=a. Hence 


Caer y= (ate) y (3) =o + y=, 
contrary to ‘2. Similarly for the other cases. 


* Entirely different views have been expounded by Weyl on the subject 
of the continuum. See his Das Kontinuum (1918) and papers in the 
Mathematische Zeitschrift, X (1921), p. 39, and XX (1924), p. 142. 

+ Huntingdon, “A complete set of Postulates for Absolute Continuous 
Magnitude,” Zrans. Amer. Math. Soc., 1902, Ill, p. 204. 

2-2 
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20°34. Ifd<d' thena+d<a+d. (By 313.) 

35, Def. If m,n be natural numbers +0 we define the mth 
‘multiple’ of the magnitude @ by induction thus: la=a, 
2a=1a+a,ma=(m—1)a+a. Hence 

36. ma+na=(m+n)a=na+ma. (By induction.) 

37, m (na) =(mn)a=(nm)a. (By induction and °36.) 

38. ma=na if and only if m=z. 

Dem. lf m+n then m=n+p or n=m-+q where P, g are 
natural numbers; then ma=na-+ pa or na = ma +qa contrary 
to °2. 

°39. ma < na if and only if m< x. 


Ax. ‘4. Jf a, b are distinct magnitudes then either a<b or - 
b<a, 


‘41. Ifa+d=a+0 then d=. (By °34'4.) 
Ax. *5. a+b=6+4+a ff the elements indicated are in M. 


51. Def by Axs. and The.* A set of elements satisfying 
"1'2°3'4'5 are ‘magnitudes. They are in linear order for the 
relation < defined in ‘31. (‘4'2°32.) The Axioms are consistent 
since they are true for the natural numbers +0. ‘Subtraction’ 
is defined as in 12°8. 


52. Def. A set of magnitudes is ‘Archimedean’ if it satisfy 
Archimedes’ Axiom as follows: 


Ax. °6. Jf a, b be any magnitudes and a<b then there is a 
natural number m such that ma> 6. 


‘61. A set of elements satisfying ‘1'2°3'4°6 also satisfies *5 and 
hence is an Archimedean set of magnitudes. 

Dem. We need five lemmas which we shew first. 

(i) Multiples of the same magnitude satisfy -5 by °36. 

(ii) 6<a+0. For if a>, there is a magnitude y with 
a=6b+y. Hence a+6=(6+y7)+b=64(y+6); whence 
b<at+dby 31. If a=6 then d<4+06 by ‘31. If a<d then 
by °6 there is a natural number 2 with xa<d5 (x+1)a. 
Hence by °34,@+a<a+é6 and by 36,65 nma+a=a+na. 
Hence 6< a+ 6. ('32.) 


* ‘Undefined’ entities may be ‘defined by a set of Axioms.’ See 7. 
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(iii) If a<a@' then a+6<a'+4é. For there is x with atxr=a' 
(31). Also 6<++6 by (ii). Hence a+ <(a+2)+0. (°34°3.) 
Hence a+b<a'+40. 

(iv) If a<a@’, b<d' then a+b<a4+b<a'4+0' by (iii) and 
"34. 
(v) If a+d=a+0 then 0=0'. (344.) If b4a=8' +a 
then =’. ((iii) and °4.) 

Now either there is a least element Z in the class or there 
is not. If there is, then we shew that all other elements are 
multiples of &. For suppose the element 2 is not; then since 
£ <6 there is by ‘6 a natural number z such that 

nH <b< (w+1)F£. 
Hence there are elements y, z withwE+y=6, 6+z2=(n+1)E 
and so mE +(y+2)=”E+4#. (3°36.) Thus y+z=£ (v), 
and y< £(31) cont. hyp. The theorem follows now in this 


case from ‘36. 
Secondly, suppose there is no least element in the class, 


and suppose a+4<4+a. Then there are elements 4, y, z 
with (a+ 6)+7%=6+a and y+2z=¥%. (°31.) Let w be less 
than y, 2, a, 6 (85), then 2w=w+w<y+z2=~- (iv), and 
there are natural numbers m, x with mw<aS(m+1)w, 
nw<b=(n+1)w. Hence by (iv), (iii) mwt+tnw<atd, 
(mw+nw)+x<(atb)+x=b4+a8(n+1)wt+(m+I1)w 
=(2+m+2)w=(mw+nw)+2w<(mwt+nw) +4. 
(We have used °36 and (i).) But 
(mw +nw)+4<(mw+nw)+x 

is contrary to ‘33. Hence our theorem follows. 

20°62. Def. A class of magnitudes is ‘ condensed’ if it satisfy 
the following: 


Ax. °7. [f a be a magnitude of the class, there ts another less 
than a. 
‘71. The ratios >0 are a condensed Archimedean class of 


magnitudes. Hence Axs. ‘I—7 are consistent. 
72, A condensed class of magnitudes ts a condensed class tn 


linear order for <. (16'1.) 
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Dem. Vf a<é there are magnitudes 4, y, 2 with a+7= b, 
y¥< a yt+e=%. (317.) Hence a+(yt+2)=b, a<aty<b. 
(31°3.) 

20°8. Def. by induction. If nm >2, then 

Q, + y+... + On =(Q, +a, +... + Gna) + Gn; 
m being a natural number. 

‘81. Lf a set of elements obey Assoc+ and Comm +, the sum of 
a finite number of elements 1s independent of the order and 
grouping of the terms. 

Dem. If the elements indicated are in the set, then 


AE, + et te) HO hee Fe oe eee (i). 


For, assume the theorem true when there are 2 elements in 
the bracket, then by °8 and Assoc +, 


QA+(4t+...+¢tayn)=Hat (Ht... +40) + taal 
=[a+(4t...+4n)]+%nu 
=(@+4,+...+4n)+4nu (hyp.) 
=a+4,+...+%n4 (def.). 

Hence (i) is true in general. Hence also 
a+(q4+...4¢4n) +0 =a4 ({t+...t ant) S=a4+yt...tant+d. 


Thus if Assoc+ holds, any bracket pair may be removed. 
And if Comm+ holds, any two adjacent terms may be inter- 
changed, and from the properties of natural numbers, it follows 
that by such interchanges any order can be produced from 
any other. 

‘82. Weth the same assumptions, tf n be a natural number, 
we have n(a,+ Ag+... + @s) = MQ, + Nay +... +NQ,. 

83. If a<d, then za< xb and conversely. If a=d, then 
na =nb and conversely. If a>, then x(a—6)=na—né. 


21. A class of magnitudes with Dedekind continuity (for <) 
zs Archimedean, 

Dem. Suppose the theorem false, then there are elements 
a, 6 with ma = 6 and hence xa < 26 for a// natural numbers x, 
The sub-class a, 2a, 3a, ... being bounded, has an upper bound 
/ such that (i) za SZ for all x, and (ii) if Z'’</ there is a natural 
number m with ma>' (18, 182). Since by (i) a</ we can 
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take 2’ such that a@+/’=/ (20°31). Hence U’/+a=Z, I'</ 
(20°5°31), and a+ ma>a+/ (20°34), whence (+1) a>Jcon- 
trary to (i). 

211. In this proof we have assumed 20°5 but not 20°7, though 
the latter is implied by Dedekind continuity, (See °2.) 

‘2, Def.and The. A class of elements satisfying 20°1'2°3'4°5 
with Dedekind continuity for < is a class of ‘ continuous mag- 
nitudes.’ Such a class satisfies 20°6 by 21, and also satisfies 
20'7. For, if @ be any element, there are x, y with a<x<2a 
(182, 16°1),a+y=2z. Hence a+y< 2a, y< a (20'4'34). 

3. The real numbers (greater than 0) are a class of continuous 
magnitudes. Thus the definition is consistent. 

‘4. If x be an element of a condensed class of magnitudes 
and z a natural number, +0, there is an element y of the class 
with uy <x. 

Dem. There are elements a, 0, a, with a+d=4, a,<a, 6, 
and hence 2a,<%. Similarly there is an element a, with 
2@,<a,... and an element a, with 2%2,<%z. But there is a 
natural number v such that 2 < 2°, for which therefore xa, < x. 

5. [fx bea given element of a class M of continuous magut- 
tudes and n a natural number +0, there ts a unique magnitude 
y of the class with ny =x. 

Dem. Consider the class Z of magnitudes z with nz < # for 
the g7ven n. It exists by -4 and is a bounded sub-class of J, 
since g = mz<z. Hence Z hasan upper bound y. Then zy=~. 
For if not, there will be ezther y’ with ny+y’=-x, or y’ with 
ny =x+~y'. In both cases there is an element y” with ny” < 9’ 
(4). Hence in the first case, x(y+y")<4, and y+y" is in Z 
contrary to the definition of y, and in the second case 


ny>x+ny'>ny". 
Hence y >” and x(y— 9’) >, again contrary to that defini- 
tion. Hence zy=x. That y is unique follows by 20°83. 


Ce HOSE ae is that element y satisfying zy =~. 
‘6. We can now define (in a class 7 of continuous magni- 


tudes) 2 + where x is an element of J and J/g is a ratio, ice. 
q 


where /, g are natural numbers. 
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217. In any class of magnitudes, tf the elements indicated 
exist and are unique 


I I I I I I 
os) ace ne a le 
where n ts a natural number. 


Dem. = (yt $a) =O, +o. +a, (*51), and by 20°82 


I I I 
“|; OP OG aR a,| =N.—A+...¢%.—a,=G4+...+4. 
n n n n 
Thefirst part now follows by 20°33. Next if a— exists, there 
P : I I 
is x with a=o+-%. Hence pean, =e, and 


I I I I I I I I 
~a—-—b=-(64+4)—-b=-64-24--b=-% 
Vie aN 02 ee ea MO 

‘*8. We could now define ‘ s¢gned magnitudes’ as in 14 and 
magnitude o=+a—-—a. 


Axioms for Groups* 


22. Undefined. A class G called a ‘group,’ consisting of at 
least two elements, and an operation which from an ordered 
couple (a, 6) of G produces a third element denoted by aé. 


Ax. ‘1. [f a, 6 are in the group so ts ab and this ts fixed when 
a and b are in the group and taken in a definite order. 


Ax. ‘2. (ab)c=a(bc) of all the elements indicated are in the 
group. 


Ax. °3. There ts an element of G such that for each ain G 
we have a=a. 


Ax. °4. ft be such an element and a be any element of G, there 
7s an element a’ of G with aa’ =. 

ia DG). OV 2nAUCIION.. Hite stn tee eee being 
any natural number > 2. 

‘42. Def. If ab=6a for all elements a, 4 in G, then G is an 
‘abelian’ group. 


* L. E. Dickson, “Definitions of a Group and a Field,” Trans. Amer. 
Math, Soc. 1905, V1, p. 199. 
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22°43. Lhe class of signed integers form an abelian group for 
the operation +. The class of ratios >o form an abelian group 
Jor the operation x. Hence the Axioms and °42 are consistent. 
Other illustrations of the group idea are: (i) the class of 
displacements in Euclidean space when they are compounded ; 
(ii) the class of vectors in statics for the operation of vector 


addition; (iii) the transformations 2’ = Lae 
ca+d 


¢, @ being any (signed) real numbers, with ad—dc+0; if S and 
T be two such transformations, SZ will mean the transforma- 
tion which results from applying first S and then 7; the 
transformation +’ =~ of the set is the one that corresponds to 
tin °3. The number of elements in a group may be finite (see 29) 
or enumerable (e.g. ratios >O for x) or not enumerable (eg. 
real numbers >o for x). 

‘44. The ‘product’ of a finite number of elements is inde- 
pendent of their grouping, and if G be abelian, of their order 
also (20°81). 

5. Lf ad =. then a'a=1, where t satisfies *3°4. 

Dem, a’ exists with aa’=t=a'a" (4). Hence 


in algebra, a, 4, 


a=a=a(ad )=(aa)a’ =a ('3'2). 
Hence da=a (1a")=(a't) a” =aa" =. 
‘6. For every ain G, a=a, where t satisfies *3°4. 
Dem. With notation of ‘5 we have aa’=a'a=.. 
Similarly aa’ =a''a' =. 
Hence cwa=(w)a=[s(a''a’)]a=(1a") (da)=a=a, 


since wa” =a by 5 Dem. 

7, The element t of *3'4 1s unique. 

Dem. If a=an=a for all a, then w,=4+=0 by ‘5. But 
Pet by hyp: 

‘71, Def. This unique element is called the ‘ edentity’ or 
‘modulus’ of the Se 

8, The element a’ of ‘4 ts fixed when ais fixed. 

Dem. Vf aa’ = aa =. then by °5'6, 


a = av= a; (aa’)=(a'a)a =a =a. 
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22°81. Def. This element fixed by a is called the ‘imverse’ 
of a and is denoted by a. Thus aa*=a"a=1; (a1) =a. 

‘82*, If ar=s then r=a10; if ya=d then y= ba. 

83. If ab=ac then b=c; if da=ca then b=c (Bin x); if 
aa=a then a=. (since aa= a1). 

84. (ab) 1=k4a. 

‘9. We might have denoted by a +4 the element got by the 
operation of the group on (a, 4). We should then denote the 
‘inverse’ of aby —a. Then ‘81 to *84 become 


‘QI. at+(—a)=(—a)+a=0; —(-a)=a 
where the modulus is now a. 

‘OZ. It a+x=6 then r=—a4+3; 
if y+a=6b then y=6+(—a). 


‘93. If at+d=a+te then d=c; if d6+a=c+a then d=c 
(Bin +); ifa+a=a then a=o. 


04. —(@+0)=(—6)+(—@), 
We shall seldom use + as the sign for the group operation 


for non-abelian groups. When we do use it, a—4 will mean 
a+(—0). 


Axioms for Quast-Fields and Fields+ 


23. Undefined. A class K called a ‘quasi-field’ containing 
at least two members, and supporting two kinds of operation 
denoted by + and x (or juxtaposition), K being an abelian 
group for + with modulus denoted by 9, and satisfying 22°1'2°3 
for x and 224 when a+o, the modulus for this operation 
being denoted by z, and further satisfying 2(46+c)=adb+ac, 
(6+c)a=ba+ca, If also ab=6a for all a, din K then K isa 
‘field’ (Of course only one Distrib + x need then be assumed.) 

I. In a field K we can shew a+b=b+a from the other 


Axioms (i.e. if Comm x holds we can omit Comm + from the 
list of Axioms), 


* Note that 4/2 might mean either a~14 or da-}, which need not be 
equal save for abelian groups. 
+ L. E. Dickson, Joc. cz¢, 
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Dem. By Distrib +x and Comm x we have 
(B+y)G+e=(B+y7)b+(B+y)c=b(B+y)+c(B+y) 
= 6B + by+cB+cy. 


Interchange 6 with @ and c with y, then (8+) (6+¢c) is un- 
changed, and hence by Comm x and Assoc + 

6B + by +cB + cy=bB8 + cB t+ by + cy. 
Hence by Bzz + (22°93) we have by +cB=cB+ by. Put 
B=y=u, then d4+c=c+é. 

23°72. In a quast-field ao=o0a=o0 for all a. 

Dem. Since a(6+¢)=ab+ae, 
we have ao=a(o+0)=a0+a0, 
that is e=e+e where e=ao. Thus ao=o for all a (22°93). 
Similarly from the right distributive law, oa=o for all a. We 
can however deduce this from the left distributive law and the 
first part. For 0a=(00)a=0(oa) for all a since 00=0. Now if 
oa +o there is an element % with (02) x= u, then 

u = 0ax = (00) ax =0(0ax), 
Hence “~=ou=0 (22°3). Hence 6=u=60=0 for all 6, con- 
trary to hyp. that there are at least two elements in the class. 
Hence oa=o. 

3. Jf ab=o, b+0, then a=0. 

Dem. o=0x=(ab)x=a(br) for all x Take x=07 then 
0=au=aA, 

‘4. The number of elements in a field may be finite (see 29) 
or enumerable (e.g. the signed ratios for + x) or not enumerable 
(e.g. the signed real numbers for + x). The last two examples 
shew that our Axioms for a field are consistent but not com- 
plete. It can be shewn that 22°1'2°3'4 for + and x and Comm x 
and L Distrib + x are independent*. 

‘5, Since 0 and uz have the ‘formal’ properties of o and I 
for + and x we often write o and 1 for them. 

‘6. —a is the ‘zuverse’ of a for + (22'9), that is, it is the 
element x with a+x=o. (Cf. 14°4.) 

Since 0=0b=(a+(—a))b=ab+(—a)d, 

* Dickson, Joc. czt. Also Géttinger Nachrichten, 1905, p. 358. In 22°4 

for xX we must of course have a+o. 
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we have (—a)b=—ab, Similarly a(—6)=— ab. 
Hence (—a@) (—4)=—-[(-a@) 6]=—-[-44]=a0. 
237. Assoct+ and L Distrib+x imply 
a(b,+ bat... +b) = ab, + ab, +... + abn. 

‘8. Note. The above treatment may well illustrate the 
formalist view (6). We have left our elements quite undefined, 
but given them laws of combination from which much of 
algebra may be deduced. To shew the laws consistent we are 
however compelled to use ultimately the zatural numbers. 
And even in the above deductions it seems (for this view is 
not universally held) that what may be called the logical 
properties of the natural numbers, or of things, are implicitly 
used. Thus a+4=0+a is not merely a series of marks on 
paper, but a set of recognisable individuals, which can be re- 
garded as things and not merely as symbols signifying other 
things. Even to play the game, as a game, we must note that 
the a and @ are in different positions on the two sides of the 
equation, and that there is not a third way of arranging a, 6, + 
provided for in the rules. It would thus not be possible to 
construct logic itself, or to deduce the properties of the natural 
numbers in this purely formal way. 

We shall soon see that there are fields and quasi-fields other 
than the field of ordinary algebra. 


Ordered Groups and Fields 


24. Def. A group for + is ‘fully ordered’ when its elements 
are in linear order for a relation < (say) and when a < 4 implies 
h+a<h-+6 for every 4 in the group. 

‘I. a<6 if and only if there is an element x with x>0, 
at+xr=db, 

Dem. There is an + with a+x%=6 (22°92). If o<4, then 
a<a+«x=6, And if a<b=a+4, then 0<—a+a+x=4 by 
24. It is not however possible to use this as a definition to 
put an arbitrary group in linear order. (Cf. 29.) 

‘2. The signed integers in their natural order are a fully 
ordered group for their +<, and the ratios >o in their natural 
order are so for their x <, 
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24°3. Ifa<otheno<-—a, If a<dthen —d+2a<0. Ifacd 
then a+a<a+od. If a<o,d0 then a+d<o0,. There is no 
first or last element, since x< a implies 

(*#-—a)+4<(4-a)+a=rn. 
All these follow by 24. 

‘4. A fully ordered group for + whose elements greater 
than o satisfy Archimedes’ Axiom (20°6) is abelian when 
multiples are defined as in 20°35. 

Dem. The elements greater than 0 are a class of elements 
satisfying 20°1°2°3°4°6 whence their addition satisfies Comm + 
(20°61). It is then easy to shew that 


a+(-—6)=—6+a, —a+(-—6)=—64+(-a). 


25. Def. A quasi-field is ‘fully ordered’ when it is a fully 
ordered (abelian) group for + and when a@>0, 4>0 imply 
ab>o, 

‘I. If A>0, a< 6 then ha< hb, since h>o, 6—a>0 give 
h(6—a)>o. Similarly ak< bh. 

mio (a ew. li 1<o then 0<—1 (24°3). Heneé 
o<(—1)(—1)=I cont. hyp. 

12. If a>o0, 6<o then —4>0, hence —ab=a(—4)>0, 


ab<o (23°6). 
13. If a<o, d<o then.—a>0, —4>0, 
hence ab=(—a)(—0)>0 (23'6). 


14. Ifa@>1 then o<a@a"<1. For since 1>0 and a>1, we 
have a>o, and thence, since a.a—!= I we have a >0 (12°13). 
Hence 1 <a gives a?< aa=1 by ‘I. 

15. Ifo<a<i1thena?>1. Proof as for ‘14. 

‘16. If ais any element of the quasi-field save o, then a’ >o. 
(25 and '13.) 

a) lfa>0,6>c¢ then 6a > cr, a b6>a%. 

‘21. The signed rationals in their natural order are a fully 
ordered field for their + x <. 

3, If K be a fully ordered field with Dedekind continuity 
and x>o be an element of K, and n a natural number then 
there ts an element y of K with y” =x. 

Dem. The elements >1 of K satisfy 20°1'2'3'4°5 when + is 
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replaced by x. Also 20°31 is satisfied, for if I<@< 6, and 
ax=6 then o< axr—a=a(x—1). Hence x >1 (25, ‘11'12'13). 
Hence 21°5 gives our theorem at once when x>1 since here 
ny =x is replaced by y"=%. And ifo<+#<1then x71>1 (15) 
and there is z with 2”=2—7, whence (27)"=z. 

25'4. Any quasi-field K has elements #, u+u,u+utu,... 
where w is the modulus for x. Let v4-=u~+u+... to y terms, 
ry being any natural number. If w,= a, then w,_,=0. 

‘41. Def. The least natural number x (if there is one) such 
that #,=0, is the ‘grade’ of u. If w,=o thena+a+... ton 
terms is o for any a in K, since aw=a. nm must be prime, for 
if n=pp' then w)uty=u,=0. Hence w)»=0 or wy=0 (23'3) 
and z= for p’. (See 20.) 

5. Any fully ordered quasi-field K has ‘integral’ elements 
u, u+u,... corresponding to the integers or natural numbers 
wzth the same relations of order, since u >O, U, >O, and up > Um 
if and only if 7 >m (24). Hence K must be infinite. We may 
denote the integral elements by 1, 2, 3,.... K also has ‘rational’ 
elements corresponding to the signed ratios with the same relations 
of order, and often denoted by the same symbols as the corre- 
sponding ratios. These constitute the ‘vatéonal sub-field. 

51. If wz, be the integral element corresponding to the 
natural number z then a+a+... to z terms = “%,a=aQuy. 

‘6. The elements of the rational sub-field are commutative for 
multiplication with any element a of the quast-field. 

Dem. Upna= Aun. Hence a(— un) = — Quy = — Una =(— Un) a; 
and Un, QUn = A,Un =a. Hence au,-!=u4, a and 

(ttn?) A = Um (Un 1 2) = bm (Quy) = (Um @) Uy 
= (Quin) ty * =A (yeas 

‘61. The set of Axioms and Definitions for the fully ordered 
field is not complete, since both the signed reals and the signed 
rationals satisfy them and between these sets a (1,1) corre- 
spondence cannot be set up. (15°8, 17°8.) 

‘7. Def. A quasi-field (or field) K fully ordered for + is 
‘Archimedean’ if, when a, 6 are any given elements >o of K 
there is an integral element with xa >. 

‘8. A fully ordered field F with Dedekind continuity ts 
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Archimedean, For the elements greater than o are a con- 
tinuous class of magnitudes for +< and hence by 21 they 
satisfy 20°6. Hence by °51°7, F is Archimedean. 

There is a rational element of ¥ between 0 and any positive 
element a, for there is an integral element x with u/n< a, 
otherwise we should have za = u< 2u for all integral elements 
mz, and F would not be Archimedean. Hence there is a rational 
element between any two positive elements a, 4, (4 >a), namely 
a+r, where ¢ is a rational element between 0 and d—a. 
Whence there is a rational element between any two members 
of F, and hence the field has Cantorian continutty (19). 

Hence every element / of the field is the upper bound of all 
rational elements less than itself; for if y be a rational element 
less than /, there is a rational element between 7 and /. 

26. A fully ordered field F with Dedekind continuity ts 
stmtlar to the field Q of signed reals for +x<. (See also '5 
below.) That is, # and Q can be put in (1, 1) correspondence 
so that if a, 6 of / correspond to a’, & of Q, then a<d if 
a <6, and a+4 corresponds to a’ +0’ and aé to a’d’. 

Sketch of Dem. F has a rational sub-field which can be 
made to correspond to the rational real numbers. If @ be an 
irrational element of / the set of rational elements of F that 
are less than a will correspond to a set of rational real numbers 
of Q having an upper bound a’. This we make correspond to 
a. The proof can now be completed using 25°8. 

‘1. The set of Axioms and Definitions for a fully ordered 
field with Dedekind continuity is complete by 26. We can 
regard them as a set of Axioms which give for the signed 
real numbers a definition by Axioms. Then + 2, 1/2, —2, /2 
are elements of precisely the same kind. 

We shall henceforth adopt the ordinary nomenclature and 
say ‘veal’ instead of signed real, distinguishing when necessary 
positive and negative real numbers. 

Of course other classes of entities than the real numbers 
constructed from the natural numbers will satisfy the Axioms 
of real numbers. But all such classes are similar for + x <. 
As Examples of classes satisfying the Axioms we may give: 

(i) The class of all reals >o with ‘less than’ taken in the 
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ordinary sense, but with a+ replaced by aé, and ad replaced 
by exp. (log a. log 4). 

(ii) The class of all reals with ‘less than’ and ad taken in 
the ordinary sense, but with a+ 4 replaced by (at + 53. 

26:2. A fully ordered quasi-field K which contains a relatively 
dense sub-field F is a field. 

Dem. If a,b be members of K and greater than o then 
ab>o. If ab>ba there is & in / with ad>k>ba whence 
b3k>a, a>kbo, b4+k>kb— (25'1). Hence there is # in F 
with d7k>h>kb“, whence 0 >hk7, kOh>6>. But since 
hk= kh this gives a contradiction. Hence ad=¢a when 
a, 6>o and so always (236). 

‘21. Conversely a fully ordered field contains a relatively 
dense sub-field, viz., itself; since by 24°3, if a< 4 then 

a<t(at+d)<J, 

°3. A quasi-field K whose elements are fully ordered for + 
and whose rational sub-field 1s relatively dense is Archimedean 
and conversely. 

Dem. lf the rational sub-field is relatively dense and 
«>a>o are in X, there are rational elements fg7!, AA~ with 
O<pq<a and *<hkI1<4r+1. 

Hence a<hk*shsihp< ha. 

Conversely, if A is Archimedean there is an integral element 

m with m(#—a@) >2 and since ma >o and KX is linearly ordered 

and Archimedean there is an integral element 7 with 
n>ma>n—2=0. 

Hence mx >ma+2>n>ma and x >nm>a. 

Hence the rational sub-field is relatively dense. 

‘4. A fully ordered Archimedean quast-field K is a field. 

Dem. The rational elements are relatively dense (3) and 
they form a field (255). The theorem now follows by <2. 

‘5. A fully ordered quasi-field K with Dedekind continuity 
zs similar to the field of real numbers. 


Dem. As in 25°8, K is Archimedean and so is a field (-4). 
Hence by 26. 


27. We saw that a fully ordered quasi-field K which con- 
tains a relatively dense sub-field F is a field, and that if / be 
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the rational sub-field then K is Archimedean (26° 3). We will 
now shew that 7f the relatively dense sub-field F is not the 
rational sub-field then K need not be Archimedean. 

Dem. Consider the expressions 


A= 44" + a,x" + a,x™24. 1. (ay+0), 
where the a are real and the ™ any signed integers. Add and 


multiply them as if they were infinite polynomials, and define 
their inverses by means of (4) =2—™ and 
[1+@7%7+a2+... P=1—-[ar+a27+..,] 
+ [a,4+ a,7°+... P—.... 

These expressions then form a field. It is important to notice 
that no questions of convergency arise. We might have taken 
as elements of the field the sets of coefficients (...a), a, a, ...); 
the ‘parameter’ x merely serves as an aid in our presentation. 

To order this field let A >0 when the first (non-zero) 
coefficient of the expression for A is greater than 0; let d>B 
when 4d—#>0. Thus we have 1—£r>0 for all integers 4; 
that is,no multiple of the element x exceeds 1. Hence the 
field is not Archimedean, but it is easily seen to be fully 
ordered and hence it contains a relatively dense sub-field 
(26:21), but the rational sub-field {a,2*} is not relatively dense. 
ef 10'2, 

27°1. Wecan derive a class having the order relations of the 
above field by replacing each element of the one-dimensional 
continuum C by such a continuum, thus getting C,, then re- 
placing each element of C, by such a continuum and so on, 
and regarding C as a point of a continuum C” of elements like 
C, and C’ as a point of a continuum C” of elements like C’, 
and so on. This ‘hyper-continuum’ corresponds more closely 
to the intuitive idea of a continuous class than does the 
classical continuum of Analysis. 

-2. We get a hyper-continuum of even higher type™, if in 
27 we take expressions of the form 

EN ee Se a, i og (Gin, +O) (Wty < Mla < «..); 

* For the whole question of hyper-continua see Hausdorff, Grundztge 
der Mengenlehre (1914), pp. 194—209, and Veronese, Fondamenti di 
Geometria (Padua, 1891). 
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where the 7 instead of being integers are now rationals with 
a finite greatest common denominator ) (which will vary from 
element to element). The rest of 27 is unchanged. 

Each positive element of the present field has a square root. 

Dem. Vf am, >0 
then  2=@m,4™ E + = = a =Am,4™2' (say). 

Let 2a=1+b,24+d,44+.... 

This can be written I+qQy+aQj"+... 

where y* =, and of course some of the c may be zero. This 
element is the same as (I+Z,y+/.7?+... )?, provided that 
2hy=0,, 2g t+ hP=l, 2h3+ 2hylg= 63, 2hyt+ 2hyhsthZ= cy, «. 
and these give successively 4,, 42, 43, ..... Hence 2’ has a 
square root in the field, and since Vam+™? is the square root of 
Qmx™ our theorem follows. 

27°3. The Axiom of Archimedes is independent of the Axioms 
and Definitions of the fully ordered field. This is shewn by the 
examples in 27 and ‘2. 

“4. We will now exhibit a fully ordered quasi-field which ts 
not a field and so has not a relatively dense sub-field and which 
zs accordingly not Archimedean (26°3). Thus Comm x cannot 
be deduced from the Axioms of the fully ordered quasi-field* 
(cf. 26°4). 

Dem. Consider the expressions 

A =Qt™+ ar +... 
where z is any signed integer and the a are real. (a,+0.) 
Let Vm yX yet He ins ees (1), 
where X,(+0), X,, Xs, ... are any expressions of the form X 
and m is any signed integer. We add the expressions Y like 
ordinary polynomials and multiply them thus: 

CRAG EA i Pe ee ee ee) 

=X Xo +X PAX! ty XX) +s os (2). 
If then, as we may, we put 


* Hilbert, Grundlagen der Geometrie (1909), § 33. 
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we can reduce (2) to the form (1). [It must be remembered 
that +, y are mot numbers; they are merely introduced for 
convenience and theoretically could be dispensed with.] 
For (3) gives 
APY = 2271 YX = 4a Fy =... = 2 yx, 
and Wr=atyts, co y= tyr, 
With these definitions the Y form a quasi-field provided we 
can shew that the inverse of any non-zero element exists and 
is unique. Now an inverse of 
YX tYMOHN, +... =H (Kot IX + PX +...) 
will be (Z,4IZ, +7244...) y™, 
where the Z depend on x only, provided that 
(ZotyZ, t+ PZ2+...) (Mot pM t+ pAet... HL 
that is, if 
Zerg ely ZyAg eZ A y=G, ZyXo4+ Zi Mit Zi Xg=O, ae’ 


Materer” 2, , 21, -.. Satisty 
LZ V=ILZ); A kh) PAE ZAYBaYZ,, sete 
Hence Z,', Z,", Z,’,... can be found. Then Z,.Y,=1 gives 


the coefficients of Z,, and Z,X,+ Z,/X,=0 gives those of Z, 
and so on. Hence an inverse exists and its uniqueness follows 


as i in 22°8. 

) Thus the expressions VY form a quasi-field which we can 
order thus: Y>o if the first (non-zero) coefficient of X, is 
greater than zero. Y,> Y, if Y,— Y,>0. Then Archimedes’ 
Theorem fails, since x — ky >0 for all integers %. 


Complex Numbers 


28. Def. An ‘ordinary complex number’ is an ordered 
couple of real numbers (a, 6) with addition and multiplication 
defined as follows. 

1, Deft. (4,4) +(od)=(ate, b+). 


gh MOTE (a, 6) .(¢, d) = (ac — bd, bc + ad). 
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28:3. From these definitions it is easy to shew that the com- 
plex numbers form a field with (0, 0) as the modulus for + and 
(1, 0) as the modulus for x. 

*31. In the same way from any field F we can construct an- 
other, provided that if x,y be in F then + 7° = 0 unless x= y =O. 

‘4. For ordinary complex numbers, it is usual to identify 
(a, 0) with the real number a and to write z for (0, 1). Then 
(a, 6) can be written a+7 (cf. 17°9), and we have 2?=—TI. 
This field cannot be fully ordered (25°16). 

5B. And” + On 1X" +... +a) =0 (an+ 0), where the a are real 
or (ordinary) complex numbers, cannot be satisfied by more 
than ~ real or complex values of x. The proof of this will be 
found in any text-book on algebra. 

6. Def. An ‘algebraic number’ is one which satisfies an 
equation like that in *5 with the @ all zztegers (positive or 
negative). A ‘transcendental number’ is a real or complex 
number which is not algebraic. 

‘7. Since the number of equations (°5) with 


2+ bntbn ~t+... +h 


fixed (where 4, is the absolute value of the integer a,) is finite, 
the number of algebraic numbers that are the roots of such 
equations is finite by *5. Hence it easily follows that the set 
of algebraic numbers is enumerable. Hence since the set of 
real numbers is not enumerable, we have 

*8. Transcendental numbers exist. It is well known, for ex- 
ample, that e and 7 are transcendental*. 


Modular Fields 

29. We shall now give an example of a finite field which 
we shall need later. 

‘I. Def. Two natural numbers a, 6 are ‘congruent to one 
another, modulo p’ if a—b is divisible by ~. We write this 
relation a—=0 (mod. p) or a= 6 (mod. £). 

‘rr. Let us put all the natural numbers congruent mod. p 
to a given natural number in one class. We then have classes, 
viz. those corresponding to 0, I, 2, ...,(@—1). If all the natural 


* Hobson’s Trigonometry, p. 306. We do not need this example. 
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numbers in one class C are added to those of another class C’ 
we get a third class, which we denote by C+’. Similarly if 
all natural numbers of C are multiplied by all of C’ we get a 
class denoted by CC’. All the laws for a field hold obviously 
for these classes, except 22'4 for multiplication. We shew this 
law below, for classes of natural numbers when ¢ is prime. 
The classes corresponding to o and r are the moduli for 
addition and multiplication respectively. 

29°12. (Fermat.) If @ is a natural number prime to p and f 
is a prime natural number, then a? = 1 (mod. f). 

Dem. If +,s<p and r+s, then ra#sa (mod. p). For if 
va=sa (mod. f) then would (r—s)a be divisible by /, while 


neither y—s nor a can be so divisible. Hence a, 2a,...,(p—1)a 
must be congruent to (~-— 1) different natural numbers greater 
than o and less than /, and hence to 1, 2, ...,(@—1) in some 


order. Whence multiplying the sets together, we have 
a? |p—1=|p—1 (mod. fg) and a?" =1 (mod. 9). 


-13. Now 22°4 follows for multiplication of classes of natural 
numbers when ¢ is prime, for av=1 (mod. f) has the unique 


solution (less than ), x = a?~ (mod. f) when a €0 (mod. f). 
14. If a, m be co-prime natural numbers, then ar=0 (mod. 


m) has only one solution x<m; for as in ‘12 the natural 
numbers 0, a, 2a, ..., (#—1)a@ are incongruent (mod. m), and 


hence one and only one is congruent to 0. 
-15. Hence if a, m be co-prime natural numbers, there are 


natural numbers x, y such that ar—my=1; for take 6=1 in 
a4. 
-16. Hence if a, m have d fot greatest common divisor, there 
are natural numbers x, y such that ar—my=d, as is seen by 
dividing through by a. 

-2. Let now p be prime. We shall represent the classes (mod. 
~) by the same signs as the natural numbers, thus 1 is the class 
of numbers congruent to 1 (mod. f), and so on*. Or we may 
regard all natural numbers as having been divided by and 
their remainders alone retained. 


* Thus a= (mod. J) will now be written a=0. Indices are still natural 


numbers. 
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29°21. Def. We have seen that if a0 then a*=1 for some 
natural number z (12). The least ~ for which this is true is 
the ‘period’ of a; a ‘belongs to’ that m; if the period of a is © 
p—1 then a is a ‘primitive root’ of p. Then will a, a’, ..., a? 
be the numbers 1, 2, ..., #—1 in some order and a'?-)?=— TI. 

22. If a®=1, a™=1, then a@=1 where d is the greatest 
common divisor of , 2. 

Dem. There are natural numbers x, y such that mr—ny=d 
(16). Hence a?=(a™)*/(a")¥=1. 

23. If a(+1) belongs to m, then a™=1, if and only if m is 
a multiple of z. 

Dem. Let d be the greatest common divisor of m, 2, then 
a*=1; and if # were not a multiple of z we should have d< # 
contrary to ‘21. 

24. If a,d belong resp. to ”, m, and ”, m are co-prime then 
ab belongs to mm and a®. bY (x=0...m—I1, y=O... m—1) are 
all distinct. 

Dem. Vf ab belongs toy then I = (ad)"=a™b™=6™", Hence 
m divides rv (‘23) and so m divides r, Similarly divides +. 
Hence so does mm, for m, m are co-prime. But (aé)™™=1. 
Hence mnz=r and aé belongs to mx, 

If a*d¥ = a® bY where x, x are between o and (z— 1) inclusive 
and y,7’ between 0 and (#—1) inclusive, there would be natural 
numbers s, ¢ in the same ranges with a*d‘ = 1, since for example 
ifr >2',y >y' we have a*-* jy-'=1. Hence 

I= (arp) aa qn fin — Jin, 
Hence zz is a multiple of # (:23), which is impossible since 
¢5m-—t and m, m are co-prime. 

‘25. Just as in elementary algebra it can be shewn that an 
equation @,2" + @,_, 4" + ... + a =0 where the a are elements 
of our field cannot have more than n roots. (It may have 
fewer.) 

‘26. #?-1—1=0 has just (p— 1) roots I, 2, .... P—I. (‘12.) 

°3. Primitive roots of any prime p exist. 

Dem, If d divides p— 1 = df we have 


(2 — 1) = (#41) GAY) + ..,). 
The L.H.S. vanishes for (# — 1) values of x (:26) while the second 
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factor on the R.H.S. cannot vanish for more than a(f—-1) 
values (25). Hence #4—1=0 for just d values of x, Hence 
if P-1=f,%/,."... in prime factors and f,'=/,"7 etc., then 
#1" —1=0 has just ~," roots. Those roots +1 which satisfy 
an equation +” —1=0 where r< #,% must also satisfy 11 —1=0 
(22°23) and there are just Z,’ roots of this equation. Hence 
there are by ‘24, 


Pi Po »» (fr— 1) (fa—- 1)... = (P— 1)(1 =e | ee 


primitive roots of 7. 

29°31. For example every prime of the form 27+1(”>1) 
has the primitive root 3. (Reid, Algebraic Numbers, 1910, p.151). 
If z >3 then 5 and 7 are also primitive roots*. 

‘4. The grade of any element a+0 in our field in the sense 
of 25°41 is ~, since g is the least natural number z such that 
a+a+...tozterms is 0. That section makes clear why we 
take ~ to be a prime here. 

‘5. The elements of our field form a finite group for + with 
modulus 0; the elements excluding o, form a finite group for 
x with modulus 1. As a geometrical example of a finite group 
consider the set of rotations of a circle round its centre through 
angles 0, 27/p, 47/f, ..., 2n7/p, (p being prime). If a be any 
element of this group (not the modulus #) the group is the 
set of elements z, a, a’, ..., a” where a@=u, Multiplication 
of elements means combination of the rotations. 

‘6. If we tried to order the last group using 24'1 as definition, 
we should have: a< 0 if there is an element x >u with ar=4, 

Suppose a> then a.a=a gives a<a@’. Similarly 

BG<@,...01< Meu. 


Hence a< uz and we have a contradiction. 


Linear Equations in Quast-Fields 


30. In quasi-fields the theory of linear equations is slightly 
more complicated than in fields. 
‘tr. If 4,+0, we can find Z so that 


£4, 4+ 9, =0, viz. L=— pry. 
* Cf. Wertheim, “Primitive Wurzeln,” Acta Mathematica, Bd. Xx, 1896, 
p- 143- 
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302. If 44,71, 21, %2, Jo, 2 are given non-zero elements we 
can in general find Z, 7 so that 
Li,+ My,+2=0 
1 + My, + %.= 0. 
For multiply on the right by 7,7, y.7? resp. and subtract then 
Lagyt Lee) +A — Ay =O. 
Hence Z can be found (1) unless 49;71—%y27=0. Similarly 
M can be found unless y,.4,7—-—%.477=0. If my =AVo* 
then Layyt+M+ayyt=o 
ee Not+ M+ Spo 1=0. 
Hence, etther 2, ;7= 47. also, and the equations are the 
same, and Z can be found for any given value of MW, or 
£4 Jy} + 2.721 and then the equations are inconsistent. 

*3. Under all conditions we can find at least one set of 

L, M, N, not all zero, so that 
La+ My, + N2,=0, L2,+ My,+ N2,=0. 
*4. If A, B, C do not vanish, and 
4A +48 +2%,C=0 
i +9, BAe G32.O syensineagaten sone (i), 
4,A+2,B+4,C=0 
we can always find at least one set of Z, WW, N, not all zero, 
so that 
Lx,+My,+ N2,=0 
L2,+ My. + Ne.= 
Lx,+ My,+ Nz,=0. 

Dem. We can find L, M, WN to satisfy the first two equa- 
tions (‘3). Multiply the equations of (i) on the left by Z, 4% V 
resp. and add and we get (La,+ M@y,+Nz,)C=0, which, 
since C+0, gives the third equation. 

‘5. We can under certain conditions extend these theorems 
to any number of equations, the conditions being that certain 
expressions do not vanish. The full investigation of these 
conditions by elementary means is easy but very tedious*. 
We shall need 


* Vahlen, Adstrakte Geometrie, 1905, pp. 70—88. 
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BOO. It 
%A+2,B4+4,C0=%, NA+PWAB+pC=IN,; 
4A+24B+2,C=2, A+B+C=I1, 


then we can always find a, 0, ¢ d, not all zero, so that 
ax+by+cz+d=o0 is satisfied by (4,4) (%2¥2%) (%sH34s) 
(414424). For the equations can be written 


(4,-%;,) d+ (4,—-4%;) B+%4%,—%=0; 

(:-Is) A + (I2-Is) B+ Is — N= O; 

(4,-— 4) A+(4,—4)B+24,-—%4=0. 
Apply ‘4 and the theorem follows. 


CHAPTER II 
ORDER 


Introductory Remarks 


The main properties of Euclidean space are those connected 
with (1) the intersections of lines and planes and the number 
of points needed to fix a line or a plane, (2) the order of points 
on a line or plane or in space, (3) the congruence of figures 
and (4) continuity. 

We shall first deal with order and take as our basic undefined 
entities, a class of things called ‘points’ and a certain three- 
termed relation which holds between certain points. If this 
relation holds between A, B and C we express that fact by 
saying ‘A, B, C are in the order ABC. This statement we 
shall often abbreviate by writing [ABC]. If A, B, C be any 
three points, then [ABC] is a proposition either true or false. 

If the points A, B, C be in the order ABC, we can picture 
the relation by taking ‘point’ to mean an ordinary point of 
space and [ABC] to mean, BZ is on the straight line AC and 
between A and C; but nothing must be assumed from this 
picture, everything stated must be deduced from the Axioms 
laid down. Other representations may also be suitable; for 
instance as far as the Axioms O I—VI below are concerned 
we may take ‘point’ to mean any point of an ordinary sphere 
except one fixed point JV, for instance the North Pole, and we 
may take [ABC] to mean that A, B, C, WN are on a circle of 
the sphere and B, V separate A, C. Or we can take ‘ point’ to 
mean an ordered couple of real numbers (%, y) and, if 


A=(%, 1), B= (4, Ws); C= (is, Hs) 


we can take [ASC] to mean that there are real positive 
numbers 7, 2 such that 


ML, +NX,=(M+N)%, My, +nys=(M+N) Jo. 


Any set of entities satisfying the Axioms will give a repre- 
sentation of the Geometry. 
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If we illustrate our argument by figures, nothing save what 
is explicitly stated and deduced may be used from these 
figures. Theoretically, figures are unnecessary ; actually they 
are needed as a prop to human infirmity. Their sole function 
is to help the reader to follow the reasoning; in the reasoning 
itself they must play no part. 

From our Axioms of Order we shall deduce, using suitable 
definitions, many of the properties (1), p. 42, with the im- 
portant exception of those relating to parallels. From the 
Axioms of this chapter we cannot deduce the whole of Euclid- 
ean Geometry since they hold in other Geometries, e.g. in the 
Hyperbolic Geometry, but in addition to these Axioms we 
shall only need two more for this purpose, one of which is 
introduced in Chapter VI and the other in Chapter XIII. It 
will then be seen on what an extremely narrow basis the 
whole of Euclidean Geometry can be erected. 

Most of our Axioms if regarded as treating of the Physical 
Space in which we live, would be considered trivial, but the 
fact that all Euclidean Geometry follows from them is most 
surprising and anything but trivial and it is the main purpose 
of this book to shew just this fact. Our Axioms and Definitions 
could also be regarded as a final analysis of the properties of 
Euclidean Space. 

Whenever possible, it is best to take the formalist view of 
our deductions and to regard the investigation as a game 
played in accordance with our rules, the Axioms, and starting 
from the fixed positions of the pieces given in the hypotheses 
of the theorems. And in order that no unstated assumption 
may creep in, we must move slowly and warily. The proof of 
the first theorems will be written out fairly fully and formally. 
Later, when the ‘intuitive’ theorems have been established, 
more will be left to the reader, but he is advised to make sure 
that the full formal proof can be given. 

Our Geometry is an abstract Geometry. The reasoning 
could be followed by a disembodied spirit who had no idea of 
a physical point; just as a man blind from birth could under- 
stand the Electromagnetic Theory of Light. 

The system of Axioms we use in this chapter is due to 
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Veblen*, and we shall lean rather heavily on his work. The 
formal treatment now begins. 


Sr Undefined Entities 


As undefined entities we take 

(1) A class of elements called ‘fozuzts, denoted by Latin 
Capitals. 

(2) A three-termed relation between points indicated either 
by the phrase ‘the points A, B, C are in order ABC’ or by the 
symbol [ABC]. 

Thus [ABC] is a proposition. It is to be considered as 
distinct from the propositions [BAC],[CBA] and so on. If 
A, B, C are any points then [ABC] is either true or false ; 
it is never meaningless. 


Ax. OI. If A, B, C be points in order ABC then A, B, 
C are distinct. 


Notation. A+B means A, B are distinct; A,B+C or 
C+A,B means A+Cand B+C, (I 4.) 


Ax. OII. If A, B, C be points in order ABC they are 
not in order BCA. 


Introduction of Lines 


Our first object is to introduce some entities called lines ; 
a line is to be a class of points and is to contain an infinity of 
points and is to be fully determined by any two points it 
contains. But in order to use as few Axioms as possible we 
shall proceed by a route which may at first seem artificial. 

1. Lemporary Definition. If A, B be any two distinct points, 
taken in a fixed order, the set of points consisting of A, B and 
of all points P for which either [PAS] or [APA] or [ABP] 
will for the present be called the ‘ seguence AB.’ This must be 
distinguished at present from the sequence BA which consists 
of B, A, and of all points P for which either [PBA] or [BPA] 
or [BAP]. 


* Veblen, ‘‘A system of Axioms for Geometry,” Zvans. Amer. Math. Soc. 


1904, V, p. 343, and an article by the same writer in Monographs on Topics 
of Modern Mathematics (Longmans), 1915. 
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11, When we speak of the sequence AB in the hypothesis 
of a theorem it will be understood that A+B. Similar under- 
standings will be assumed for all entities subsequently defined, 
that is, if any entity is mentioned in the hypothesis of a 
theorem the conditions, if any, for its existence will be assumed 
to be fulfilled. 


Ax. OIIl. If C, D be distinct points of the sequence 
AB then A is a point of the sequence CD. 


Thus by the Axiom itself, 4 belongs to the sequence DC also, 
since the hypothesis says that D, C are distinct points of the sequence 
AB; but it is not stated that B belongs either to the sequence CD 
or to the sequence DC. 

The conclusion of O III depends on the arrangement of the two 
premisses ‘C is a point of the sequence 42 and J is a point of that 
sequence.’ If this type of proposition is objected to, the conclusion 
of the Axiom should be amended to read ‘4 is a point both of the 
sequence CD and of the sequence DC. Modern logicians do, how- 
ever, often allow propositions wherein the conclusion depends on the 
arrangement of the premisses: e.g. ‘f or g implies g or 7.’ 


§ 2. Axioms O I—III imply the following: 

2. [ABC] implies [CBA], and implies that [BCA], [CA4], 
[BAC], [ACB] are all false. 

Dem. [ABC] implies A+C (OI) and C, A are in the 
sequence BC (1). Hence B is in the sequence CA (OIII). 
Also B+ C, A (OI). Hence either [BCA] or [CAB] or [CBA] 
(1). But [ABC] implies that [BCA] is false (OII). And if 
[CAB] were true then [ABC] would be false (O IT), whereas it 
is true. Hence [CAB] is also false, and the only remaining 
possibility, [CBA], is therefore true. 

Thus we have shewn that [ABC] implies [CBA] and im- 
plies that [BCA] and [CAB] are both false. Similarly if 
[BAC] were true, then [CA4] would be true, whereas it is 
false. And if [ACB] were true, then [SCA] would be true, 
whereas it is false. Hence [BAC], [ACB] are also both 
false. 

‘1. Every point of the sequence AB ts a point of the sequence 
BA and conversely, that ts, these sequences are tdentical. 
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Dem. If P is in the sequence AB then either P=A or 
P=B or [PAB] or [APB] or [ABP], and the last three 
imply resp. [BAP], [BPA], [PBA]. Whence the theorem. 


2°12. Vote. In view of 2 we can now, if we wish, translate [4 BC] 
by the phrase ‘B is between A and C’ which means of course that 
the object denoted by B is ‘between’ the odjects denoted by A and 
C. When the proposition is written [4 BC] the Ztter B is between 
the /etters A and C in the sense in which ‘between’ is used by the 
unsophisticated man. This makes the notation suggestive, but it 
must not mislead the reader into assuming that our ‘ between’ has 
any properties save those actually mentioned. Any three-termed 
relation with these properties might be called ‘between.’ Let the 
reader work through the above argument using BAC to mean 
‘B is between A and C.’ It will be equally valid. 


‘2. Notation. If all points of a set of points X are in a set 
Y and vice versa we write X = Y. When this is not so, we 
write X¥+ VY. (See I 4.) 

3. Defs. If A, B be distinct points the ‘4ze AB’ is the set 
of points in the sequence 48; we can hence by 2°! speak of 
the line AZ instead of the sequence ABZ or the sequence BA. 

The ‘open interval’ AB is the set of all points X in order 
AXB. 

The ‘ closed interval’ AB is the set of all points of the open 
interval AZ together with A and B; A, B are the ‘ends’ both 
of the open and the closed intervals 42. The line 4B and the 
open and closed intervals AB are said to ‘jozz’ A and B. 


When we use the word ‘interval’ alone we shall 
always mean ‘closed interval.’ 

Any two sets of points are said to ‘meet’ in their common 
points. 

‘1. Motation. The line AB may be denoted by AB simply 
and in future AZ will always mean the line AB: we shall 
never again require the sequence. The open interval 4B may 
be denoted by A~B, the closed interval AB by AB, the open 
interval AB together with A by A'B, and the open interval 
AB together with B by A7B*, 


* These symbols seem to be due to Peano. See Formulario Mathe- 
matico (1895—1910). 
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32. If A+B then AB=BA, A~-B=B-A. AMB=Br 4. 

"3. If C, D be distinct points of AB, then A, B are distinct 
points of CD. 

‘4. If Cbe on AB and C+ 4, then Bis on AG. 

Dem. A, C are on BA (:2). Hence by O III. 

‘5. If Cbe on AB and C+ A then AB=AC (2:2). 

Dem. Let X be on AB. If X=C then X is on AC (1, 3). 
If X + C, then since X, C are distinct points of AB, A will be 
on XC (-3). Hence A, C are distinct points of XC, and so X 
ison AC (-3), 

Thus if C be on AB and C+ 4, then all points of AB are 
pit 4. 

But the same hypothesis implies B is on AC (-4) and B+ A 
(1'1) and hence, by the first part of this proof, all points of AC 
are on AB. Hence the theorem by 2:2. 

6. If C be on AB and C+A, B then AB=AC=BC (5 
and 2). 

*7. Vote. Ax. OTII has enabled us to shew that 4B=BA and 
this has been done by means of 2 which is deduced from OIII. 
Another plan is to introduce an additional Axiom, as follows : 

Ax. O’. If 4, B, C be points in order ABC, they are in order 
CBA. 

If then we define the line AZ as the set of points A and B to- 
gether with all points X such that either [X 4A] or [A XB] or [ABX] 
we have 3'2 at once. As a minute consideration it may be noted 
that from O II and O’ part of OI follows, namely, that if we have 
[ABC] then B+ 4 and B+C. 

4. If A+B there ts one and only one line on which both A 
and B lee. 

Dem. To shew this we prove that if 4, B be on CD then 
AB=CD. Now since C+D, therefore d+C or A+D. 
Suppose A + C, then CD=CA=AC (3'5°2). But Bis on CD 
and so is on AC (2:2) and B+A. Hence AC=AB (3'5). 
Hence CD=AB. Similarly if A=C, since then A + D. 

‘1. If AB=ACand B+C then AB=BC (4). 

-2, If A be not on BC, then B is not on AC, and C is not on 
AB. Thus AB, BC, CA are distinct lines (4). 

-3. Two distinct lines cannot meet in more than one point. 
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4°4. Def. A set of points on the same line are said to ‘colline’ 
or ‘be collinear, 

5. Def. A set of lines with a common point are said to 
‘concur’ or ‘be concurrent’ at that point. 

‘6. If A, B, C colline and are distinct, then [ABC] or [BCA] 
or [CAB] (4, 3)- 

7. JVote. So far as we know at present, the only points on 4B 
might be 4 and Z. In fact we have not yet said that amy points 
exist. We therefore formally introduce the following Axioms. 


§ 3. Existence Axioms and the Transversal Axtom 


Ax. OIV. If A, B be distinct points there is at least 
one point C in order ABC. 


Ax. OV. There exist three points not on the same 
line. 


These two Axioms are existence Axioms and will give us 
many of the points we need. 

OV could be replaced by the slightly weaker form: There 
exist three distinct points A, B, C not in any of the orders 
PBC AC ALO De 

In the presence of the earlier Axioms and Definitions the 
two forms of O V are equivalent and either form gives: 

Tf any line be given there ts a point not on tt. 


Ax. OVI. (The transversal Axiom.) If A, B, C are 
distinct points and A is not on BC 
and if D, E be points such that 
[BCD] and [CEA] then there isa /* \, 
point F on DE with [AFB]*. 
Vote. This Axiom is of central importance. B c D 
A set of elements for which the other Axioms ae 
are true, but this false, would have very few properties in common 
with those of our Geometry}. It must be carefully noted what the 
Axiom asserts. If we have [BCD] and then [4 FB] instead of [CZA] 
we do not assert the existence or any properties of Z. This question 
* Peano, Revista di Mat. 1v (1894), p. 65. 


+ Cf. Geiger, Systematische Axtomatik der Euclidischen Geometrie 
(Filser, 1924). 
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2 a in 11°6, where we shew that [BCD] and [4 FB] imply 

5. (OI—III, VI)*. With the hypotheses of OVI, F Satisfies 
[AFB] and [DEF]. The additional assertion here is that 
[DEF]. 

Dem. D+ £, for D is on BC and E on CA (3) and these 
lines are distinct (4:2) and hence have only the point C 
common (4°3) and by OI, D, £+C. 

Similarly D, #, F are all distinct but F is on DE (O VI). 
Hence if we shew [E/D] and [FDE£] are both false, we shall 
have [DEF] (3). 

Suppose [EF D] were true; D is on BC and so not on CA 
(43), that is, D is not on CE (35) whence [CEA] [EFD] 
would give a point X¥ on AF with [DXC](OVI). But since 
X lies on the distinct lines CD = 4C and AF= AB, we must 
have X =8 (4°3) and hence [D&C]. But this contradicts the 
hypothesis that [BCD] (O II). 

Similarly we can shew [/D#] is false. Whence the theorem. 

6. (OI—III, VI). 7 A, B,C do not colline and [BA'C), 
[CB’ A], [ACB], then A’, B’, C’ do not colline. 


Using terms defined later this means that a line cannot meet the 
three sides of a triangle. 

Dem, A’, B’+=C (O1) and A’ is on BC and B on AC. 
Hence by 4°2°3 we have A’+ 5’. Similarly A’, B’, C’ are all 
distinct. Hence if they colline either [A’B’C’] or [B’C’A’] or 
he AB’) (46). 

Now C’ is not on BA’, for C’, B are distinct points of AB 
and B is on BA’ = BC (3°5) which is distinct from AB. 

Also we have [BA’C]; hence if [A’B’C’] there would be a 
point X with [BXC’] such that C, B’, X colline (OVI). Thus 
(as in 5) X=A and we have [BAC”], contrary to the hypo- 
thesis that [4C’B]. Hence [A’B’C’] is impossible. Similarly 
the other cases are impossible. 

-1, ote. This seems the place to point out the significance of 
O VI, and since this note is not part of our logical development, we 
use the ordinary language of Geometry. If a line meets the three 


* The Axioms in the bracket are those used in the proof. 


FEG 
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sides of a triangle internally we shall say the type of this transversal 
is III; if it meets one side internally and two externally we say the 
type is IEE, and so on. Thus in the Euclidean Geometry we have 
the types EEE and IIE but no others. Let us call two types con- 
tradictory when their symbols agree in two letters, but differ in the 
third. Thus EEE and IEE are contradictory. Consider now a 
triangle ABC and let % Z be points such that [478] [AZC] and 
let HE meet BC in D. If we do not assume a transversal Axiom 
any of the orders DBC, BDC, BCD, and any of DFE, FDE, FED 
are possible. When the matter is investigated, it is found that we 
have contradictory types of transversal in our figure (considering its 
different triangles) unless ether [BCD] and [FED], or [DBC] and 
[DFE] which are the Euclidean cases, and then the types in the 
figure are EEE, IIE. 

It is true that if we start from points on the prolongations of the 
sides of the triangle, instead of from 4, Z we can get non-Euclidean 
figures which do not themselves have contradictory types of trans- 
versals ; in fact there are two such cases, viz. 

(1) [DBC] [ZCA] [AFB] [DEF), types IEE. 

(2) [DBC] [CEA] [ABF] [DEF], types IEE. 

But they contradict the only non-contradictory types obtained 
above. Hence, apart from the statement of existence in O VI, we 
could replace that Axiom by the statement, that transversals of con- 
tradictory types do not exist*. 


The Orders of Points on a Line 
§ 4. Axioms O I—VI imply: 

7. If A+B there is a point F with [AFB], that is between 
any two points lies another point. 

This does not yet mean that between any two points there is an 
infinity of others, for we have yet to shew that if X is between 4 
and &, and Y between 4 and_X, then Yis between 4 and B. 

Dem. There is a point £ not on AB (O V) and a point C 
with [AEC] (OIV). Hence AC=AE+ AB (355, 4:2). But 
A +8, hence B is not on AC (4°3) and hence 4 is not on BC 
(42). But there is a point D with [BCD] (O IV) and since 
[CEA] there is by O VI a point F with [4 FB]. 

‘1. Mote. We now know by O IV, 2, 7 that a line 4B contains 
at least five points, viz, 4, B and X, Y, Z in orders XAB, AVYB, 


* An analogous argument to that sketched here is given in Geiger, 
loc. ctt. 
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ABZ, for X, ¥, Z are distinct by 2. Our next step is to shew that 
a line has an infinity of points in it and to investigate the order- 
relations of points on a line. 


8. Lf O be any point of a line, the other points of the line can 
be divided into two sets [X],[V] such that each set contains an 
enjinity of points and no point is in both sets, and such that of 
X,, X, be any points of [X] and Y,, V, any points of [V] then 
[X,0 Y,] but necther (X,OX,] nor [ V,0 Y,). 

We first shew 81 to 8:93. 

‘1. [ABC] [BCD] imply [A BD}. 

Dem. A, B,C, D colline and A+D(OIlI). As in 7 there 
are points Y, W not on AB with [BYW]. Now W is not 
on AB and [ABC] [BYW)], hence w 
there is a point Z with[AZW][CYZ] 


(5). Since Z is on AW and Z+A ZAK 

therefore Z is not on CD. Hence 

[DCB] [CYZ] give a point X with ne > 
[BYX][ZXD] (5) and W+X. Since ee 


Z is not on AD(=CD), and [AZW] 
[ZXD], there is a point B’ on WX with [AB’D] (5). But since 
Bison ADand WX,and WX =WB (since [BYW][BYX)), 
and WB+ AD we have B’= B and so [ABD]. 

‘2, [ABC][ABD] and C+ D imply [BCD] or [BDC]. 

Dem. A,B,C, D colline and B+C, D(O1). Hence [BCD] 
or [BDC] or [CBD]. 

We shew that [CBD] is false. If possible let it be true. 
There are points P, S not on AC 5 
with [SCP] (OIV, V). Then since 
S is not on AC, [SCP] [CBA] give 
a point R with [PBR] [ARS]. And 
since S is not on CD,[SCP][CBD] A 
give a point Q with [PQ] [DQS}. 
But since [PBR] [PQ] therefore RX, 
B, Q colline and since D, S, A do 
not colline, [SRA] [ABD] [DQS] are impossible together (6). 
Hence [CBD] is false. 

3, [ABD] [ACD] and B+C imply [ABC] or [4 CB). 

Dem. Since A, B, C colline (3) and are distinct (O I) we 

4-2 


Fig. 3 
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have [ABC] or [ACB] or [BAC] (46). But [BAC] [ACD] 
imply [BAD] (1) contrary to [ABD]. 

8:4. [ABC][ABD] and C+D imply [ACD] or [ADC]. 

Dem. By ‘2 we have [BCD] or [BDC]. But [DCB] [CBA] 
imply [DCA], and [CDB] [DBA] imply [CDA] (1). 

5. [ABC] [ACD] imply [BCD]. 

Dem. As usual we have [BCD] or [CBD] or [CDB]. But 
the second is false since with [CBA], A+D it gives [CAD] 
or [CDA] (-4) contrary to [ACD]. And the third is false since 
with [ACD] it gives [4 CB] (‘1) contrary to [ABC]. 

‘6. [ABC][ACD] imply [ABD] (5'1). 

‘7, Def. lf A, B, C, D are points [ABCD] means [ABC] 
and [ACD]. 

‘8. [ABCD] implies [ABC] [ACD] [BCD] [ABD] ('5°6°7). 

‘9. [ABD] [BCD] imply [ABCD]. 

Dem. [DCB|[DBA] imply [CBA] [DCA] ('5°6). 

‘91. [ABD][ACD] and B+C imply [ABCD] or [ACBD] 
(-3°7). 

‘92. [ABCD] implies [DCBA] and all other orders are 
false. 

‘93. If [ABC] and X ison AB and X+B then [ABX] or 
PAS CIS( CE 1 Ise) 

Dem. If [X BC]is false we have [BXC] or [BCX] or X=C. 
Now [ABC] with [BCX] or X=C give [ABX] (1). Further 
[CXB][CBA] give [X BA] ('5). 

These Theorems lead readily to the proof of 8. 

Dem. Let A be any point, not O, of the line and let LX] be 
the set of points consisting of A and all points XY such that 
[OX A] or [OAX], and [Y] the set of points with [YOA]. 
Then each point, not O, of the line is in one and only one of 
[XL [¥1 (2, 3). 

That [X,OY,] is always true and [X,0X,] [Y,0 Y,.] both 
false follows from the theorems just shewn. For example 
[Y,0A] [Y,0A] imply [AOY,] [AOY,] and so [OY,Y,] or 
[OY,Y,] or Y,=Y, (2). Hence [ Y,0 Y,] is false. 

To shew that there is an infinity of points in [XY] we proceed 
thus:, There are points X, X, with [OA.X,][4X,X,] (O IV). 
Hence X, is in [X] (1) and X,+-X,. Similarly there is a 
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point X, with [4.X,X,], and hence [OAX,) and XY, X4X;. 
For if, for example, X,=_X, then [4.X,X,] would contradict 
[AX,X,]. This process and reasoning can be continued in- 
definitely. Similarly for [ Y]. 


9. Using the notation of 8, [X,Y,X,] and [VY,X,Y,] are 
false. For example [X, Y, X2], with [O.X,X,] or [OX,X], give 
L ¥,4, 0] or [ YX, 0] (8°5) contrary to LY,O Y,] and [X,0 Yj]. 


10. If A+B there ts an infinity of points Z between A and B. 

Dem. There is a point Z, with [4Z,B] (7) and Z, with 
{[AZ,Z,] (7) and hence with [A Z, AB] (86) and Z,+ Z,. Again 
there is a point Z, with [AZ,Z,] and hence [AZ, 8] (86) and 
Z,+Z,, Z,. And so on. 

‘I. If Cis on A7BS then any point, save C, on A~B is on one 
and only one of A-C, C-B and all points on these open 
intervals are on AB. 

Dem, [AXB] [ACB] and X+C imply [AXC] or [CXB] 
(8°93) and both cannot hold together, since together they give 
(since A+B) [XAB] or [XBA] (8:2). The converse follows 
from 3°6. 

tem yt Cis on AB, it ‘divides AB into A-C and 
BC OB. 

‘2. If C, CG, be on AB then each point of C~C, is on A~B 

Yr): 
meecoelie A. the ‘ray OA, or (OA, is the set of 
points consisting of A and all points X in order OXA or 
OAX. The ‘ray’ OA], written OA], is the set of all points Y 
in order VOA. O is the ‘ena’ of these rays, and they ‘go from’ 
O, (which is not on them). [OA and OA] are ‘opposite’ rays. 

The reader will have no difficulty in proving the following. 

‘4. Any point, save O, of OA is on one and only one of [O4, OA]. 

‘s, If B is on [OA then [OA=[OB and is O~B together with 
BO}. 

ie If B is on OA] then OA]=[OB and is O7B together with 
BO}. 

“ If B, C are on opposite rays from O then [BOC] and 


conversely. 
*53. If [O04 = OB] then OA]|=[OB. 
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10's4. If [4OB] then [OB is the set of points X with [A40X]. 

‘ss. If X, Y be both on the same ray from O, then X=VGs 
[OXY] or [OYX]. 

56. And Vis on [XO or X is on [ VO or X=¥. 

‘57. If [OAB] then all points of [4B are on [OA. 

‘58. If Bis on [OA and [OBC] then C is on [OA. 

‘6. Def. lf Bis on[OA or on OA] it ‘divides’ the ray into 
O-B and BO}. 


11. The. and Def. If n(>2) points be given on a line, we 
can assign letters P,... Py» to them so that [P;P;P | if and only 
if i<j<k or t>j>k. Every other point of the line ts in 
one and only one of P,P.| or P,P, or PsP, or ...or Pay la 
or PyP,3\) We say the points are ‘tn order P,P... Pl ver 
that | PoP aed |. 

Dem. We shew the theorem by induction. For x =3 the 
theorem follows at once from 1o'1. Suppose it true for z points, 
so that P,... P, are names for points satisfying the conditions. 
Then by hyp. any other point Q on the line is in P,P] or 
a Ot Lok 5 Ot aes OFF 4a eles eee. 

If Q is on P,P,] it divides that ray into P,-Q and QP,] 
(10°6). Also [QP,P,|[P,P,P;] if z >2 and hence [ OP, P;| (81) 
if z>1. But since we know [P,P;P;] if 1<%<7 we have 
[OP;P;] if ¢<7 (81) and we have now merely to rename Q 
and P; resp. as P, and P;,, for7=1...”. Similarly if Q is on 
dad ims 

If Q is on P;-P;,, it divides that open interval into P;-Q and 
Q-Pi4, (10'1). Then since we know [P, P:Pi41] [P: Pins P] if 
r<t,t+1<s we have [P,P;Q][P;QP.] (8°56). Hence 

[POPS ihreqet = 
Rename Q as P;,, and P; as Pj4, for 7=z+1,24+2,..., 2 and 
we have the theorem for (7 + 1) points assuming it for 2 points. 

The present notation [P,P, ... P,] clearly agrees with the 
notation [A BCD] of 8'8. 

1. If[P,P,... Py] there are points P, O with 


[Peer | 
SIT. SAL lols || Por ey eae 
then [Batis 
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11‘2. Given a finite set of points on a line, if A is on the 
line but not in that set, then there is an interval AB of the 
line which contains no points of the set, and an interval AC of 
the line such that C is the only point of the set in it, and there 
is a ray of the line containing no points of the set. 

3. If a ray OA or an open interval OA meets a finite 
number of lines there is a point XY on it such that O7X does 
not meet the lines (:2). 

‘4. Through a given point O a line can be drawn so as not 
to pass through any of x given points. 

Dem. Let the joins of O to the z points meet any other line 
in the set of points |X], which may be empty. The join of O 
to a point of the line, not in [.X], satisfies the conditions. 

5. Given a finite set of lines, there ts an infinity of points not 
on any of the lines. 

Dem. There are points , Y on distinct lines of the set. 
Then X Y is not a line of the set, hence it meets the lines of 
the set in a fimzfe number of points, but it contains an infinity 
of points (8). 

6. If A, B, C do not colline and|AFL\[BCD] then there ts 
a point E with [CEA] (DEF. 

Dem. There is a point H with [PBA] (OIV)]). , B, D do 
not colline, hence [PBA] [BCD] give a A 
point R with [DRF][AHCR] (5). From 
[AFB] [PBA] we have [AFH] (81), 
and since A, /, D do not colline, this 
with [PRD] givesZ with [DL A][7XL]. 
From [Y1CR] [RL] we have PEA, 
(8°5) and since A, L, C do not colline, ” 
this with [AZD] gives F on DR= DP Fig. 4 
with [CEA]. Finally since A, B, C do not colline [BCD] 
[CEA] give a point XY on AB with [DEX] and as in earlier 
theorems we shew X= F. 


The Triangle 
‘7, Defs. lf A, B, C do not colline, the ‘triangle’ ABC, or 
A ABC, is the set of points on AB, BC, CA. A,B, C are 
the ‘vertices; B-C, C~A, A~B the ‘sides, B''C, etc. the ‘sede 
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intervals, and BC, etc. the ‘side lines’ of the triangle. The 
side, interval, and line AB are ‘opposite’ C. 

Note carefully that a side of a triangle does not include tts 
ends. 

The following sums up 5 and 11°6 and is fundamental. 

12. A line which meets one side of a triangle and another 
side-line, not on its stde-interval, meets the third side of the 
triangle. 

The reader will note that we deduced the Theorems on the orders 
of four points on a line by means of the very weak Axiom O VI and 
then deduced the strong Theorem 12 by means of them. 

‘1. Def. A point is ‘inside’ a triangle if and only if it is 
between two points on different sides of the triangle. [A side 
is an ofen interval.] 

‘2. A point inside a triangle is between each vertex and 
some point of the opposite side. 

Dem. If X is inside AABC there are points 17, NV on 
different sides, say A-~B, A-C such that [A7X NV]. Considering 
first the line BX (or CX) and then A.X, the theorem follows 
easily from 5 and 86. 

*3. If ABC be a triangle and [AWB]|[ANC]|[BXC] then 
a= Aemects NV (116, oP 

‘4. A line through a point X inside and a point VY on 
AABC meets the triangle again in a point Z with [YYZ]. 

Dem. By ‘2, AX meets the side BC in M say. If V+ Mis 
on B-C, then [CAZ Y] or [BY] (893) and since [MXA] the 
theorem follows by 5. 

*5. A point between a vertex of a triangle and a point of 
the opposite side is inside the triangle (‘4 Dem. and 1). 

‘6. IfA, B,C do not colline and [BCD] and[AX,X,... XnB] 
then [4 Y,Y,... ¥,C] where Y; is the point where DX; meets 
aL 1): 

Dem. |AX,B] [BCD] give [AY,C] [XY,D}. Also 
[4,X,8] [X,Y,D] [BCD] give [Y,Y.C] |X, Y.D] (3). And 
so on. Then use II‘rl. 

‘7. If A, B, C do not colline and [BCD] [X,X,X,] where 
A,, X,, X, are on A-B, then [Y, Y, Y;] where Y; is the point 
where DX; meets A-C. 
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Dem, Either [A.X,X,] and then [X,X,8], or [BX,X,] and 
then [X,X,A] (8'93'5). 

Hence either [4.X,X,X,B] or [BX,X,X,A] and then 6 
gives the Theorem. 


The Plane 


13. Def. If A, B, C do not colline, the ‘plane’ ABC, written 
ABC simply, is the set of all points on all lines joining two: 
points of AABC. Thus the points of A ABC are on ABC. 

ABC=DEF means all points of either plane are on the 
other. See 2:2 and 14. ABC=BCA etc., all permutations 
being allowed. 

Sets of points on the same plane are said to ‘coplane’ or ‘be 
coplanar, 


‘1. JVote. We could also take as def. the following: If 4, B, C do 
not colline, the plane 4 BC is the set of all points on all lines joining 
the vertices of A ABC to the points of the opposite side-intervals. 
Points on a plane AGC in accordance with this def. are so with our 
def. also, as a mere matter of logic. Conversely, in the presence of 
the Axioms, this def. can be deduced from ours (III 13°1). We 
adopt the def. in 13, because it can be generalised to give a def. of 
space, whereas the alternative def. does not generalise so immediately. 

Consider also the following definition. ‘If 4, B, C are any distinct 
non-collinear points, the plane AAC is the set of all points on lines 
joining A to points of (the line) BC.’ It will be noted that in this 
definition the order of the points 4, 4, Cis relevant. It is clear that 
if we took this definition we could not have a line from 4 in the 
plane ABC which does not meet BC. Further, if we wish the plane 
ABC to be the same plane as the plane XYZ where X, Y, Z are any 
distinct non-collinear points of the plane A&C, we should have to 
shew that PX meets YZ when / is any point of the plane AAC, that 
is, we should have to shew the following theorem, ‘If P, X, Y, Z be 
any points on the plane 48C then PX, YZ meet.’ This cannot be 
shewn from the Axioms so far introduced for ¢/ey are true in the 
Euclidean Geometry while 7/75 is not, since it denies the existence of 
parallel lines in the plane 48C. The Theorem in question is thus 
independent of our Axioms though it is consistent with them*. Hence 
the suggested definition, which will be considered later in connection 
with Projective Geometry, necessitates more Axioms than those we 


* See Chapter XIII. 
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now have, if a plane is to have the properties ordinarily associated 
with entities so named. ; 

The most important Theorems to be shewn on a plane are (i) any 
three non-collinear points of a plane determine it, (ii) a line which 
has two points common with a plane lies on it. These two properties 
have often been taken as Axioms and it is remarkable that they can 
be deduced from our def. The following theorem as well as the two 
just mentioned is taken as an Axiom in Hilbert’s Grundlagen. 


13:2. If X be in plane ABC and Y be on a side of AABC 
then X Y meets the triangle in a point 7+ Y. 

Dem. There are points M@, NV on A ABC which colline with 
X (13). The Theorem follows at once from Theorems 12 to 
12°5 when Y is ona side-line, or when X is not on a side-line 
but 17 or WV is a vertex, or when X is inside AABC. Finally 
if [47NVX]and M be on A~Band N on A~C say, then [A WB] 
gives Z with [ANZ][XZB]. But since [ANC] and Z+C we 
have either [4 ZC] or [ACZ] (8-3), and the Theorem follows 
by applying 12 to triangles BCZ and BZA. 

3. If X be on A-B the points of ABC are the set of all 
points on all lines joining X to points of A ABC (2). 

‘4. If D be on ABC and not on BC then ABC= DBC. 

Dem. First \et D be ona side-line of A ABC, say on AB. 
If [DAB] take XY such that [4X4], and if [4 DB] such that 
[DXA]. Then all lines through XY which meet A AAC again, 
meet ADSC again and conversely (12). Hence by °3, 
ABC= DBC (since X is on A~Band on D-£). That is, if C is 
not on AB and (i) [DAB] or (ii) [ADA], then ABC= DBC. 

Hence if Cis not on AB then [DBA] implies BAC= DAC 
by (i), and if Cis not on AB then [ABD]implies ADC= BDC 
by (ii). 

Hence as [ABD] and [DBA] imply each other, either gives 

ABC=BAC=DAC=ADC=BDC=DBC. 

Hence if D be any point, not B, on AB 
and C be not on AB then ABC= DBC (and q D 
hence ABC= CBD and so on). 

Next \et D be not on a side-line of AABC 
and let X satisfy [CYB]. Since D is on ABC, A Ye 
DX meets AABC again in Y+X (-2) and 


x 


Fig. 5 


- 
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Y is on AB or AC say the first. Then by the earlier part 
of the proof 
ABC= ABX = VBX = DBX=DBC. 

14. Lf D, E, F are distinct non-collinear points of ABC then 
ABC=DEF. Hence any plane is fully determined by three 
distinct non-collinear points lying on it. 

Dem. One of D, E, F say D is not on BC and one, say E is 
not on DC and F is not on ED. Hence by 13'4, ABC= DBC. 
Hence £ is on BDC (and not on DC), hence BDC= EDC. 
Similarly CED= FED= DEF. 

"I. Def. A line or ray is said to be ‘on a plane’ if all its 
points are. 


15. Lf A, B be distinct points on DEF then AB is on DEF. 

Dem. lf C is on DEF and not on AB then ABC= DEF 
(14) and AB is on ABC (13) and hence on DEF. 

I. A plane and a line not on tt cannot meet in more than one 
point. 

°2. Two distinct planes cannot meet in three non-collinear 
points (14). 

3. Lf two planes meet in the distinct points A, B they meet in 
AB (15). 

16. [f a line a be on ABC and be not a side-line of AABC 
and one point X of a be inside NABC or on a side of NABC 
then the line meets A ABC in two and only two points. 

Dem. Let P+ X be ona. If X be ona side of A ABC the 
theorem is 13°2. If X be inside A ABC then AX meets B-C 
in WV, hence ABC=ABN. Hence PX, lying on ABN meets 
AABN and hence AABC in a point +X. (13°2, note case 
when A, X, P colline.) Hence PX meets AASC in two 
points (12°4) and in two only since a is not a side-line of the 
triangle (6). 

-~, A line + AB on ABC which meets A-B, meets AC or 
ied Oo 

-2, A line on ABC which does not meet AC or BC can- 
not meet A'"B. 

17. A ray from an inside point XY of AABC and on ABC 
meets the triangle in one point only (16, 12°4, 10°52). 
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171. Given a finite set of lines in a plane, and O a point not 
on any of them, then there is a triangle in the plane with O 
inside it, not meeting any of the lines. 

Dem. Draw in the plane any line through O; on it are 
points X, Y such that OLX, O*Y do not meet the lines and 
[XOY](11°3). There is a point A not on OX and points rs 
W on VA such that Y7Z, Y7W do not meet the lines and 
[Z YW] (11°3). Then O is inside AXZ W (12°5) and no given 
line meets the triangle (162). 


18. If A,B, C do not colline and [BDC], then all points in- 
side A ABC, and only those points, are inside A ABD or inside 
MAG) orion Asi 1122). 


Space 
§5. Ax. OVII. Not all points are on the same plane. 
Axioms O I—VII imply the following. 


19. If X YZ be any plane there is a point not on it. 

‘I. Given a finite set of planes there zs an infinity of points 
not on them. (Cf. 11°5 Dem.) 

‘2. If AB is any line there is an infinite set of planes through 
AB (4, 19, 10). 

3. Lf AB is any line, [P] a finite set of points not on AB, 
then there is a plane through AB not containing any of the 
[P] (2). 

‘4. If a finite set of planes go through a point O, there is a 
line through O not on any of the planes (-1). 

*5. Given a finite set of points [P] and of lines [7] there is a 
ray from any point O, and a line through any point O not on 
[P] or any [2], which does not meet [P] or [7] (-4). 

6. Defs. If A, b, C, D be distinct points which do not 
coplane (and hence no three of which colline) then the ‘¢etra- 
hedron’ ABCD or A ABCD is the set of all points inside and 
on the triangles ABC, ABD, ACD, BCD. The points A, B, C, 
D are the ‘vertices’; the open intervals AB, etc. the ‘edges’; 
the intervals AB, etc. the ‘edge intervals’; the insides of 
AABC, etc. the ‘faces’; and the planes ABC, etc. the ‘ Jace- 
planes’ of the tetrahedron. (Note that the faces do not contain 
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the edges or vertices, and that the edges do not contain their 
ends.) Two edges are ‘opposite’ if they have no common end. 


20. Def. The set of all points on all lines joining any two 
points of A ABCD is the ‘space’ ABCD, denoted by ABCD 
simply*. Thus points of AB and of ABC are on ABCD. 

ABCD=EFGH means every point of each space is on the 
Stier oee 2 1 1 4: 

ABCD=BADC all permutations being permissible. 


‘1. (Vote. For all we know at present, there may be several spaces, 
e.g. a point in space ABCD need not necessarily be in space ABCE. 
We shall later restrict ourselves to one space. With our use of the 
term, space is necessarily ‘three dimensional.’ For what are usually 
called four-dimensional spaces we need another word, say, hyperspaces. 

The most important Theorems to be shewn about spaces are that 
any four non-coplanar points of a space determine it and that a line 
which has two points in common with a space lies in it. 

Suppose we took as our definition of space the following: ‘If A, 
5, C, D be distinct points, no three coplanar, then the space ABCD 
is the set of all points on all lines joining points of AZ to points of 
CD.’ The order of A, B, C, Dis relevant. With this definition, let 
X be in space ABCD and not on AZ or CD; through X goes a 
line meeting AZ and CD and since this line lies on the plane XAB, 
that plane must meet CD. If then Z, 4, G, A be any non-coplanar 
points in space ABCD and we wish spaces HGH and ABCD to 
be identical, it follows that if X be any point of 48CD then the 
plane XZ F will have to meet GH. Hence if we wish any four non- 
coplanar points of a space to determine it then any line and any 
plane in the space must meet. On this definition we can make the 
same remarks as on an analogous one in 13'I. 

‘2, Def. X is ‘inside’ AABCD if and only if there are 
points JZ, V on different faces of A ABCD such that [A7X NV]. 

In the following 7 means A ABCD. 

21. If X is inside 7 then AX meets BCD in a point P in- 
side ABCD with [AXP]. 

Dem. There are points 17, NV on different faces of ZT with 
[MXN]. Thus at least one of J, NV is on a face with vertex 


* Our def. of space is slightly different from that of Veblen. But he 
seems to use ours nevertheless. Compare Def. 7 and The. 22 in 7rans. 
Amer. Math. Soc. V, 1904. 
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A, for the faces are the insides of triangles ABC, ACD, ADB, 
BCD. Let M be inside A ABC then AY meets BC in V and 
[AMV][BVC] (12:2). 

Case (i). If WV is also on a face with vertex A, say inside 
AACD, then AN meets CD in U with 
[ANU] [DUC]. Then applying 1271-2 
to AAVU we find AX meets VU in P 
with [VPU] [AXP]. 

Case (ii). If VV is not in a face with 
vertex A it isinside ABCD. Then there 7 “——>"4._\ 
is a point U on a side-interval, not BC, 38 D 
of ABCD, satisfying [VNU] (12°4). Ap- Fig. 6 
plying 12:12 to AAVU we find AX meets VU in P with 
[VPU]|[AXP]. Since [BVC] and U is on a side-interval, not 
Buc, of ABCD, therefore [VPU] im- y 
plies P is inside ABCD (12'1'5). 

Zitat «fF. is inside, ABCD sang 
[AXP] then X is inside 7. 

Dem. There are points V, U on dif- Nee 
ferent sides of ABCD such that [VP UV] yee 
(121). But [AXP], so X is inside ? sels) 2 
AAVU (12'5), and thus there are Fig-7 
points Y, Z on different sides of AA VU, and so on different 
faces of 7, such that [ V.XZ] (12'1'5). 

‘2. If P, @ be on 7 and not on the same face planes and 
[PRQ] then R is inside 7. 

Dem, By 20:2 and 21'1 we need only consider case when 
P is on an edge A7S, say, and Q on the edge opposite to 
A-B or on a face. Let Q be on C-D or inside ABCD. 
Consider lines BQ and AR and use ‘t. 

22. If X be inside T and Y on or inside T then X V meets 
TL in two points Q, R with [OX R). (Fig. 8.) 

Dem. Y is not on all the faces of 7. Suppose it is not on 
or inside ABCD. If Y=A the theorem is 21. If at Y+ A 
then there is a point MZ inside ABCD and a point N on 
or inside ABCD with [AX] [AYN] (21, 12:2). Hence 
MN meets ABCD in two points V, U with [ VMU] and either 
N=U or V or [VNU] (16, 12'4). Hence X is inside and Y 
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inside or on AA VU (12°5) and thus XY Y meets A.A VU in two 
points Q, R with [QXR] and Q, R are on T (16, 12°1°4). 

221. If MW, N be on different faces 
of Zand [MNO] and P is on any face A 
of 7, then OP meets J in a point Q+ P. 

Dem. Case (i). Let P be on the same 
face as Mf and let X be on the same face 
and [M@PX]. Then OP meets VX in Y ZAM 
with [V YX], hence Y is inside T (20:2) 8 D 
and so PY=PO meets 7 again in Q weve 
say (22). Similarly if P is on the same face as WV. 

Case (ii). If P be not on the same face as M/ or XW, let it be 
inside ABCD (say). Then AM, AN meet the sides of ABCD 
in X, Y say with [AJZX] [ANY]. Hence if [XZY] then 
either OZ will meet AAXY in W with [ZWO] or [WZO] 
or O ison XY (13, 13:2), for [WOZ] is impossible, since that 
would imply that O was inside AAXY and hence [MON] 
(12°4). If [ZWO] or [WZO] we have case (i) again since P 
is on the same face as Z. If O is on X Y and P on BCD the 
theorem is trivial. 


23. If O is in (space) ABCD and P on a face of T, then 
OP meets T again in a point distinct from P. 

Dem. There are points 17, V on T such that O is on MN 
(20). Hence the theorem by 22, 221, if 1, V be on different 
faces of Z, and by 21°2, 22 if [A7ON] and M, N are on T 
and not on the same face-planes. The remaining cases, when 
[47NO] or [VMO] and &, N are on the same face-plane, or 
one is at a vertex, or one or both on an edge are shewn as in 


212, (2.9) 


24. If E, F be distinct points in (space) ABCD then all 
points of EF are in ABCD. 

Dem. Vf E, F be on T then all points of EF are on ABCD 
(20). If #, F be not both on 7, let P be on a face of 7 and 
not on ZF, then PE, PF meet TJ in points Q, R +P resp. (23) 
and P, Q, R do not colline. Hence EF is in PQR (15). 
Hence any point X on ZF is on the join of two points Y, Z 
of APQR and since P, Q, R are on JT therefore Y, Z are on 


a a 
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or inside Z and hence either YZ is on 7 or it meets 7 in two 
points Z, M (22). But X is on LW and hence in ABCD. 


25, If E, F, G, H be distinct points of ABCD, which do not 

coplane (and hence no three of which colline) then 
EFGH=ABCD. 

Dem. E is not on all the face-planes of 7; let & be not on 
BCD. All points on edges of AEBCD are on ABCD, hence 
so are all points of faces of AHBCD and hence so are all 
points of space EBCD (24, 20). 

We next shew that all points of space ABCD are in space 
EBCD. Let X be inside ABCD then EX A 
meets 7 again (23). Suppose they meet in 
Y inside or on AACD. 

If [X ZY] then & is inside T (21'2) and re 
hence AE meets the inside of ABCD (21). Bae TS 

If E=Y then either E= A or AE meets B 
(py ap Fig. 9 

If [EX Y] then either Y= A, or A Y meets CD in Z with 
[A YZ], and then AX meets E~Z in a point inside or on 
AECD, so that A is on the join of a point inside ABCD toa 
point inside or on AECD. 

If [X YE] and Y+A then A Y meets CD in Z, and Vis 
inside AEBCD (since X is inside ABCD); hence ZY meets 
AEBCD again (22) and so A, being on ZY, is in EBCD (20). 
If |X VE] and-Y=A then [XA£]. 

Hence in all these cases A is in EBCD. Thus we have 
shewn that if & is on ABCD and not on BCD then A is on 
EBCD. Hence, as in the first part of the argument, all points 
on ABCD are on EBCD, and hence ABCD = EBCD. 

Hence / is in EBCD and not on all the planes EBC, ECD, 
EBD. Suppose it not on ECD, then EBCD=EFCD. Since 
E, F, G do not colline, then G is not on both FFD, EFC. 
Suppose it not on E#D then EFCD=EFGD. And FZ is not 
on EFG, hence EFGD= EFGH. Hence ABCD= EFGH. 


26. If X, VY, Z do not colline and all lie in ABCD then all 
points of the plane XYZ lie in ABCD. (As in 15 Dem. or by 
24.) 
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ap aba a, B, ¥ be planes and By, ya, a8 meet in lines a, b,¢ 
resp. and if a, b meet in O then a, b, c all meet tn O. 
Dem. O is on a, 6 and hence on a, 8 and y, and hence on e. 


Restriction to‘ Three dimensions’ 


§6. Ax. O VIII. All points are in the same space. 


28. Vote. ‘This Axiom restricts our set of points to form a three- 
dimensional manifold. If we wished our set of points to form at 
least a four-dimensional manifold, we should replace this Axiom by: 
All points are zo? in the same space (cf. O VII). 

Axiom O VIII could be replaced by the following proposition. 


29. Two planes which meet in a point meet in another point 
and so in a line (15°3). 

Dem. Let O be the common point and a one of the planes; 
take A, 5, C on aso that O is inside A ABC (cf. 17°1). Let X 
be on the other plane 8 and not on a 
and let Y(+-X, 0) be in B, then YOis x 
fave (15).and Y is in space. Y¥ ABC y 
(O VIII). Hence YO meets AX ABC 
in another point Z, say, (23). If Z is 
in a, then a, B have two common Ve 
points. If it is not, then XZ is in B 4 C 
and it meets A ASC in a point com- Fig. 10 
mon to a and 8. 

30. If a plane meet a side of a triangle, but does not contain 
that side, it meets the triangle in just two points (29, I6°I). 


We have now laid the foundations of Geometry. Our Axioms 
O I—VIII together with a continuity Axiom and a Euclidean 
parallel Axiom enable us to erect a complete Euclidean Geometry. 
If we replace the Euclidean parallel Axiom by the Hyperbolic, we 
can erect a complete Hyperbolic Geometry. 

Furthermore our Axioms O I—VIII together with a continuity 
Axiom enable us to introduce algebraic methods. As far as the 
Euclidean case is concerned, this will be shewn in this work. 

We shall quote Axioms O I—VI as O, and Axioms O I—VIII 


as O. 
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CHAPTER III 
FURTHER THEOREMS ON ORDER 


Introductory Remarks 


This chapter continues the development of Chapter II on the 
basis of the Axioms of order. We begin by shewing some 
theorems on angles*, that are needed in the succeeding chapter, 
where we treat of congruence. 

We next discuss the order-relations between rays from the 
same point. There are two aspects of this question which are 
of importance tous. First we might adjoin to any angle a sense 
of rotation and then to an angle 408 would correspond two 
sensed angles according as we think of a rotation from OA to 
OB or from OB to OA via the rays inside the angle JOB. 
This aspect of the question is dealt with, and generalised, in 
17; the analogous question of sense on a line is treated in 16. 
Secondly we may consider the ‘separation’ relation among 
rays from the same point. Two rays a, 6 separate the rays 
c, @, if all proceed from the same point and if one of a, 6 is 
inside the angle cd, and the other outside. To investigate this 
relation we take up in 18 ff. the question of the outside and 
inside of an angle. 

Finally we touch on certain order-relations in space. 

All the theorems of this chapter are valid in much more 
general spaces than the ordinary Euclidean space. For ex- 
ample, they all hold in Hyperbolic space. It should also be 
noticed that no continuity considerations are used. Between 
any two points of any line lie an infinity of other points but 
we do not assume that the line is in any sense a continuous 
set of points; we do not, for instance, assume that there is any 


correspondence between the points of a line and the real 
numbers. 


* The definition of angle in 3 below must be carefully noted. An angle 


is a pair of rays, not in the same line, proceeding from one point, together 
with that point. 
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§ 1. Basis O or O, according as the figures are not or are 
coplanar. 
Definitions 

I. Defs. and Thes. A ‘way A,A,... Ay’ (written simply 
A,A,... An) is a finite set of points A,... A, called ‘vertices’ 
of the way, together with all points of the open intervals 
A, A,, A,A;,..., AnAn which are called ‘s¢des’ of the way. 
The lines 4,A.,..., An_, A, are the ‘stde-lines, and the (closed) 
intervals A,A,, .... An.A, the ‘side-intervals’ of the way. 
The way ‘goes from’ A, to A, and ‘goes from’ A, to A, and 
‘joins’ A, to A,. The vertices A;, Aji, are ‘adjacent. Unless 
the contrary is stated, we shall always suppose that A,_,, 4;, 
A;,, do not colline for any values of z. 

If no two side-intervals meet in any point which is not a 
vertex and no three side-intervals meet in any point, the way 
is ‘stmple” (Thus a simple way does not meet itself.) 

fe, 7, the way A,A,... 4, 1s a *polygo#, ‘simple’ if 
the way is simple, and this polygon is usually denoted by 
A,A,... An-,. Hence if A, B are vertices of a polygon there 
are two ways, formed of points of the polygon, which join 
ztO Dy 

A ‘region’ is a set of points not all collinear, any two of 
which may be joined by points of a way consisting entirely of 
points of the set. A region is ‘convex’ if, when A, B are any 
points of it, then all points of A~Z are points of the region, 

‘1, Defs. If X, Y be sets of points and if there is a set of 
points S such that every way which joins a point of X to 
a point of Y meets S then S ‘separates’ X from Y. The 
‘boundary of a region, if it exists, is the set of points, not in 
the region, which separates the set of points in the region from 
those not in*. 

‘2, The points common to oe peck constitute a region, 
convex if both regions are so. : 

* Simply to avoid clumsiness of language we often say ‘points are 77 a 
region, instead of ‘the points are points ofa region.’ All the regions con- 
sidered by us will be what are known as ‘open’ regions ; so that in the 
cases in which we use it, our definition of boundary agrees with the usual 


definition, in which points of the region may also be points of the boundary. 
5-2 
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1°3. Mote. The plane is a convex region and, as will be 
shewn later, the inside of a triangle is a convex region; the 
outside is a region, not convex. 

In 1'l ‘every’ way means every way 7 the plane when we 
are dealing only with coplanar figures. Similarly the boundary 
of a region in a plane is the set of points zm the plane satisfying 
the conditions specified. 


The Separation of a Plane by a Line in tt 
§.2. Basis O,. All points considered are in one plane. 


2. Any line a separates the other points of a plane a in which 
zt lies, into two convex regions bounded by a. 

Dem. Let A be on a; let X, Y be points of w and not on a, 
Wwiths| A. Yopethen sf PA ae 
do not meet a neither does P“Q 
(II 16:2), and if S be on P—-Q neither 
does oA Cl lato:2 jerience thease. 
of points [P] such that P'Y does 
not meet @ is a convex region. Simi- 
larly the set of points [2] such that e 
RY does not meet a is a convex Fig. 11 
region. Further, if Z be any point on aw, and not on a, one 
and only one of Z“X, ZY meets a, for if both or neither 
meet a, then Y Y will not (II 16, 16:2), cont. hyp. Thus each 
point of w, not on a, is in one and only one of these convex 
regions. 

To shew that a separates these regions, and hence is their 
boundary, let XY, be in [P] and Y,in[R]; hence X,°X, YW V 
do not meet a. If possible, let X,... %,(X,=Y,) bea way 
from X, to Y, not meeting a. Since X'X,, X,'.X, do not 
meet a, neither does X'X,; and if XX;, X;"_X;,, do not 
meet a, neither does X'-Y%, (II 16:2). Hence by induction 
A'™X,, and so, also, X'* Y does not meet a, cont. hyp. Hence 
any way from X, to Y, meets a, that is, a separates [P] from 
[A]. 

‘1. Def The regions into which a line a separates a plane 
@ in which it lies are the ‘hadf-planes from a in w’ or ‘the sides 
fama. If «= ABC, then {AB, C} represents that side of 


nie 
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AB in which C lies. The other side is often called the ‘ opposite’ 
side. For convenience, we often speak of a side of a ray, 
meaning thereby a side of the line on which the ray lies. 
{AB, C} together with AB, is the ‘closed half-plane or closed 
pre 1 ABC}, ; 

2°2. If X'*Y does not meet a then X, Y are on the same 
side of a and conversely. 


3. If A~X and B-Y meet then_X, VY are on the same side 
of AB. 


Angles 

3. Def. If k=[OA, k=[OB (11 10°3) and %, & are not in the 
same line, then the set of points of [OA, [OB together with O is 
the ‘angle’ hk or AOB. Thus hk and kh are the same angle, 
AOB, BOA are the same angle; O is the ‘vertex, [OA,[OB 
the ‘sedes, OA, OB the ‘side-lines’ of AOB. When we speak 
of AOB ina hypothesis, it is assumed that A, O, B do not 
Eolline,* Cf. I] <1. 

4. Def. If [AOD]|[BOC] and A, O, B do not colline, then 
A OB, AOC are ‘adjacent’ angles, and A OB, COD are ‘opposite’ 
angles, then 

‘tr, Since [AOD] [BOC] imply [BOC] [DOA] therefore 
BOA, BOD are also adjacent. Thus each angle has two 
adjacent angles. 

5. Def. [OX and O-X are ‘im’ hk (with vertex QO) if and 
only if there are points H, K, Y on %, &, [OX resp. with 
7 37K |, pe 

‘t, Note. We shall subsequently define the ‘zzszde’ of an 
angle. We use the word ‘zz’ here so as not to suggest results 
proved later. os 

‘2, Every angle has an infinity of rays in it (II 10). 

6. If Ois on AB and FP not, then all points of [OP are on 
the same side of AB in PAB; there are points of OP on each 
side of AB; points of OP] are on the opposite side of AB 

on [OP (2, 2°2 and II 10°4'52). 
as ie x ay and P not, and if O, P, Q colline and 
P, Q be on the same side of AZ then [OP=[OQ@ (2:2 and 


II 10°5). 
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62. If X is in {AO, B}, and[AOA’], then [OX meets A“B 
ore TP: 

Dem. OX meets A*B or A’-B in a point Z (say) on 
{AO, B} (2, I] 16:1) and [OZ =[OX (1). 

3, If [AOB] and X is in {AO, C}, and B-X meets OC, 
then it meets [OC. 


7 NE (OAs: AOB and M is on [OA, N on [OB then 
[OX meets M-N. 

‘rt, And A, #& are on B 
opposite sides of OX. 

‘2, And B, X are on the 
same side of OA. ; 

*3, And there is no ray A G A 
both in AOX and in BOX. Mie: 3 

Dems. There are points H, K, Y on [OA, [OB, OX resp. with 
[H YX] (5). Hence H, K are on opposite sides of OX; but H, 7 
are on the same side and so are A, JV (6). Thus 4/7, Ware on 
opposite sides of OX, whence 7 follows. Since 4 is on [OA and B 
on [OB, ‘1 follows. Hence [OX meets 4-2 in Z, say. Thus [4ZS4], 
hence &, Z are on the same side of OA and so are X, Z since Z is 
on [OX (6). Hence *z. A ray both in AOX and in BOX would 
meet both H- Y and K~ Y (7) contrary to II ro‘r. Hence °3. 

+4. If [OW is both in AOB and in AOX then X, B are on the 
same side of OA (:2). 

‘5. If X, B are on opposite sides of OA there is no ray both in 
AOB and in AOX (: 4). 

‘6. If [OX is in AOB, then [OX is not in 4’ OB where oe 
(7 and II 6). 

8. If [OX is in AOB and [OW in AOX then [OW is in 
AOB (II 8:6). 

‘1, And [OX is in WOB (II 855). 

‘2. And if also [OY is in AOB then [OY is in AOX or in 
XOB or [OY= [OX a and only one of these is true (II 10°). 

oir [OX 1 is in AOB, there is an infinity of rays both in AOB 
and in AOX (5°2, 8). 

‘4. And [OB is not in AOX (ONT ae 

See [OX,, [OX,, [OX, be distinct rays in AOB, one and only 
one of them is in the angle formed by the other two (5, 7, II 4° 6). 


x 
W 
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8°6. If [OX, [OX, be distinct rays in 4OB and [OVisin X,OX, 
then [OVis in AOB Cz, 3). 


g. If B, X be on the same side of OA, and O, B, X do not 
colline and if [40A’] then [OX is in AOB or [OB is in AOX, 
but only one of these statements is true (8:4). 

‘I. And [OX is in AOB or in A’ OB, but not in both (7°6). 


‘2. And there is an infinity of rays both in AOB and in 
AOX. 


Dems. First for 9°T, [OX meets AB or A’B (6:2). Next for 9. 
If [OX is not in AOB it is in A'OB by ‘1 and hence meets A’—B in 
F, say. Then since [4’OA] [A’ FB], therefore OB meets A~F in G 
say with [/GA] [OGB] (II 11°6). Whence 9. Then 8°3 gives ‘2. 


*3. If there is no ray both in AOX and in AOB then B, X 
are on opposite sides of OA (2). 


ti OX. 1s in AOB then [OB is in A'OX where [A’OA]. 


Dem. B, X are on the same side of OA (7:2) and [OB i is not in 


AOX (8:4) and [OB+[OX. Hence [OB is in A’ OX (‘1 inter- 
changing J with X). 


5. If there is a ray both in AOX and in AOB then [OX is 
in AOB or [OB is in AOX or [OX=[OB and only one of 
these is true (7°4, 9). 

‘6. If (i) A, X are on the same side of OB and (ii) B, X are 
on the same side of OA, then [OX is in AOB. 


Dem. O, X, B do not colline, by the def. of side (2°1). Hence 
by (ii) [OX is in AOB or in A’OB but not in both (1) where 
[4’OA]. If [OX is in A’ OB, then 4’, X are on the same side of 
OB (7:2). Hence so are A, A’ by (i), contrary to [A404’]. 


‘7, If there is no ray both in AOX and in BOX and if 
[404] [BOB’] then there is no ray both in 4’ OX and in 
OX, 

Dem. £&, A are on opposite sides of OX (9°3 with X, 4 inter- 
changed) and so are A, A’ since [404’] and so are 4, B’ since 
[BOB’]. Hence so are A’, B. The Theorem now follows by 7°5 
with 4’, B’, X for B, X, A. 
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104, 1f [OAs an AOB and [40A’'] [BOB’] [XOX’] then 
[OX is not in A’ OB. 
1, And [OX is m24. OB’ and not in AOB. 


Dems. Since [OX is in AOB, B, X are on the same side of OA 
(7°2). But [BOB’], hence X, B" are on opposite sides of OA, that 
is, of OA'; hence [OX is not in A’ OB’ (7:2). Hence ro follows. 
And since [XOX"], therefore X’, B’ are on the same side of OA’. 
Similarly X', A’ are on the same side of OB’. Hence [OX is in 


A'OB' (9°6) and hence not in AOB (10). 


‘2. If there is no ray both in AOX and in BOX and if 
A, O, B do not colline, then [OX is in AOB or in A’OB’ where 
[AOA’] [BOB]. 

Dem, A, B are on opposite sides of OX (9° 3): Hence OX meets 
AB. Thus either [OX or [OX’ meets A~B; in the first case, [OX 
is in 4OB, in the second case [OX’ is in AOB and hence [OX is 


in 4'OB' Gry 


Separation of a Plane by two Non-meeting Lines 


11, Zwo (coplanar) lines which do not meet separate the other 
points of the plane into three convex regions. [We do not say 
such lines exist. | 


Dem. Let AX, BY not meet. Take C, D, E so that [CADBE] 
(II 10; rrr). Then {4X, C}and {BY, £} are convex regions (2) 
and so is the region common to {4X, D} and {BY, D} (1°2). The 
first and third are separated by 4X, the second and third by BY, 
the first and second by 4X and BY. Hence the regions contain no 
points common to two of them, and they are separated by the lines. 

‘or. Def, If AX, BY do not meet, the points Z such that [PZQ] 
where P, Q are on AX, BY resp. are said to be ‘between’ AX and 
By. 


Quadrilaterals 


Int. Def. A ‘quadrilateral’ is a simple polygon with four 
vertices (cf. 1). 


12, If KEAB be a quadrilateral and E, B be on opposite sides of 
AF, and A, F be on opposite sides of EB, then EB, A~F meet, and 
if |£XA], [FYB] then X~Y, A~F meet. 
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Dem. Since £, B are on opposite sides of 4F therefore E-B 
and AF meet (2). Similarly 4-F and EB meet. 
Hence the first part. Since [ZXA] [FYB] and f 
£, B are on opposite sides of 4 so must X, Y E 
be (2°2), whence X¥-Y meets AF in Z say. And x 
since Z~B and A-F meet, £, F must be on the 
same side of 4B (2°3), hence so are X, Y, and ane B 
hence so are Z, & But Z+F. Hence [AZF] or as 
[472]. Similarly Z, A are on the same side of EF Hence [AZF] 
is alone possible and therefore X- Y meets 4~F. 

12°t. If 4, # be on opposite sides of ZB, then FEAB is a 
quadrilateral. 

Dem. The polygon is simple, for if “~Z met A~B or if FB 
met 4~Z, then 4, / would be on the same side of ZB (2°3). 


~< 


An Alternative Definition of the Plane 


13. Lf A, B, C, D ave distinct (coplanar) points, no three 
collinear, and tf A-~B does not meet CD and tf C~D does not 
meet AB then either A~C and B-D meet or A~D and B-C meet. 

Dem. Since C, D are on the same side of 
AB (2:2), either [BC is in ABD or [BD is in 
ABC (9) and. hence either (i) BC meets A~D 
in X say or (ii) BD meets A~-C. Similarly g 
[AC is in BAD or [AD is in BAC and hence 
either (iii) AC meets B-D in Y say or (iv) AD C  —D 
meets B-C. (i) and (ii) cannot hold together, Fig. 14 
nor can (iii) and (iv). 

If (i) and (iii) hold together, then BX, AY meet in C and 
[BYD]. This with [4XD] makes CD meet A-& (II 11°6, 5) 
cont. hyp. 

Hence (i) and (iii) and similarly (ii) and (iv) cannot hold 
together. Hence either (i) and (iv), or (ii) and (iii) hold together 
and these give the Theorem. 

‘1, If D be in plane ABC, either AD meets BC, or BD 
meets C''A or CD meets AS. 

-2, Note. This, as mentioned in II 13'1, would serve as a 
definition of a plane. But though equivalent to our def. (in the 
presence of Axioms QO) it says more than ours. 
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Miscellaneous Propositions 


14. If OA, OB, OC be three (coplanar) lines through O, there 
is a line, not through O, which meets all three. 


Dem. There is a point C, on OC such that B, C, are on the same 


side of OA (6). Hence [OB is in AOC, or [OC, in AOB (9). 
Hence OB meets A~C, or OC, meets AB (7). 


‘1, If there be 2 rays from O on one side of OA there is a 
line through any point C+ O on OA which meets them all. 


Dem. Let [COD]. Join D to a point on one of the rays. There 
is a point Z on the join such that D~Z meets no ray (II 11°3). 
Hence CZ meets all the rays (6:2). 


15. If there be n rays from O on the same side of OX, they 
can be named [OX,, [OXe, ..., [OXn so that no ray of the set ts 
in Oka (¢=0, ...,. 2—1) and [OX; ts in Ox, zf and only 
IR OF Ot. 

‘1. And there is a ray [OC+[OX; (¢=0, ..., 2) so that none 
of the rays [OX; (£0) ts 1” or on X06 

Dems. Through X, goes a line meeting all the rays (14°r). To 
the ” points of meeting we can assign names Xj, ..., X, so that 


[X,X,...X,] (II 11). Hence 15. Let Y satisfy [X, YX] then [OY 
satisfies conditions for [OC by II 11. 


2. If [P] be a finite set of points, O not one of them, then 
there ts a triangle with O as inside point such that no point of 
[P] zs znstde or on tt. 

Dem. There is a line through O not through any [P] (II 11:4) 
and points X, Y on it, so that [XOY], and points Z, W not on it 
with [ZYW]. Then O is inside AXZW. There is a ray XA in 
VXZ and a ray XB i in VX W such that no rays from O to [?] are on 


or in VXA or VXB ( (1). [XA, [XB meet WZ in P, Q say, then 
A XP Q satisfies the conditions (II 18, 12°2 and III s). 


‘3. If[P] bea finite set of points inside A ABC or on B-C, 
then there is a point of [P] such that none of the points is in- 
side A ABP and none save P on that triangle. | 


‘4. And there is a point Y such that none of the points is 
inside or on AABY. 
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Dems. The rays from A to the points of [P] can be named 
[4X,, ..., [4.X, so that no ray [AP is in BAX, (1). The points of 
[P] on [4X, can be named Q,, ..., Q, so that [4Q,0; .:.O,] 
(II 11). Then no point of [P] is inside A 4 BQ, (II 12‘2) and none 
save Q, is on that triangle. Hence -3. If Y satisfies [4 YO\) it 
satisfies conditions of *4. 

15°5. Given a finite set of points and lines and two points 4, B 
such that 4~B does not meet the lines, then there are rays AC, BC 
through none of the points such that 47C, BIC do not meet the 
Inés ¢*1; II ¥2*35716'2). 


Sense on a Line* 


16:01. Defs. If A is on the line OU then ‘A precedes B with 
respect to the ordered couple (O, U), written A (<OU) B, means 
that 
either (i) 4 is on the ray [OU and B& on the ray AO] 
or (ii) A is on the ray OU] and & on the ray [AO 
or (iii) d= O and B is on [OU. 

Under the same conditions ‘B succeeds A with respect to 
(O, VU), written B( > OU) A. We shall keep (O, UV) fixed till 
*5 and write < for (<OU). 

‘1, If AZ then A+B. 

12, O<B if and only if B is on [OU. 

‘13. B<O if and only if B is on OV]. 

14. If A is on[OU then A <8 if and only if [OAB] (II 10°3), 

2, A<B if and only if one of the following holds: [OUAB] 
or [OA UB] or [OABU] or [AOUVSB] or [AOBU] or [ABOU], 
or d= U and [OAB], or A= O and B is on [OU, or B= O and 
A is on OU] (II 103, 8°2°7). 

3, If A, Bare distinct points of OU then A<B or BX A. 

Dem. (i) If A or B=O by ‘12°13. (ii) If both 4, B be on [OU 
then [OAB] or [OBA] (II 10°55). Hence by ‘14. (iii) If A be on 
[OU and B on OV] then [AOS] (II 10°52), hence 4 is on [BO and 
B< A. (iv) If both 4, B be on OU] then B is on [AO or A is on 
[BO (II 10°56). Hence the Theorem. 


‘4. If A<B and B<C then A<C and [ABC]. 


_ * For 16 and 17 cf. Pieri, “La Geometria Elementare,” Mem. dt Mat. e 
di Fisica della Soc. Italiana delle Scienze, 1908, XV, p. 345. 
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Dem. (i) If 4=O then B is on [OU, hence [OBC], C is on 
[OU (II 10 58) and O<C. 

(ii) If A is on [OU then [OAB], hence B is on [OU (II 10°58). 
Hence [OBC] and [ABC][OAC] (II 8°5°6) and hence 4 < C (14). 

(iii) If A is on OU] then Bis on[AO. Hence OU|=[OA and 
[OU= OA] (II 10°51'53). If then [408], B will be on OAJ=[OU 
and B< C means [OBC] (14). Hence [ABC]|[AOC] (II 8-1) and 
A<C(‘orii). But if [420] then B will be on[4O=OU]. Hence 
C is on [BO and A is on BO]. Hence [ABC] (II 10°52). Also C 
is on [4O (II 10°57). Hence AC. Finally if =O then 4 will 
be on OU] and C on [OU (‘12'13) and hence C on [AO (II 10°57) 
since [4OU]. Hence [AOC] (II 10°52) and A<C. 

165. If[ ABC] then d<~B<C or A>B>C. 

Dem. Let A<B then shew B< Cas in ‘4. 

‘6. The set of points on OU are in linear order for the relation 
(<0U). 

Dem. by *3°t1°4 and I 8. Thus 4<#2 and B<4 cannot hold 
together. 

7, (<OU)=(>UO), that is (I 4), f A(<OU)B then 
A (>UO)B and conversely. 

Dem. (i) If A, B be on O-U, then A (< OU) B if [OAB] ('14). 
Hence successively [OA BU],[UBA] and A(>UO) B(-14). (ii) If 
[OUA] then 4 (<OU)B gives [OAB]. Hence [OUAB]. Thus B 
is on UO] and 4 on [BU; hence 4(> UO) ZB. (iii) Similarly if 
[AOU]. (iv) If A or Bis O or U the Theorem is clear. 

Hence 4 (<OU)B always implies 4(>U0O)S. Hence also 
A (> UO) B, that is B(«< UO) A, implies B(>OUV) A, that is 
A(<OU)B. 

8. If [ABC] then (KX AB)=(~KAC)=(~BO). 

Dem, Since [ABC] therefore (x 4AB)=(<AC) by ‘or and 
II 10°5, 8:1. But [CBA], hence likewise by -7 

(<BC) =(>CB)=(>CA)=(<AC). 

‘9. A(<OU)B implies (<OU)=(<AS), and conversely 

‘ot. Defs.* If A(<OU) B, then the ordered couples (A, B) 
and (O, U) ‘have the same sense’ on the line OU. If 
A(>OU)B then (4, 4) and (0, VU) ‘have opposite senses’ on 
OU. These definitions are possible by -9°7. 


* We do not define the ‘sezse’ of (A, B), but only the property which 
two ordered couples may possess of ‘having the same sense, 
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; 16°92. (O, U) and (U, O) have opposite senses on OU, 
since O(~OU) U by ‘ol. 
93. If(C, D) be any ordered couple on OU, it has the same 
sense as either (O, U) or as (U, O), but not as both. 


The Sense of Angles 

1701. Def. Two rays ‘lie on the same side’ of a line if all 
their points do. 

‘ort. If » be a ray we shall for the present denote the 
opposite ray by 7. 

02, Def. If x, y, a, 6 be rays from a point O and a+4, d’ 
then ‘x precedes y with respect to Oab’ (where a, d is an ordered 
couple) means 2’ + y and 
either i) x=a and 4, y are on the same side of a or r= a7’ and 
4, y are on opposite sides of a 
or (ii) z, 6 are on the same side of a, but y, a on opposite sides 
of x 
or (ili) 4, 6 are on opposite sides of a, but vy, a on the same side 
of x. 

Under the same conditions ‘y succeeds x with respect to Oabv 

We write these relations thus +(« Oad) y, y (> Oab) x. 

Note that in (iii) y may coincide with a. The reader should 
write down the conditions that y(~Oad) x. 

_ 't. (<O0ab)=(< Oa'd’); that is, x(~ Oab) y and «(< Oa'd’) y 
imply each other for any 7, y. See 14. a@(«Oad) d. 
_We shall keep O, a, 6 fixed till ‘4 and write ~ for (<Oad). 

2, x<y and y<.x cannot hold together. 


' Dem. (i) If x=a then x<y implies that 4, y are on the same side 
of a.. But x, a are on the same side of y since x=a. Hence y<‘x is 
false by ‘o2 (ii). 

(ii) If x, 2 are on the same side of a, then «~< y means y, a’ are on 
the same side of x, hence either y=q’' or y is in wa’ or in xa’ (9'1). 
In the first case, since 4, x are on the same side of a, y< «x is false by 
o2 (i). In the second case y, x and hence y, 4 are on the same side 
of a-(7°2), but x, a are on the same side of y. In the third case y, x 
and hence y, 4 are on opposite sides of @ (7°2) but x, a on opposite 
sides of y (7'1). Hence y<.« is false in both cases by ‘o2 (ii and iui). 

(iii) If «=a' or if x, lie on the same side of a’, interchange a 
with a’ and 4 with 2’ and we have the previous cases. 
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17°3. If x,y be rays from O and x+y, y' then etther x< y 
OY VK. 

Dem. (i) If x=a this follows by ‘o2 (i and iii). % 

(ii) If x, y, 6 be on the same side of a, then y is in xa’ or in ax 
(91) and in the first case y, a’ are on the same side of x (7'1) and 
hence «< y, and in the second case a, « are on opposite sides of y 
(7°2) and hence y <x (‘02 ii). 

(iii) If x, 6 are on the same side of a, and y on the opposite side 
then y is in a’x’ or in ax! (6, 9'1). In the first case y, a’ are on the 
same side of x and hence x< y (‘02 11), and in the second case a, x 
are on opposite sides of y and hence y<x (‘02 iil). 

(iv) If x=a' or x, y, & be on the same side of @ or if x, 4’ be on 
the same side of a but y on the opposite side, then we interchange @ 
with a’, 6 with J’ in the above. 

‘4. +<y implies x>y’ and z’>y. Hence it suffices to con- 
sider rays on one side of a fixed line through 0. 

5. ¥(<Oab) x implies y (> Oba) x and conversely. 


Dem. (Note the use of *2°3 in this Dem.) Let y(< Oad) x. 

(i) If «=a then y, 4 are on opposite sides of @ (‘o2 iii) and hence 
y (> Oba) x (02 11 with a, 4 interchanged). 

(ii) If x is in ab, then x, 6 are on the same side of a (7°2) and 
hence y, @ are on the same side of x (‘o2 ii, ‘2°3). Hence y, 6 are on 
opposite sides of x (7'1). Hence y(> Oda) x by ‘ozii since x, a 
are on the same side of 4. 

(iii) If « is in ba’ then x, 5 are on the same side of a and hence 
y, @on the same side of x (‘o21i, '2°3). Hence so are y, & since 4 is 
in ax (9°4). But x, a are on opposite sides of 6; hence y(> Oba) x 
by ‘o2 iil. 

(iv) If x=d then y, @ are on the same side of 6 (-o2 ii, -2°3). 
Hence y (> Oba) x by ‘o2i. 

(v) If x=a’, or x, 0’ be on the same side of a’ interchange a@ with 
a’, 6 with 6. 

*O; (< Oab) = (> Oab’) = (> Oa'b) (02°3). 

7 eal t ¢(<Oab)d then (« 0ab)=(~ Ocd), 

Dem. Let x (< Oad) y. If the rays 4, ¢, d, x, y all lie on one side of 
a there is a line meeting the rays a, 4, ¢, d, x, y in A, B, C, D, X,Y 
say (14'1). Itis easily shewn that «(< Oaéb) y gives X (< AS) Y and 
conversely. The Theorem follows in this case from 16° 9 since 
(<AB)=(« CD) and X(« AB) Vand hence 


X(<CD) Y, x(< Oca) y. 
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If the rays are not all on the same side of a we use ‘4° 5°6 to reduce 
the Theorem to this case. 


e770" lf. ¢(<Oab) d then a(~<Ocd) 6. 
‘8. If a, b,c, d be distinct rays from O and a+¥ and c+d’ 
then (< Oab) = (< Ocd) or (< Ode) (3'7). 


‘81. (Vote. We have no theorem corresponding to 16°4. 
Hence we cannot say that the rays from O are in linear order. 

‘82. Defs. An ordered couple of rays (a, 6) distinct and not 
opposite, from a point is called a ‘sensed angle’ and is denoted 
by a, b. If z=[OA, 6=[OB then a, “0 may be written OA, OB, 

If x, y, a, 6 be rays from O and x (< Oab) y then xy ‘has 
the Same sense with respect to O* asa, “b. If «(> Oadb)y then 
r “y ‘has the opposite sense to a, 6 with respect to O. These defs. 
are possible by -7°5. We do not define the ‘sezse’ of a, 7) 

Down to ‘88 below, all senses are with respect to O. 

"83. ab and ba have opposite senses (‘5'I). 

"84. jf a, y, a, & be rays from O and eI, IS and a+b, b 
then ny has the same sense as either a, “0 or as b, @ (‘3) but 
not as both (2). 

85. If P, P’ be on the same side of OQ then OP, 0Q and 
OP. OO have the same sense. 


‘86. If OA sOX and OX, OB have the same sense there is no ray 
in both (‘o2 ii, Ts 5): 

37. If OA, "OX and OX, “OB and OA, “OB have the same sense 
then [OX is in 4 OB. 

Dem. Since OA, “OX and OA, OB have the same sense, therefore 
B, X are on the same side of OA ( ‘02 1). Hence [OX is in AOB or 
[OB in A Ox (9). Also since OA, “OX and Ox, OB have the same 
sense, therefore (A: B are on opposite sides of OX (‘oz ii). But if 
[OB were in AOX, they would be on the same side of OX (7:2). 

‘88. If OA, OX and Ox. OB have the same sense and [OX is in 
AOB then OA, OB has that same sense. 

Dem, If not, then OA, “OB has the same sense as OA, Oe and 
as OX’, OB where [XOX’] (‘4). But then [OX’ would be in AOB 


(87) contrary to I0°r. 
Note. So far we have compared the senses of angles with the same 


yertex, we now wish to compare the senses of any angles in the plane. 
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17°90. Defs. (i) Take a fixed point O in the plane. OP,00 
and PR, PO ‘have the same’ or ‘opposite senses with respect to 
O’ according as R, Q are on the same or opposite sides of OP. 

(ii) Any other sensed angle with vertex P ‘has the same’ or 

‘opposite sense with respect to O’ as OP, “00 according as it 
has the same or opposite sense to PR, “PO with respect to P. 

We can now compare the sense of any angle in the plane 
(with respect to O) with any angle with vertex O. 

(iii) Two sensed angles ‘have the same sense with respect to O’ 
if they both have the same sense or both have opposite senses 
to an angle with vertex O with respect to O; in the contrary 
case they ‘have opposite senses with respect to O. 

These definitions are easily seen to be consistent with ‘82 in 
view of the earlier Theorems. 

OT LL O'P- O'R and PO.PO have the same sense with 

respect to O then &, Q are on the same side of O'P. 
_ Dem. OO” OP and O'P,0'0 have the same sense with 
respect to O (‘9 i) and so have OP,00' and PO’PO Coa) 
Hence so have OO’ OP and POPO’ (‘9 11). Hence so have 
O'P-0'0 and PO, PO’ (‘9 iii). Now if R, Q were on opposite 
sides of O’P, then one, say &, is on the same side of O’P as O, 
and Q is on the opposite side; then will O'P-0'Oand O'P,0'R 
have the same sense with respect to” O’ and so with respect 
to O (‘9 ii), while PO, “PO' and 12: “PO! will similarly have 
opposite senses with respect to O. Hence O’P, ‘O'R and 
PO,PO' will have opposite senses with respect to O, cont. 
hyp. The Theorem now follows. 

‘92. Lf two sensed angles have the same sense with respect to 
one point O, they have the same sense with respect to any point. 
(By ‘919.) This makes possible the following definition. 

‘93. Def. Two sensed angles ‘have the same sense’ when 
they have the same sense with respect to a fixed point O. 

‘94. Any two given angles in the plane have either the same 
or opposite senses. 

‘os. If OX,OA be any sensed angle and O’X',O'’Y’ be 
any Jines through O there is a point A’ on O'Y’ such that 
OX,OA and O'X', O'A’ have the same sense. 
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Lhe Inside and Outside of Angles 


18. The. and Des. If ABC be any angle, the points X such 
that [BX is in ABC A5) are ‘znuside’ ABC. The points of the 
piane not inside ABC and not on ABC are ‘outside’ ABC. 
The points inside A Ine Sorm a convex region; the points outside 
Sorm « a region. ABC separates the inside and the outside points 
of ABC and bounds the inside and the outside regions (I'l). 

LVote. It does not follow that any line through an inside point 


must meet 44C. In fact this is not always the case in the Hyper- 
bolic plane, and all our Axioms O, hold for that plane. 


Dem. Let X,, X, be inside ABC and let Y satisfy [% V.X,]. 
If [BX,=[BX, then [BX,=[B#Y and [BX is in ABC and 
hence Y is inside ABC. If [bX +[BX, then [BY is in 
aE. (5), hence [BY is in ABC (8°6) and Y is inside ABC. 


Thus the points inside ABC jorm a convex C 
region. ‘ 
Let F satisfy [ABF]. Since [BX, is in ABC, ay 


[BC is in FBX, (aA tience./ x7 meets (BC Fi Be GA 
(7). Conversely, if Z is on [BC and 7 satisfy | Fig. 15 
LEZ 1 |, then T is inside ABC, for [BZ is in FBT and hence 
[BT in ABC (9'4). Hence the set of points inside ABC is 
the set [X] such that 7—X meets [SC, while the set outside 
ABC is the set [ Y] such that /~“ Y does not meet [BC. And 
hence any two points Y,, Y, of [VY] can be joined by a way 
Y,F Y, whose points are all outside ABC. Hence the set ty] 
7s a@ region. 

But by def. 18 and 6. we have 

Teed f a4 45 inside ABC it is in {AB, C} and im 1B Oli, 

Continuing the proof of 18; if X, is inside ABC and XP 
does not meet ABC it cannot meet the /ixes AB or BC; for if, 
say it met BA] in D, then D is on the opposite side of BC 
from A and since X, is in {BC, A}, D~X, must meet BC (2) 
and hence [BC (63); hence X,‘*P meets [BC (since D is on 
sx, P), cont. hyp. 

Hence P, like X,, is in {AB, C} and similarly in {BC 4}. 
Now F-X, meets BC and X,P does not, hence F-P meets 
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BC (II 161) and so meets [BC (63). Hence P is inside ABC. 
Thus tf X, ts inside ABC and XP does not meet ABC then 
P is inside ABC. 

Hence a way XP,... PnY from X of [X]to VY of [Y] must 
meet ABC. Hence the sets [X] and | Y] are separated by ABC 
and 18 is proved. 

18:2. Any two distinct rays from O (opposite or not) 
together with O, separate the plane into two regions (1, 18). 


19. If V,, Y, be outside ABC and Y,- Y, does not contain B 
then it meets ABC in no point or in two points. 

Dem. Suppose Y,- Y, meets ABC in D+ B,and let D be on 
[BC then C is inside Y,BY,. If A is outside this angle, A-C 
will meet [B Y, or [B Y, (18) and hence Y, or Y, is inside ABC, 
cont.hyp. Hence 4 is inside Y, BY, and so [GA meets YY, 
and the Theorem follows. 

‘tr. If Y be outside (inside) ABC and X-Y meet ABC in 
one point only, not B, then X is inside (outside) ABC. 

-2, If X-Y meets ABC in just two points P, Q then X, Y 
are both outside ABC. (Consider Z with [PZQ].) 

‘gs. If X be inside ABC and Y outside then Y-Y meets 
ABC in one point only. 


20. Two lines which meet tn O separate the other points of the 
plane into four convex regions. (Cf. 11.) 

Dem. Let OA, OB be the lines and [4 OA)[B, OB], then 
the points inside each of AOB, A, OB, AOB,, A, OB, form a 
convex region. No point is inside two of these angles (7°6, 10). 
Any point of {44,, B} not on OB is inside AOB or A,OB 
(gt). Thus any point not on OA or OB is inside one and only 
one of these regions. Since two points in different regions lie, 
one inside, the other outside one of the angles, they are 
separated by OA, OB (18). 

1. Def. A set of points [AX] ‘decomposes’ a region R into 
regions Aj, ..., R, if all points of R are in at least one of the 
sets [X], Ai,0.:-) An, and each pair: of regions R;, R; is 
separated by the set composed of [X] together with all points 
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of the plane not in R. Hence no pair R;, A; has any common 
points, save perhaps points of [X’]. 
For illustrations of this idea, see the next Theorems. 


21. If [OA ts in COD it decomposes the inside GPG. OD into 
two convex regions, the insides of A OC and AOD respectively. 

Dem. If X is inside cOD and not on OA, it is inside one 
and only one of AOC, AOD (8:2) and hence is outside the 
other. Hence by 18. 


22. If [OA is not in COD and [OA +[OC, [OD then [OA 
decomposes the outside of C OD into two regtons one at least 
CONVEX. 

Dem. (i) If [OC is in AOD, the points outside COD are 
outside or on A OD or inside A OC, since those inside AOD are 
inside COD or inside AOC or on [OC (8:2). But points outside 
AOD are not inside AOC, since the latter points are inside 
AOD (8). Hence the points outside COD are in two D 
mutually exclusive sets, those inside AOC and those C 
outside or on AOD and these sets are separated by 
[OA, [OC, [OD. [Note that if the sets of points 0 A 
[X] and [ Y] be separated by the set [.S], they are Fig. 16 
separated by [S] together with azy other set of points (1'1). 
Hence our definition 20°1 is satisfied. ] 

(ii) Similarly if [OD is vin AOC. 

(ii) If [OC is not in AOD and [OD is not in AOC, then A, 
C are on opposite sides of OD, for if they were on /— A 
the same side, either [OC would be in AOD or [OD 
in AOC or [OA =[OC (9) all of which are false. 

Hence A-C meets OD in £&, say (our notation ONE 
assumes that A is not on OC or on OD). Now 

A-C cannot meet [OD, since [OD is not in AOC. 

Hence [DOE] and O is inside AACD (II 12°5). ¢ 

Hence a ray from O which does not meet C(D Fig.17 
must meet AC or. A-D and only one of these (II 17). Hence 
a point outside COD and not on [QA is inside one of AOC, 
AOD and one only. 


(iv) If A is on OC or OD the Theorem follows by 2 and 9'I. 
6-2 
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23. rays from O together with O, decompose the plane into 
n regions one at most of which ts not convex; each ray 1s part of 
the boundary of two of the regions, each region ts bounded by two 
rays and O. The points of any other ray from O are all inside 
one of the regions. 

Dem. The Theorem is true when z= 3 by 22 and (if two of 
the rays are on the same line) by 2, 9'1. Assume it true for 
(n—1) rays. The points of an th ray from O are inside one of 
the (7 — 1) regions, and this region being bounded by two rays 
is the inside or outside of an angle and hence is decomposed 
by the new ray into two regions, one at least convex (22, 23). 
Hence the Theorem follows by induction. 


The Order of Rays from the same Point and Separation 


24. The. and Def. If we haven rays from O we can assign 
them names Q,, ..., An So that the n regions into which they 
decompose the plane are bounded by day, ae f Ae Bet Gain 
resp. The rays are then said to be ‘in order Gots -s« On). i egee 
they are also then in order (az... AnQ,) OF (Az... An Q,a) and so on, 
and also in order (An Qn—++»2Q,) OF (Any An—a++.QgQ,An) and So on. 

Dem. The Theorem is true when ~=3. Assume it true 
for (7—1) rays. The points of an wth ray are all in a region 
bounded by Asay, for some 7=I, ...,(#—1) (@i,:=@, if 2=(”—1)) 
and the region is decomposed by a, into regions bounded by 
UAn and An Giza TESP. Hence the 2 regions are bounded by 
@ Qe) ++) A An, AnQirz1, +++) Ana. Hence by suitably renaming 
the rays @n, Q41, ...,@— we have the Theorem for 7 rays and 
hence generally by Induction. 

‘1. Def. If the rays a, 6, c,d from O are in order (abcd) 
then 4, d ‘separate’ a, c. 

Note. We shall not need this relation of separation between 
four rays so frequently as the relations discussed in 17. 

‘2, If 6, d separate a, c then d, d separate a, c, and a,c 
separate 3, d. 

‘3, If 6, d separate a,c and a, (are not opposite then one of 
6, d@ is in, and the other not in ac; jand conversely (for if both 


6 and d were in ac or both not in ac, one of the regions would 
be bounded by a, c). 
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24'4. If 6, a do not separate a, c, and 4 is in ae, so is d. 

‘5. If 6, d separate a, c and also a, c then 6, a do not 
separate a, a, (‘2°3). 

‘6. If 6 is in ac and a, a are opposite then a, 6 do not 
separate a’, c (7°6). 


§ 3. Space. Basis O. 


25. A plane a separates the other points into two convex 
regions bounded by a. Dem. as for 2. 

‘1. Def. The regions into which a plane ABC separates the 
other points are the ‘half spaces’ or ‘sides’ of ABC. {ABC, D} 
is that side of ABC which contains D. The other side is often 
called the ‘opposzte’ side. We often speak of a ‘half space of a 
half plane’ instead of that of the plane containing the half 
plane. 

‘2. Def. If {AB, C} and {AB, D} be two half planes not in 
the same plane, then the set of points on {AB, C}, {AB, D} 
and AB is the ‘dzhedral angle’ between the half planes. AB 
is the ‘edge’ of the angle. The dihedral angle between the 
half planes a, 8 (from the same edge) is denoted by ap. 

eee, li-the rays a2=|OA, 6=[O8, c=[OC be not co- 
planar and if no two be in the same line then the ‘¢rzhedral 
angle’ O. ABC or O.aéc is the set of points on the rays, 
together with the point O and the points on rays in the angles 
ab, bc, ca. O is the ‘vertex’ of the angle, the rays OA, OB, OC 
are ‘edges, the set of points on rays in the angles ab, bc, ca 
constitute the ‘faces, the dihedral angles between the faces 
are the ‘angles’ of the trihedral angle. 

‘4. Def. If a, 8, y be half planes from AZ then y¥ is ‘zx ’ af, 
when there are points Hon a, K on 8 such that y meets H-K. 


26. If a, B be half planes from AB and not opposite then all 
a. of B are in the same half space of a. 
. Lf the half plane y ts in aB and H, K be any points on 
a, a resp. then y meets HK. Dem. aselors7. 
-2, If the half plane Y? 75 in a8 and uf a plane through one 
point only of the edge of a8 meet a, B, y in the rays a, b,c resp. 
then c is in ab. 
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263. If the half plane y goes from the edge of ap and a plane 
through a point of the edge of a8 meets a, B, y in rays a, b,c 
and c ts in ab, then y 1s in a. 


27. As in 17 we can introduce ‘sensed dihedral angles’ with 
the same edge. 


Ciaat LER TV: 


THE AXIOMS OF CONGRUENCE 


Introductory Remarks 


The idea of congruent figures is suggested to us by our ex- 
perience of rigid bodies. Two bodies are called congruent 
when they are of the same size and shape; or when, but for 
the impenetrability of matter, one could be moved so as to 
coincide with the other, or with its image in a mirror. The 
latter possibility is illustrated by a right-hand glove congruent 
to a left-hand glove. 

It is our task to characterise these ideas logically, and thus 
it is a matter of indifference to us whether any actually rigid 
bodies exist in the space in which we live. According as this 
is so or not, our geometry will or will not apply to that 
particular space. 

Let us first replace solid bodies by figures made up of 
‘points,’ then we may either regard congruent figures as having 
to each other some relation or correspondence to be specified 
in logical terms, or we may lay down Axioms governing the 
transformation of one figure into a congruent figure. This 
transformation may correspond in experience either to a 
motion or to a motion followed by a reflection in a plane 
mirror. The point of view of correspondence is emphasised 
in this chapter, the transformations are dealt with in Chapter 
XIV. 

The most obvious definition of the correspondence between 
congruent figures is the following: Two figures 7, /” are 
congruent when the points of / can be put into one-to-one 
correspondence with those of /’ in such a way that, if 4, B 
in F correspond to A’, B’ in F’, then the dzstance AB equals 
the distance A'B’. 

This would be quite a satisfactory definition if we had 
previously defined the distance of any pair of points in terms 
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of our earlier entities. This we shall do later, but for the 
present we shall replace the phrase italicised above, by the 
phrase ‘the point couple (A, &) is congruent to the point 
couple (A’, B’),” and we shall treat the congruence of point 
couples as a new undefined relation. We see that in terms of 
this relation, the congruence of figures in general can be 
defined. Thus two angles ABC, XYZ will be congruent if 
the points on them can be put into one-to-one correspondence 
such that if (P, Q) on ABC corresponds to (P’, Q’) on X YZ 
then (P, Q) is congruent to (P’, Q’). 

We now want some Axioms on this relation between point 
couples which will serve as a basis for further reasoning. Our 
experience of rigid or of approximately rigid bodies suggests 
the following statements: 

(a) If (A, B) is congruent to (4’, B’), and (A, C) to (A’, C’), 
and (B, C) to (B’, C’) and if C is on the line AB, then C’ will 
be on the line A’S’. 

(8) And if C is between A and B, then C’ will be between 
A’ and B’, That is, the relation of congruence should preserve 
‘collinearity’ and ‘betweenness.’ Another important property 
which might easily be overlooked is 

(y) The ordered couple (4, 4) is congruent to the ordered 
couple (8, A). 

The next question is how far a figure, satisfying certain con- 
ditions, can be made congruent to another; that is, speaking 
roughly, how far congruence ties down the congruent figures. 

As far as collinear points are concerned this is answered by 
(a) (8) and the following: 

(8) If (A, 4) is any ordered couple of points, then on any 
ray A’X there is oxe and only one point B’ such that (A’, B’) 
is congruent to (4, £8). 

(e) If ABC] and [A’B’C’), and (A, B), (B, C) be congruent 
respectively to (4’, B’) and (B’, C’), then (A, C) is congruent 
totAeCo): 

Next turning to the plane, in order to have congruent angles 
at all, with the vertices corresponding, the following must be 
true. 


(¢) If A, B, C do not colline and A’, B’, C’ do not colline 
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and (A, B), (B,C), (C, A) are congruent respectively to (4’, B’), 
(B’, €'), (C’, A’), and if D, E be on [AB, [AC respectively 
and-D’, £’ on [A’B', [A'C’ respectively, and if (4, D), (A, Z) 
be congruent respectively to (A’, D’), (A’, E’), then (D, E) is 
congruent to (D’, £’). 

As we noted above, we can then say the angles BA OB AG 
are congruent. 

We can now finish imposing limitations on our congruence 
relation: 

(mn) If BAC be a given angle there is one and only one 
ray [A’C”’ from a given point A’ and in a given half plane 
{A’B’, X"}, such that B’A’C’ is congruent to BAC. 

(@) Space is congruent to itself in such a way that to a 
given point A, ray AB from A, side {AB, C} of AB and side 
{ABC, D} of ABC correspond respectively a given point 4’, 
ray A’B’ from A’, side {A’S’, C’} of A’B’ and side {A’B’C’, D’} 
of A’B’C’, and the congruence is thereby fully fixed, that is, 
the point in the second figure corresponding to an assigned 
one in the first is uniquely fixed. A similar statement holds 
for two planes. 

(<) We have also implicitly assumed (i) that each figure is 
congruent to itself, (ii) that if # is congruent to /”’, then F” is 
congruent to F, (iii) that if F is congruent to F#’, and F’ to F” 
then F is congruent to 7”. 

The above statements (a) to (x) would serve as a basis of a 
treatment of congruence, but as they are clearly not all inde- 
pendent it is our duty to select from them a smaller number of 
statements, each as weak as possible, which will give us all the 
others. 

Essentially we shall assume 64, e, y in Axioms Cr aliviy: 
and we assume a weakened form of (£) in CV. As to () we 
break it up into two parts; in C VI we assume in a weakened 
form that there is not more than one ray of the kind mentioned ; 
in C VII we assume an axiom which gives the rest of (7). 

We do not assume a, 8 or 0, but deduce them. 

From («) we shall assume only that the congruence of point 
couples (and hence of congruence in general) is transitive (« iii). 
In particular we do not assume that congruence is a sym- 
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metrical relation (« ii). To indicate that congruence may not 
be symmetrical we first write its symbol as >. When sym- 
metry has been shewn it will be written ~. 

The treatment we give in this chapter is ultimately a re- 
vision of Euclid’s, only we lay bare certain assumptions that 
he tacitly made, such as that angles were a set of magni- 
tudes. The Theory of Congruence from this standpoint can 
probably never be so elegant as one based on considerations of 
Projective or Differential Geometry, and the Theorems, re- 
garded in themselves and not as cases of Theorems in some 
wider and freer domain, are so intertwined that it is to some 
extent a matter of taste which are selected as a basis of the 
rest, Two considerations have determined our choice; we 
wished to make as few assumptions as possible and we wished 
to develop as fully as possible the assumptions in hand, before 
making new ones. We have also had the later chapters in view, 

Nowhere in this chapter do we assume any parallel Axiom, 
but from our Axioms O, C we can shew that parallels exist 
(59). All the Theorems in this chapter are true in Hyperbolic 
Geometry, and many of them are true in the Geometry known 
as Elliptic Geometry, wherein all coplanar lines meet, and 
there are thus no parallels. It is clear by 59 below that in 
the latter Geometry all our Axioms O, C cannot hold; we 
shall point out where the proofs break down for some of the 
Theorems false in that Geometry. This course will be useful 
to us when we consider the Geometry on a sphere. 

It is also possible to build up the Theory of Congruence 
assuming as undefined, not only the congruence of point-pairs, 
but also the congruence of angles.. Hilbert adopts this method 
in the Grundlagen, but it needs a larger number of Axioms 
than ours, In return it suggests an interesting non-Euclidean 
Geometry*—with which we cannot deal—in which the angles 
at the base of an isosceles triangle are zo¢ congruent, 

The Theory we expound is suggested by 

R. L. Moore, “Sets of metrical hypotheses,” Trans. Amer. 
Math. Soc. 1X (1908), p. 487. 


* Hilbert, Grundlagen, Anhang 11; Rosemann, “Der Aufbau der 
ebenen Geometrie ohne das Symmetrieaxiom,” Math. Ann. XC (1923), 
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Rosenthal, “Vereinfachungen des Hilbertschen Systems,” 
Math, Ann, UXX1 (1911), p. 257, 

Veblen’s article in Monographs on Topics of Modern Mathe- 
matics. 

Hilbert, Grundlagen der Geometrie. 


As a method of proof, we must of course utterly rule out the 
method of superposition, the fallacies inherent in which have been 
frequently shewn*. We may briefly exhibit them by taking Euclid’s 
proof of his 14. The triangles 48C and X YZ have the sides AB, 
BC and the angle & congruent resp. to XY, YZ and the angle Y; 
Euclid takes up the triangle 4BC and fits it on XYZ. We leave 
aside all questions as to what ‘moves’ and what are the properties of 
‘motion,’ and merely point out this: If, in the motion, 4B and BC 
and the angle 2 remained the same size but AC shortened, the argu- 
ment would shew that AC in its original position was longer than 
XZ. But, says an objector, it is impossible that 4C should shorten. 
No doubt, but that assertion assumes the Theorem to be proved, 


§ 1. The First Axioms of Congruence 


Basis. Axs, O I—VI for theorems on one plane. 
Axs, O I—VIII for theorems on space. 


We assume there is an undefined relation which holds 
between certain ordered couples of points. If the relation 
holds between (A, #) and (CG, D) we write, A, B—> C, D, and 
read (A, B) is ‘congruent to’ (C, D), We do not assume that 
A, BC, D implies C, D> A, B. When we say 4, B>C,D 
it is tacitly assumed that 4+ 8, C+D. When subsequently 
we introduce congruence by definition it will be necessary to 
define a relation between ordered couples of points for which 
the Axioms of this chapter hold, ; 


Ax. Cla. If (A, B) is any ordered couple of points 
then on any ray [A’X there is at least one point B’ 
such that A, B>A’,B’. 


* It is a scandal that in some public examinations questions are still 
set, which demand formal proofs involving this vicious method ; a method 
of which Euclid himself was clearly ashamed, as he only used it twice, 
and was prepared to make any detour to avoid it. 
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Ax. CIb. If (A, B) is any ordered couple of points 
then on any ray [A’X there is at most one point B’ 
such that A,B>A’,B’. 

Note. C la makes O IV superfluous. C Ia, C 1d are together 
quoted as CI. 


Ax. CII. If A,B~>C,D and C,D~E,F then 
A,B~>E,F. 

Ax. CIII. If [ABC] and [A’B’C’] and A,B > A’,B’ 
and B,C > B’,C’ then A,C>A’,C’. 

Ax. CIV. A,B~>B,A. 


1. (CL) If B, C, A’, B’ be given points and if B+C, 
A’ + B’ then there is one and only one point C’ with [A’B’C’7] 
and B,C > B’,C’. 

Dem. If [A’B’X] then on [B’X there is a unique point C’ 
with B,C —B’,C’ (C1) and since C’ is on [B’X and [A’B'X] 
we have [A’B’C’] (II 10°54). 

2. (CI, III.) If[ABC]and C’ is on[A’B’ and A,B>A’,B’ 
and A,C>A’,C’ then [4’B’C"’] and B, C> B,C’. 

Dem. Since B+C and A’+SH’ there is a point C” with 
[A’B’C”] and B,C» B’,C” (1). Since [ABC][A’B'C”] and 
A,B A’, B' and B, CB’, C” we have A, C>A’',C” (CII). 
But A,C—4A’,C’ (hyp.) and C’, C” are on [A’B’. Hence 
C’=C” (CI). Hence [A'A’C"’] and B,C» BC’. 

e TCILIV) 4 o> oF 

Dem. A,B» B, A-(C1IV), B.A ABC TV), Hone 
Bop AB ICID. 

4. (CI—III.) If A;B-» A’, B’ then A’, B’ > A,B. 

Dem. On [AB there is a point B” with A’, B’>A, B”. 
Hence A,B A,B" (CII). But A,B A,B (3) and B, B” 
are on[AB. Hence B= B" (CI) and A’, B’ + A,B. 


5. Hence the relation —> between ordered point pairs ts re- 
flextve (3) symmetrical (4) and transitive (C11) and so equable 
(Ig). We shall now write ™ for it. Further, A, B= B, A (CIV). 
The above Theorems and Axioms all hold when @ is put for 
-> and they will be quoted as if this were done. 
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51. Such Theorems as 5 and CIV and such consequences 
as 4, B~=C,D implies B, A™ D, C will be often used without 
quotation. 


6. (CI—IV.) If C ison[AB, C’ on[.A’B’ and 4, B™ A’, B’; 
A,C™ A’, C’ and B+C then B, C™ B’,C’, and further [ABC] 
implies [.4’5’C’]; [ACB] implies [A’C’B’]. 

Dem. If [ABC] the Theorem follows by 2. If [ACB] then 
Siiicew is on [A'C’ and A,C™A’,C’ and A,B™= A',B' we 
have C,B=C’,B’ and [A’C’S’]. (Th. 2 with B, B’ inter- 
changed with C, C’.) And C,B™= C’,B’ gives B,C™ B,C’. 

‘1. (CI—IV.) If [ABC] and A,C™ A’,C’ there is a point 
7owith |A’B'C’|; A,B= A'B ; B,C™= BC’. 

gee (GI—IV.) If [ABC] and A’, B’, C’ colline and 
Pee ee BOB .Cs  (A,G™A'C’ then [A’R’C'), 
(Cf. 18 below.) 

Dem. Since A’, B’, C’ are distinct and colline, if [A’B’C’] 
is false then either [C’A’B’] or [A’C’B’). If [C’A’B’] then 
since C,B~C’,B’ there is a point A” with [CA’S], 
Cae —C,Am (61). But C’,A’> CA and A,A” are both 
on [CB. But since [CBA][CA” AB], A cannot coincide with . 
A”, Hence we have a contradiction with CI. Hence [C’A’B’] 
and similarly [A’C’B’] are impossible. Hence [.4’S’C’"]. 

8. Def. If [X], [VY] be two sets of points then [X]~[Y] 
means we can set up a (I, 1) correspondence between [X’] and 
[Y], such that if X,, X, of LY] correspond to Y,, Y, of [V] 
then X,,X,%Y,,¥,. When such a correspondence can be set 
up we say LX], [ Y] are ‘congruent,’ 

1. The relation of congruence between sets of points ts equable 


(5). 


§ 2. The Congruence of Lines and Intervals 


Basis O, C I—IV. 

g. If [AB and [A’B’ be any rays then [AB™[A'D’. 

Dem. We must set up a correspondence with the properties 
mentioned in 8. If X be any point on [AZ, there is just 
one point X’ on [A’B’ with A,X = A’,X" (C I). Make X’ 
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correspond to X. Thus the correspondence is one-to-one. If 
X', Y’ correspond resp. to X, Y then A,X= A’',X’ and 
A,Y2A’',Y’ give X, Y= X’,Y’ (6). 


10. Any line ts congruent to any line, in such a way that a 
given point A and given ray [AB from A on one line, correspond 
toa given point A’ and given ray [A'B' from A’ on the other 
line. 

Dem, Let X +A be any point on the ray [AB. There ts 
one and only one point X’ on [4’S’ with A,X= A’,X’. 
Make A correspond to A’ and X to X’ and as in g we 
find [AX=[A’X’. Similarly to Y with [XA Y] make corre- 
spond Y’ with [X’A’Y’] and A, Y= A’,Y’. Then by C ILI 
BERGE OES 


tl. lf. 4j;B= AB’ then AW B= AS and ABA 

Dem. Make A correspond to A’, and X on [AB to X’ on 
[A’B’ when A,X= A’,X’. Then the points of [AB and of 
[A’B’ are in (1, 1) correspondence and £& corresponds to B’. 
Also if X is in A~B then X’ is in A’-B’ and X,B= X’,B’ (6). 
And if X, Y are in A~S, then the corresponding points 
NieY are in’ AB, and X,Y =X, ¥ 16). 

‘tr. If AC B= A'S’ then 4,B= A’,B’ or A,B= BA’. 

Dem. If Z is the point of A'*B which corresponds to A’ 
and Z + A,B then there are points XY, Yon A-B with [YZ Y]. 
Let X’, Y’ on A'S’ correspond resp. to X, Y then since 
X,Z2 XA; Z,YRALY; X,VOX',Y and (XZY] we 
have [X’A’ Y’] (7) contrary to the fact that X’, Y’ are both 
on A’ B’, Hence A’ must correspond to A or B. Similarly 
so must 8’, But the correspondence between 4'“B and A’ B’ 
is one-to-one. Hence the Theorem. 

‘2. Notation. In view of II, 11'I wecould write ACP B™~™ COD 
for d,B= C\D or the equivalent proposition 4,B™D,C. To 
express these relations we shall write 

AB=CD 
the interval sign being understood. We shall assume this 
done in all the above propositions, and shall quote them in 
that form. 
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Lhe Measures of Intervals as Magnitudes 


12. Def. The ‘measure’ of an interval AB, written MAB, is 
the set of all intervals congruent to AB; or alternatively it 
may be regarded as a distinctive common property of these 
intervals (I 9). 

Thus wAB=pCD and AB™ CD assert the same fact. 

‘I. If AB, CD be any intervals, then an interval XY exists 
such that there is a point Z satisfying [YZY], AB™ XZ, 
CD= ZY. All such intervals X V are congruent (C I, III). 
This enables us to lay down the following definition. 

‘2. Def. wAB+pCD means pX Y where X Y is an interval 
such that a point Z exists satisfying [VZV], AB™ XZ, 
CD=ZY, 

3. IfLABC] then pAB+pBC=yAC. Also by 7, if A, B,C 
colline and wAB+pBC=pAC then [ABC]. 


13. Lhe measures of intervals form a condensed set of magnt- 
tudes (I 20°51'62). 

Dem. (i) If AB, CD be any intervals then wAB+pCD 
exists and is unique (12'1). 

(ii) Also wAB+ pOD + pAB. 

(ii) WAB+ wA,B,) + wA,B,=pAB+ (wd, B, + wA,£,); for 
there are points C, D with [ABCD], A,B,~= BC, A,B,= CD. 
Hence pAB+ pA, B,= pAC, pAC+ pA,B, = pAD, 

pA,B, + pA,B,=pBD, pAB+ pBD=pAD. 

(iv) pAB+ pA, B,=pA,B,+ AB; for there is a point C 

with [ABC], A, B,= BC, and a point D with 
[ADC], A,8,~ AD, AB= DC (6'1). 

(v) If AB, CD be two intervals, either there is a point X on 
AAB with AX™=CD or there is a point Y on C-D with 
CY™ AB. For there is a point XY on [AB with AX=CD. If 
X is not on AB then [A BX] and then there is a point Y on 
C-D with CY™ AB (61). Thus either pAB=pCD + pXZB or 
AB™2 CD or pCD=pAB + pYD. 

(vi) As in I 20°31 we introduce 

Def. If a, 6 be measures of intervals then a<é and b>a 
mean there is a measure x such that a++=0. 
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(vii) Hence if a, d be measures of intervals either a=6or 
a<bor b<a (v). 

(viii) If AB be an interval there is an interval YY with 
pX V<pAB; for if [ACB] then pAC < pAb. 

The Theorem now follows from I 20°51°62. 


131. If[A,A..-An] then pA, A,= pA, A, + pA, As+...+ HA An. 
‘2. If wAB<pCD there is a point X on C~D with AB= CX. 

‘3, If A, B be on CD then pABSpCD. 

‘4. All multiples of all measures of intervals exist and are unique 


(I 20°35). 
‘5. Subtraction of measures of intervals can be defined (I 20°51, 
12°8). 


The Mid-points of Intervals 


14. Def. If AB is an interval and dAM~ MBS, M on the 
line AB, then JZ is the ‘ mid-point’ of AB or ‘mid AB? 

Note. If [ABC] and AB= BC then B is mid AC. We do 
not yet know if every interval has a mid-point. 

‘rt. If Wis mid AB then [AI/B]; for 7+ A, B by 12 and 
[AB] and [ABM] are impossible by CI, 

‘2, An interval AB cannot have two mid-points M, N. 

Dem. lf AM™= ML, AN= NB then [AMB] [ANB] (1) 
and 47+ implies [ANZ] or [AMZN] (II 8:3). If [ANA] 
there is a point WV’ with [BN’'’M], BN’= AN (61). Since 
[ANM][AMB] we have [VIB]; since [WAZA] [N'B] we 
have [VNV’S] (II 85:6). But BV=AN, AN=BN' give 
BN= BN’ and thus [VN'S] is impossible. Hence so is 
[ANM], and similarly [AJ] is impossible. Thus = NV. 

3. If dB~=CD and & is mid AB, and Vis mid CD then 
AM™= CN. 

Dem. AB=CD, [AMB] imply existence of MN’ with 
AM=CN', MB™=N'D and [CN'D] (61). But AM= MB, 
hence CV’~ N’D, Thus WV’ is mid CD and so V=N' (2) 
and AM™~= CN. 

‘4. If Mis mid AB then 244A M=pAB (12°3, 1411, I 20°35), 

"5. Mote. We cannot yet prove, nor shall we assume, the 
Sollowing : 

Theorem M. Every interval has at least one mid-point. 
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The Congruence of Angles and Triangles 


§3- We have now brought the Theory of congruent intervals to such 
a stage that we can begin profitably the study of congruent angles 
and triangles. We know by the general definition of congruence (8) 
what is meant by saying that the angles 48C and DEF are con- 
gruent, but we do not yet know that when these two angles are 
congruent their vertices must correspond in the congruence; for all 
we know, it might happen that Z corresponded to a point on [BA 
or [BC. A similar remark holds for congruent triangles. These 
matters are cleared up in 19, 20 below. We first introduce the 
following Axiom and generalise it in 15 and 15'r. 


Ax. CV. If A, B, C do not colline and A’, B’, C’ do 

not colline and [ACD] [A’C’D’] and AB™=A’B’, 

BC= B’'C’, CA=C’'A’, AD~=A'D’, then BD~B’D’. 
The following Theorems are based on O,, C I—V. 


15. Jf A, B, C do not colline and A’, B’, C’ do not colline and 
D is on{AC and D’ on [A'C’ and AB= A'B’, 
BC= BC, CA=C A’, AD~ AD, then 
BD= BI. 

Dem. Since AD™A'D'’, AC=A'C’ and 
ison {AC, D’on[A'C’, therefore [ACD] oD 
implies [A’C’D’],and [ADC] implies[A’D’C’] 

(6), and C=D implies C’=D’ (CI). In the 
last case the Theorem is trivial. If [ACD] Fig. 18 
and [A’C’D’] then CV gives the Theorem. 

If [ADC] and [A’D’C’] there is a point & with [CAL] 
and so with [DAZ] and a point Z’ on [C’A’ C 
mith CEh=C'EL Hence [C’A’E*] (2) and D 
[D'A'E’}. 4 

Since CB™ C'B', BA™ B'A', AC™ A'C, 
CE™= C’E' and [CAEZ][C’A’E’] we have by £ B 
Cype~ BE’. Fig. 19 

mincewO A] ClwOL~ CE; (CAL) \6'A’E | therefore 
AE™ A'E'(2). Since AE™ A'E’, AD™A'D' [DAE][D'A'E} 
therefore ED™ E’D’ (C Ill). And now since EA= E'A’, 
ABZ A'B', BE=B'E', ED=E'D' and [EAD)[E'A'D') we 
7 


D 


FEG 
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have by CV BD~B’D'. This argument gives the Theorem 
and an analogous argument gives : 

ist. Jf A,B, C do not colline and A’, B’, C’ do not colline, ana 
D ts on [AC or AC] according as D’ ts on{A'C’ or A'C'), and 
ABZ A'B',BCZ=BC',CA=C'A', AD=A'D, then BD= BM. 

‘2. Vote. It is most important to notice that we do not yet know 
whether it is possible to have two triangles ABC, AB’C with B, B’ 
on the same side of AC and yet with AB= AB’, CB= CB’. The 
following Theorem throws some light on the question. 


16. If A, B, B’, C coplane and are distinct, and B, 5’ are 
on the same side of AC, and B B 
AB~=AB', CB= CB’, then ‘B B 
BB’ does not meet AC. 

Dem. Since AB= AB’ and 
B+ B' therefore B’ is not on A D Co rs C AE 
[AB (C I). Similarly B’ is Fig. 20 Fig. 21 
not on [CB. If possible, let BB’ meet AC in D. Hence 
D+A,C. Then since AB, BC, CA, AD= AB’, B'C,CA, AD 
we have DB = DB’ (15'1). 

[We shall often write a set of congruent relations as in the 
above line.] But D, B, 4’ colline and B, B’ are on the same 
side of AC, hence [DB=[DB’ (III 6) and B+’, whence 
DB™ DB' is contrary to C I. 


4 


17. Three collinear points cannot be congruent to three non- 
collinear points A, B, C. 

Dem. Suppose this congruence possible and let Y, Y, Z 
with [X YZ] correspond resp. to A, B, C. Since X, Z corre- 
spond to A, C we have XZ™ AC (11). There is a point 
B’ with [AB’C], XY= AB’, VZ™= BC (6:1). B 
Hence AB’>=AB, B'C= BC. If BB’ have no 
mid-point, let Z be any point on B-B’. If BB’ 
have a mid-point J/, there is a point Z on 
B-B' withL+M,anda point NwithBN™B’L, A 8B C 
[BNB’](61). Hence BA, AB’, B'B, BN=B'A, Fig. 22 
AB, BB", BL, and N is on [BB and L on [B’B, hence 
ANAL (15). Similarly CV= CL. But ZL, WV are on B-B’ 
and so on the same side of AC, and further L+W since 
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BN= BL and L is not the mid-point of BB’ (14:2). Hence 
since LIV meets AC we have a contradiction with 16 and 
thus the Theorem follows *. 


18. /f (A, B, C)™(A’, B’, C’) and A, B, C correspond resp. 
to A’, B’, C’, and if [ABC] then [A'B'C'}. (17, 7.) 


19.- lf BAC™Y. i $¢ 12, then A corresponds to X, in that con- 
gruence, and points on the same side of BAC correspond to 
points on the same side of Y, zx A 

Dem. By the general definition of congruence in 8, 

BACHVX, 2; 
means ¢here 1s a (1, 1) correspondence between the points of the 
two angles such that a potnt-couple on one is congruent to the 
corresponding point-couple on the other. \f A and X, do not 
correspond in this correspondence, then XY, corresponds to a 
point Y on [ABS or on [AC, say on [ AB, and A corresponds 
to a point A, on LX,Y, or [X,2Z,. Suppose first A, is on 
|X, Y,, then there is a point & with [AX £] and to it corre- 
sponds a point £, with [4,X,£,] (18). Hence 4, is not on 
[X,A, ie. not on LX,Y,, nor on LX,Z,, although £ is on [AB. 
But this is contrary to BAC= de aoe We get a similar 
contradiction if A, is on [X,7,. Hence A and X, correspond. 

If Y, corresponds to a point Y on [AJS, then all points on 
[-X, Y, correspond to points on [.48, since none can correspond 
to points on [AC by 17. And all points on [A& correspond 
to points on [X,Y,. Similarly all points on |X, 2, will corre- 
spond to points on [AC and vice versa. Analogous conclusions 
follow if Y, corresponds to a point Y on [AC. 

‘1, Notation, We shall now use BAC™ B'A’C' to mean 
there is a relation of congruence between the points on the 
angles, wherein A corresponds to A’ (as it must by 19), and 
points on [AB to points on [A'B’, and points on [AC to points 
on [A’C’. Thus if X, Y on [AB, [AC correspond resp. to 
meeeyY on | A'S’, [A’C’ then 

AX = ANA VE AVY Ax. Y (8). 
* Veblen, in his article in Monographs on Topics of Modern Mathe- 
matics (1915), does not get this Theorem till a much later stage. 
7-2 
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192. If BAC™ B'A'C' and AB™ A'B', AC™ A'C’ then 
BC= BC". 
Dem. Points’on [AB correspond to points on [A’B’ (1) 
and since AB™ A’B’ therefore B corresponds to B’, Similarly 
C corresponds to C’. Hence BC™ B’C’ (8). 


20. If AABC= AX YZ then A, B, C correspond to the 
vertices of AX YZ. 

Dem. Let A,, B,, C, correspond on AXYZ to 4, B,C. 
Then A,, B,, C, cannot all be on the same side-interval of 
AXYZ (17). Hence two of them, say A,, 5, must be on 
different side-intervals of AX YZ. Toa point & with [AEA] 
corresponds a point 4, with [.4,,8,] (18). Unless both 4, 
and B, are vertices of AX YZ, E, will not be on the triangle, 
contrary to the congruence. Hence 4, and J, are vertices of 
AX YZ; say A\= X, B,=Y. Then the same argument shews 
that C,=7Z. Hence the Theorem. 

. Notation. We shall now use ABC™= A’BS’C’ to mean 
hers is a relation of congruence between the points of AABC 
and AA’B'C’ wherein A corresponds to A’, B to B’ and C 
to C’. Hence the order of the letters in ABC=A’B'C’ is 
important. 


21. If ABC and A'B'C’ are triangles and AB=A'B’, 
BC™ BC’, CA™C'A' then BAC=B'A'C', ABCZ™A'B'C 
ACB™A'C'B', ABCZA'B'C. 

Dem, Make A correspond to A’, and X on [AB to X’ on 
[A’B’ when AX™~ A’X’; make Y on [AC correspond to Y’ 
on [A’C’ when AY=A’Y’. Thus B corresponds to B and 
Gstovc. and the correspondence between points on BAC and 
points on BA'C' is (Yar), 

If X on [AB and Y on [AC correspond resp. to X’ on 
[A’B’ and VY’ on [A’C’ then AX = A'X", AV= AV’. 

When Y=C then Y’=C’ and AC, CB, BA, AX™ A'C’, 
COBNE AW ATX Hence OX = Co xXasy 

When Y+C then Y’+C' and AX, XC, CA, AV™ A'X’ 
PMA RIO CS A var Hence XY=X'Y’ (15). 

Hence BAC™ B’A'C’. The same argument shews the re- 
mainder of the Theorem. 
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22. BAC™ CAB. 

Dem. Let X be on[AB. There is VYon[AC with AX™ AY. 
Hence since XY Y= VX (C IV) we have AX, XY, YA@> AY, 
YX, XA and hence by 21, XAY= VAX, that i is, BAC™ CAB. 

pole AB AB eAGZ AC’ BAC™ BAC 
then 

BC BC, ABC= ABC’, ACR~ A'C'R’, ABC™ ABC. 

Dem. The hypothesis and 19'2 give BC™ B’C’. Whence 
the Theorem by 21. 

1. Vote. If we try to shew the congruence Theorem which 
concerns one side and two angles of a triangle, we are held up by 
the fact that, so far, we might have CAB™ CAB with LB, B' on the 
same side of dC and yet (AB+[4B;; cf. 15:2. This does not prevent 
21 and 23 from being true. 

24. If ABC be a triangle and AB™ AC then ABC™ ACB. 

Dem. mE eCJOA> AC, CL; BA (C IV). 

Hence ABC™ ACB (21). 
Or thus 4B, AC™ AC, AB; BAC™ CAB (22). Whence 23 
gives the Theorem. 

25. Angles adjacent to congruent angles are congruent. 

Dem. Let CAB, CAD be adjacent and CAR ICAD. 
be adjacent, and hence [BAD] [B’ AD") (III 4) and let 
CAB™C'A'B'. We wish to shew CAD™C'A'D'. Now if 
eV, Z be on [ AB, [AC, [AD tesp.there are points X’,Y’, Z’ 
on[A’B’,[A’C’,[A’D’ resp. such that AY, VX,XA, AZ~=A'Y’, 
fax A VA 2° (10'2, C1). Hence Ye= V2" (15'1). But 
since YA, AZ, Caer A’, A'Z', Z'V' wehave VAZ™=Y'A'Z' 
(21). Hence CAD CLAD. 

‘1. Def. Two angles congruent respectively to two adjacent 
angles are ‘supplementary. Thus adjacent angles are them- 
selves supplementary. 

‘2, The supplements of congruent angles are congruent (22 
and 25). 

26. Opposite angles are congruent (III 4). 

Dem. wf [BAL] [CAE] and A, B, C do not colline then we 
shew BAC™ DAE. For BAC, BAE are adjacent and so are 
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EAB, EAD. But EAB™ BAE (22), “Theretore, “by 233 
BAC™ EAD. Thence BAC™ DAE. 

a7. If AB, BC™ A'B’, B’C' and BAC™ B'A'C’ then BCA 
and B’C’A’ are either congruent or supplementary. 

Dem. lf AC™A'C’ then BCA™ BC'A' (21). If AC™A'C' is 
false, then either pA’C’<pAC or pdAC<pd'C’ RB’ 
(x3). In the latter case, there is a point P with 
[4'PC', A’P=AC. Hence AB, AC™ A'S, 

A’P and BAC™ BAP; hence BC=SP, 

BCA™ B'PA’ (23). But since BCZBC we 

have B’C’™ B'P and BC P= BPC (24). But AYP c’ 
since [4'PC’], therefore B’ CP=aBiCA(ct I 4) ets 
while B’P4’ and B’PC’ are adjacent. Hence B CA and B’C’A’ are 
supplementary (25°1). The case when pd’C’<pAC is treated 
similarly. 

28. If AOB™A’O'B' and [OC is in AOB then there is a 
vay [O'C’ in A'O'B' with AOC™ A'O'C' and BOC™ B'O'C". 

Dem. There are points F, D, fF’, D’ on [OA, [OB, [OA’, 
[OB’ resp. such that OF, OD, FD™ OF’, OD’, F’'D' (C I, 
19'2) and 

(2) OFD™ O'F'D', ODF™ O'D'F' (21). 

Now [OC meets 7D in & say (III 7), and since FD™ F’D’, 
there is a point Z’ on F’D’ with FE= F’E’ and ED™ E'D’ 
and [F’ ED Uhre Since [PED] [F’E'D'] therefore (a) gives 
OFE™ O'F'E' and ODE™ O'D'E". 

Since OF, FE@ O'F', F'E' and OFE™ O'F'E' we have 
FOE F'O'E' (23). Similarly DOE™ D'O'E’, and thus [O'E’ 
is the ray required. 


§4. Ax. CVI. If POR be any angle, [AC any ray, then 
there are not more than two rays [AB in a plane 
containing [AC such that CAB~POR. 


As will be evident soon it would also suffice to assume that 
the number of such rays is finite. 


29. If |AB,|AB' be two distinct rays satisfying the conditions 
of C VI, then [AB,[AB’ are on opposite sides of AC. 
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Dem.* If possible let them be B 
on the same side of AC and let BY 
AB™~= AB’. [We have omitted an < 
obvious step so as not to bring in ie 
more letters; we do so in future 
without comment. ] ‘ Fig. 24 . 

Then CB™ CB’ and ACB™ ACB’ (23). Since B, B’ are on 
the same side of AC therefore [AB is in CAB’ or [AB’ in 
CAB (III 9). Suppose the latter. Then [4A’ meets C-B in E 
say (III 7). Since CB= CBA’ and [CES], there js a point & 
with Co CE, [CFB’] (61). Since ACB2A CB we have 

ACE™ ACF which with Pa 4S CE= AC, CF gives CAE™ CAF 
(23). Thus CAB™ CAB = CAF. If [AF is distinct from [AB 
and [ AB’ this will contradict C VI; and this is the case since 
[CFB’] and since LAF, being in CAB, isin CAB (III 8). 

30. If POR be a triangle, and if there are two points B in 
a plane through AC which satisfy PQOR™ CAB then they lie 
on opposite sides of AC (21, 29). 

31. if Hise a be on the same side of AC and [AB+[AB’ 
then CAB™ CAB’ is impossible. 

32. From 31 and CI—V follows C VI. Thus 31 could be 
substituted for C VI. 

ruta CAB, CAD be supplementary, and B, D be on opposite 
stdes of AC, then B, A, D colline. 

Dem. Vf not, let B’ satisfy [DAB’]. Then [AB+[AB’, and 
CAB™ CAB’ since both are supplements of CAD (25°2). But 

, this contradicts 31. 
yo 34. If BC™ BC’, ABC™A'BC', ACB™A'C'B’ then 
ABZzA'BR’, AC=A'C’, ABC2 ABC. 

Dem. lf AB™ A’'B’, the Theorem follows 
by 23. If AB™A’S’ is false, suppose (13) 
pA'B’<pAB, then there is a point D with 
[BDA], BD™ B’A’ (13'2). Then 

BC, BD=B'C', BA’ and DBCZ=A'BC' B dD A 
give DCB™ A’C’B'. Thus DCB= ACB, but _ Fig 

* Cf. Mollerup, Math. Ann. LVIII (1904), p. 479- 


Cc 
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this contradicts 31, since [BDA] implies that [CD+[CA and 
that A, D are on the same side of BC. Hence AB™ A'S". 


a 6G ABC™ ACB then AB™ AC. Apply 34 to triangles 
ABC and ACB. 


36. If [ACK] and CAB™KCD and B, D are on the same 
side of AC then AB, CD do not meet. 

Dem. First suppose AB, CD meet in Z in the same half- 
plane as B, D. On DC there is a point 
F with [DCF] and so [ECF], and with 
CR&AE. Since [ACK] | DCF) we 
have KCD™ ACF (26) whence 

CAB™ ACF, 
that is, CAE ACF. This with 
AC, AE= CA, CF 

gives ACE™ CAF. Now since [ACK] 
therefore K CD, A CE are adjacent and hence, since CAB™KCD 
and CAF™ ACE, therefore CAB and CAF will be supple- 
mentary. But 4, F are on opposite sides of AC, hence B, A, F 
colline (33), and hence 44, CD meet in two points Z, F (one 
on each side of AC) which is impossible. 

Also if [BAH] then CAH = K CF (28) and hence by the first 
part, AB, CD cannot meet on the other side of AC from that 
on which 8B, D lie. 

‘1. (Vote. Essential for the proof of 36 are (i) two lines cannot 
meet in two points; (ii) a line separates the other points of a plane 
in which it lies into two regions, so that £, # above cannot coincide. 
There are Geometries in which most of the Theorems in this chapter 
hold but in which 36 is false, owing to (i) or (ii) being false. 

‘2. JVote. We cannot deduce from 36 the exzstence of lines which 
do not meet because we have not yet shewn the existence of congruent 
angles which are not identical and not opposite. 


37. If ABC=A'B'C', BAC= B'A'C.. 


H 


Fig. 26 


AGS AC then AB=A BA BO~ BC: ; 
ACEEC'R') ABC= ARC. 

Dem. \f AB™ A’'B’ the Theorem follows by 
23. Otherwise, suppose (13) tAB>pA'B’, A D B 


then there is a point D with ADA], AD= A'B' Fig. 27 
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<13°2); and since AC, AD@ A'C’, A'B' and BAC™ B'A'C' we 
have ADC™ A’B'C’ (23). Thus ADC™ AAC. But since 
[ADS], this contradicts 36. 


We have now all the Theorems on congruence of triangles save 
that relating to right-angled triangles. 


Addition and Subtraction of Angles 
38. If AOC= A'O'C' and if COB™ C'O'B' and A, O, B do 
not colline and tf there 1s no ray both in AOC and in COB and 
if there is no ray both in A'O'C' and in C'O'B' then 
AOB™A' O'R’. 
B 


0’ A’ 
Fig. 28 Fig. 29 

Dem. Since there is no ray both in A'O'C' and in C’O'B’, 
either [O’C’ is in A'O'B’ or in AlOB! where [A,'0'A’] 
[BY O'B’7 (III 10:2). 

Case I. Let [O’C’ be in A’O'B’, then [O'C’ meets A’B’ in 
Eaesay, Let OA,08,0X =O A’,O BOX’ with X on (OC. 
Since AOX ™ A’'O'X’ we have then 

AX BOL Am OX: AL (23), 

Similarly BX™B'X', OXB™ O'X'B'. But since [4’'x'B", 
O'X'A’ and O'X'B’ will be adjacent, and hence OX A, OXB 
supplementary (25°1); and A, & are on opposite sides of OX 
(IIT 9°3). Hence A, X,B colline (33) and further [OX, chat zs 
[OC, zs i” AOB (III 2). Whence, since AX, XB™A'X', X'B' 
and [AX] [A'X'B'}, we have AB=A’SA’ (CIII) and this 
gives AOBZA'OB’ (21). 

Case if. Let {OG be in A vOBE By Case I, if [OC were 
in AOB, then [Oe would be in A’/OB,, but it is not (III 10). 
Hence [OC is not in AOB, and so is in A, OB, where [AOA] 
[BOB,] (111 102). Then A, OCz AOC, BiOC=B! OC (25), 


106 THE AXIOMS OF CONGRUENCE [CHAP. 


But by hyp. and III 9°7 there is no ray both in A, OC and in 
B,OC, and | similarly for A/OC’ and B, ‘O/C’. Hence by 26 and 
Case-l, AOBZAOB. 

381. If [OC is in AOB and [O'C’ in A’O'B’ and 

AOCZA OC, COB™C'OB’ then AOB™ A'OB’. 

30. Lf AOC™ A’ Ab: and COB™ C'O'B’ and if there ts a 
ray both in AOC and in COB and of there ts a ray both in 
A'O'C' and in C'O'B’, then AOB™ A’ O'B’ unless [OA = [OS. 

Dem. By III 9'5 either [O’A’=[O’B’ or [O'A’ is in C’ O'B' 
or [O’B’ is in ao un Suppose the latter. Then there is a 
ray [OD in COA with COD™C'O'B', AOD™ A’ OB (28). 
Thus | COD™ COB. But since there is a ray both in AOC and 
in COB, A, B are on the same side of OC (III 7°4) and so are 
A, D since [OD is in COA (III 7-2). Hence so are B, D. 
Hence [OB=[OD (31) and AOB™ A'O'B’. 

‘1, If [OB is in AOC, and [O'B’ is in A’O’C’ and 

AOC™ A'0'C', COB™ C'O'B' then AOB™ A’O'B’. 
Perpendiculars and Constructions 

40. If [AOC] [BOD] and AOB™ DOA, then AOB, DOA, 
COD, BOC are all congruent. 

41. Def. [OA is ‘perpendicular’ to [OB, 
written [OA 1[O8, if and only if there is a 
point D with [BOD] and AOB™ DOA (we Bo 
do not yet know if rays exist with such rela- 
tions). 

‘1. If[OA 1[OB and [BOD’] then eG 

AOB™ DOA. a 
< If [AOC] [BOD] and [OA L[OB then 
- [OB1[OA, for there is a point C with [AOC] and 
Cop nba (40, 22). 

‘2. And [OA and [OC are perpendicular to [OB and [OD 
and vice versa (40, 22). 

43. Def. The line OA is a ‘perpendicular’ to the line OB 


written OA 1 OB, if each ray from O of OA is perpendicular 
to each ray from O of OB, 


A 
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This definition is consistent by 42°1:2, provided perpen- 
dicular rays exist. 

431. Def. AOB is a ‘right angle’ provided [OA 1[OB. 

This definition is consistent by 42°1, with the proviso above. 


44. If AOB is a right angle and XVZ™= AOB then XVZ is 
a right angle. 

Dem. If [BOD] then AOB™ DOA. If[zZvVw] then 74 YZ, 
WYZ are adjacent, and XYVZ™~= AOB; hence WVX™= DOA 
(25), since AOB, DOA are adjacent. Hence KV ZW 

Thus an angle congruent to a right angle is a right angle. We 
cannot yet affirm that all right angles are congruent. 

45. Def. If AOB be any angle and [oc be in AOB and 
AOC™ BOC then [OC is a ‘bzsector’ of AOB. 


BO Lf AOB be any angle, there 1s one and only one ray in 
AOB which is a bisector of A OB and this ray can be constructed 
if the following constructions can be performed. 

a. Any two distinct points can be joined by a line (II 4). 

b. Jf two lines meet, their common point can be found (II 4°3). 

c. (i) Jf A, B be distinct points a point C can be found with 
[ABC] (Ax. O IV); 

(ii) and a point can be found not on AB (OV); 
(iii) hence a point D can be found with [ADB] (II 7). 

d,. If CD be any interval, [AB any ray, then a point P can 
be found on{ AB with AP™= CD (CI). 

Note. We distinguish between an existence Theorem and 
a construction. The former asserts the existence of certain 
elements, the latter shews how they can be zsolated, The 
references appended to the constructions give the corresponding 
existence Theorems. When the present proposition has been 
shewn, we shall know that some congruent angles, not identical 
and not opposite, exist. The Theory of Constructions is dealt 
with in Chapter IX. 

Dem. Find C,C’ on [OA, [OB with OC™OC" (d,) and 
D with [ODC] (c). Take D’ on [OC’ with OD’'~OD (d)). 
Then [O'D'C’], D'C’=DC (2). Then CD and. Cr) meet 
in P say (II 116) and [OP zs im AOB (III 5). 
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Further P and [OP can be found (b, a). By triangles 
COD’, C’OD, we have 


Cc 
Ob'C™ ODC', OC'D™ OCD’ (22, 23). By 

But [OD'C’][ODC] hence C'D'C= C’DC ie 

(25). Thus since [D’PC] [C’PD], we have 2 

PDC™ PIC’, PCD™ PCD! and these? she 


with CD=C’D' give DP = D’P (34). Thus 
ODADP, POo= ol”, D'P, PO, and hence DOP™ D'OP (21), 
that is, 4 OP BOP. 

Now suppose [OQ is any bisector of AOB; since it lies in 
AOB (45), it meets C-C’ in WM say (III 7) and CV™= CM 
(23), whence M is mid CC’. Thus any bisector of AOB 
meets C—-C’ in its mid-point and since CC’ has not more 
than one mid-point (14:2), AOB cannot have more than one 
bisector. 


461. Def. If [OP bisects (i.e. is the bisector of) AOB then 
AOP is ‘half’ AOB. 

‘2. The halves of congruent angles are congruent (28, 46). 

°3. If OC= OC" then the bisector of COC’ meets C-C’ in 
its mid-point J7 and OM is perpendicular to CC’. 


47. Right angles exist and can be constructed by abcd, (46, 
46°3). 


48. If AB be any line in any plane ABC then there is a 
perpendicular to AB in this plane and it can be constructed by 
abcd,. 

Dem. Join AC (a), take EH, F on [AB, [AC resp. with 
AE~ AF (d,) and draw the bisector [AD Cc 
of BAC (46). This meets E-F in G say 


F. 
and AGE is a right angle (463). Take kK > 
IG, Vad Xo be POF [4B resp. with AE™AK, 
AG™= AH, then AGE ™ AHK (22, 23) and 4 HEPaR 


thus AAK i is a right angle (44). Fig. 32 


1. Lf AGE isa right angle, then a congruent right angle 
one of whose side-lines is AZ, can be constructed by abcd). 
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49. If P be any point on any line AB in any plane ABC, 
then there is a perpendicular to AB through P in ABC and 
it can be constructed by abcd). 

Dem. We can draw at any rate one perpendicular KH to 
AB, in ABC, with A on AB (48). If G 
ff=FP the construction i fe dank 

is performed. s 
If H+P we can find &, F, B with 
KH™ HE,(KAHE|[EPF][HPB](d,,c). Js 


Bisect KPF by [PG (46). Then for s 
KPH™ EPH™ FPB (23, 26). & 
Also KPG™ FPG. If then we shew Fig. 33 


there is no ray both in KPH and KPG, and no ray both in 
FPB and FPG, it will follow that GPH™ GPB (38) and 
hence GP 1 AS. 

Now since [EP] there are no rays both in KAZ and in 
KPF (III 7°5), and since [K HE] therefore [PH is in KPE 
(III 5). Hence all rays in KPH are in KPE (III 8), and 
since [PG is in KPF therefore all rays in KPG are in KPF 
(III 8). Hence there is no ray both in KPH and in KPG. 

Since [KHL] [HPS], therefore K, B are on opposite sides 
of PF and hence there is no ray both in FPB and in FPK 
(I1I 7's). But since [PG is in FPK, therefore all rays in FPG 
are in FPK (III 8). Thus there is no ray both in FPB and 
in FPG. The Theorem now follows. 

‘1, If P is any point on any line AB in any plane ABC, 
there are not two perpendiculars to 44 through P in ABC*. 

Dem. Vf possible, let PZ, PN be perpendiculars to AB 
through P in the plane ABC with PV + PM. 
Let 17, V be on the same side of AB and 
let [APB]. Then either [PM is in APM or 
[PM is in APN (III 9). Let [PM be in 
APM. Since[APB]wehave APM™= BPM A Pik 
(411). Hence there is a ray [PNV’ in BPM Fig. 34 


M N’ 


* Coolidge remarks (oen-Euclidean Geometry, p. 36) that it is truly 
astonishing how much geometers, ancient and modern, have worried over 
this Theorem. Compare Dem. with 14'2 Dem. 
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with APN™ BPN’ (28). Again since [APS], we have 
APN™ BPN (411). 

Hence BPN™ BPN’. Now since [PNV’ is in BPM therefore 
M, N' are on the same side of PB dil 72), and so are M, V 
(hyp.). Hence so are VV, WV’. But BPN™= BPN’. Therefore 
[PN= [PM (31). But this is contrary to III 7°5, since [PV 
is in APM and [PIV’ is in BPM and also [APB]. 

492. If AB is any line, P any point not on it, then there is 
at least one line through P perpendicular to AB and this can 
be constructed by abcd). 

Dem. Let D be on AB, draw DX 1 AB in the plane ABP 
(49). If D, X, P colline then DX is the x P 
line required. If not, let [ADB] be true. 

Then DX meets A~P or BP (Il 161). | 

Let it meet A-P in &. Find F with ee | B 
[EDF], DE~ DF (d,) and @ on [AF r 

with AP= AQ (d,). Since [EDF] there- 

fore [AD is in HAF (III 5). Fig. 35 

From AD, DE™ AD, DF and ADE~ ADF (41°1) we have 
EAD™ FAD, (23) that is [AD is the bisector of EAF. 
Whence since dP = PQ therefore PQ 1 AD (46'3). 

*°3. If AB be any line, P a point not on it, then there are 
not two lines through P perpendicular to AB. 

Dem. If possible let PJZ, PM’ be both 1 AB with 7, M’ 
on AB and M+M’. There are points Q,R p 
with[PMQ]|[PM'R], PM~ MQ. Then since 
PM, MM'™= QM, MM' and PMM'™= QMM' M’ 
(41'1) we have PM'u™= OM'M (23). But y 
as [PM'R] and PM' 1 M’'M we have 

PI'M™ RAM (401) 5 
and so OM'M~ RM'M. But since [PQ] Fig. 36 
[PM'R] therefore Q, R are on the same side of 17M’. Hence 
since OM’ M™ RAM, Q must lie on 17’R (31). Hence PY, 
PM meet at Q+P which is impossible. 


‘4. Vote. The conditions mentioned in 36:1 are essential for the 
proof of this Theorem and for the reasons there stated. There are 
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Geometries in which the conditions are violated and the Theorem 
false. We could not use 36 to shew 49°3 because we do not yet 


know that all right angles are congruent. Summing up 49 to 49°3 
we have 


50. One and only one perpendicular can be drawn from any 
point to any straight line and it can be constructed by abcd. 


‘1. JVote. Although we know that an angle congruent to a right 
angle is itself a right angle (44) we do not yet know if all right angles 
are congruent. Virtually we defined a right angle as half a ‘straight 
angle’ and we know (10) that any two ‘straight angles’ are congruent 
and that the halves of congruent angles are congruent (46°2). But 
this has only been shewn for our angles, not for ‘straight angles,’ for 
the proof depends on 28 and the proof of 28 would break down, if 
we attempted to apply it to the ‘straight angle.’ We now introduce 
as a last Congruence Axiom, one which will enable us to shew that 
all right angles are congruent. 


ae axe CaVIl. If CAB and DBA are right angles 
then CAB~ DBA. 


(Note that 4, B, C, D need not coplane.) 
The following Theorems are based on O, C I—VII. 


51. Any two right angles are congruent. 

Dem. (i) Ifa side-line of one is a side-line of the other this 
is C VII. 

Colt ABC, X YZ are the right angles (which L 
may or may not coplane) and a side-line AB A 
meets a side-line VZ in D say and AB+YZ ort B 
then by 50 draw ZE1 AD, with E on AD. If 
E=D then C VII gives ZDB™ ABC and 
ZDOBUXYZ and hence ABCZXYZ.\fE+D Y x 
then since ZED is a tight angle, therefore "8 37 
DZ is a side-line of a congruent right angle (48° 1) which 
is also congruent to rez by (i). Further ZEA™ ABC by (i). 
Hence ABC™ X YZ. 

(iii) Finally if ABC, X¥Z be any right angles, draw 
CD IZ (50) with P on YZ, Then by @ CDVZXVZ 
and by (ii) CDV ABC. Hence ABC™ Cera: 
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511, If C VII be assumed only when A, B, C, D coplane 
then the above shews that all right angles in their plane are 
congruent. Jz any Theorem which involves one plane only we 
need only assume C VII in that plane. This remark is of 
importance subsequently. 

‘2, Axioms C I—VI, and C VII assumed only for the case 
when A, B, C, D coplane, will be quoted as C,, even if all the 
points considered are not in one plane. 

C I—VI and C VII will be quoted together as C. 

coef) ABC and A'B'C' be right angles and BC= BC’, 
AC™A'C' then AB™A'B', BAC™B'A'C', ACB=A’ CB 
ABC™ A'B'C’. 

Dem. There is a point D with [ABD], BD™ BA’, Thus 
[ABD], and ABC i is a right angle, hence so is DBC (42°2). 
Hence DBC™ A'B'C’ (51) which with DB, BO= ABLES 
gives CD~C’A’ and BUCA (23). But C’A’=CA, 
hence CD¥ CA and ADC™ DAC (24) that is BDC™ BAC. 
Hence BAC™= 5’ A'C’ and the Theorem follows by 51 and 37. 

Net he BAC be ES angle, [|A'B’ any ray, then in any half 
plane {A A'B', D'\=6&' from A'B’, there is a ray[A'C’ such that 
BAC™ B'A'C'; and it can be constructed by abcd. 

Dem. If BAC is a right angle, find £’ in ¢’ so that 
ie Ae (50) then BAC™BA'E' (51) and [A’Z’ is the 
ray required. If BAC be not a right angle take G on [AC 
and draw GF AB, (50) with F on AB. Then F+ A. Take 
fF’ on [A’S" or on A'S’) according as F is on [AB or AB] 
and such that A’F’~= AF (d,). Draw F’G’ 1 AB, with G’ in ¢' 
(50) and Le GSP G (d,). Then AF, fG@ AF’, F’G" and 
AFG™ A'E'G’ (51). Hence FAG™ F'A’ G, BACZBA'C 
(where we must use 25 if # is on AB]). Thus [4’G’ is the 
ray required. 

54. Lf we assume 53 (first part) and C1—VI then 51 and in 
particular C VII follow. 

Dem. If ABC and X PZ be right angles, there is a ray 
[YW in {X Y,Z} with XYW™ ABC (53) but ABC is a 
right angle, hence so is XY yw (44). Hence YZ, YW are 
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both perpendicular to A Y (43); whence [VZ=[YW (4911) 
and so XY VZ™~ ABC. This shews 51 and in particular 
Civil. 

54°1. Note. We might thus have introduced 53 as an Axiom 
instead of C VII and we might have assumed 31 instead of 
C VI (see 32). Combining 31 and 53 we have 

nel. BAC be any angle, |A'B’ any ray, then in any half 
plane (AB, 2 D} Srom. A'B", there ts one and only one ray [A'C’ 
such that BAC™ B'A’C'. This might have been taken as an 
Axiom ™*, but it is much stronger than C VI and VII combined. 
The course we have adopted is due to our desire to weaken 
Axioms as much as possible, so that they are only just sufficient 
to give us the results we deduce from them. 


55. Lf ABC be any triangle, {PQ, R} any half plane, we can 
dy abcd, construct a triangle X YZ where X ts any point of 
mew vats on |LO, Zon {PO,R} and ABC= XVZ.. This 
easily follows from 53. 

It will be noted that we do not need to consider the inter- 
section of circles in order to draw a triangle congruent to a 
given triangle. The case is different if we wish to draw a 
triangle with sides congruent to three given intervals, not 
fitted together to form a triangle. 


The Measures of Angles as M Gees 


56. Def. The ‘measure’ of an angle AOB, written uA OB, 
is the set of all angles congruent to 4 OB; or, alternatively, it 
may be regarded as a distinctive common property of these 
angles (I 9). . A a 

Thus pAOB=pX VZ and AOB™= X YZ assert the same 
fact. 

ee Ore (PAOB + wCPD means pHSK if there is a ray 
[XZ in H&K with HRL™ AOB and LXK™ CPD. 

This definition is consistent by 38'I. 

2, The measures of angles satisfy the Axioms for a condensed 

* This is in fact the course adopted by Hilbert in his Grundlagen. 
Euclid on the other hand states 51 as an Axiom and also assumes 
implicitly that angles are a set of magnitudes except that the sum of two 
angles need not be an angle. Cf. 56. 

FEG 8 
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set of magnitudes except that the sum of two measures need no 
be a measure (I 20). 

Dem. (i) No angle has a measure equal to the sum of the 
measures of two right angles (‘1 and 4I'I, 51, 31). 

(ii) If the sum of two measures (of angles) exist, it is unique 
(38°1). 

In the following the expressions indicated are supposed to 
exist. 

(iii) wA OB ots pCPD + wA OB (3 ps 

(iv) (uA OB + pA, O, B+ HAs 0, Bs 

= HAOB+ (uA, 0, B, + pAs 0, B,) (28, III 8, 81). 

(v) “A OB+ wCPD= = CPD +pA OB (28, 22). 

(vi) Def. If a, 6 be the measures of angles then a< 6,4>a 
mean there is a measure x such that a+ 2= 3 (see I 20°31). 

(vii) Lf a, 6 be measures of angles, either a=b or a<bor 
a>, and only one of these ts true; for if [OA be any ray we 
can find X, Y on the same side of OA such that wd OX =a, 
AO Y=6 (53) and the Theorem follows by (vi) and III 9. 

(viii) If @ be the measure of an angle there is a measure 
6<a (III 5:2). The Theorem ‘2 now follows by I 20. 

5O2rmt uXVZ < pbA OB, there is a ray [OC in AOB such 
that wAOC=pX YZ. If [OCis in AOB, then pAOC< pAOB. 

°3. The measures of angles form a condensed class in linear 
order for < (1 20°72'32). 

‘4. Vote. The blemish that the sum of two measures need not be 
a measure is usually removed by introducing ‘angles’ greater than 
two or four right angles, and these are brought in by an appeal to 
the intuitive idea of rotation. Such a course is not open to us, and 
at first sight our method may well seem artificial in comparison, but it 
leads to the same results as the intuitive methods and is logical, while 
they avoid the main difficulties. We accordingly introduce a more 
general idea than the measure of an angle and for distinctness call it 
‘angular measure.’ 

57. Def. An ‘angular measure’ is an ordered couple (x, c) 
where 7 is a natural number and a is the measure of an angle 
as defined in 56, or possibly o if 2 >0, where o is a symbol 


obeying the laws 0+ ¢ =o +0=c for all measures o of angles, 
and 0 +0=0. 
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3 WVote. (n, «) corresponds to the intuitive idea of x half-turns plus 
a turn through an angle of measure ¢. We have had to introduce 0 
because our definition of angle does not provide for ‘zero angles.’ 
We now define the sum of two angular measures. 


571. Def. If one or both of oj, o, is o then 
(%, 01) + (Mm, o2) = (4 + m, a, + o>). 

If a= KA OB and o,= pBOC, and there is no ray both in 

AOB and in BOC, then 

(1, 0;) +(m, 02) =(" +m, c) if [OB is in AOC and o=ypAOC 
=(n+m+1,c) if [OB is not in AOC and 

o = A,OC where [AOA,] 

=(2+m-+1,0) if [AOC]. 

This definition is consistent by 252, 38. 

‘2. Comm-+ clearly holds, and it is easy, though tedious, to 
shew Assoc+. (I 12°42'43.) 

"3. Angular measures are a condensed set of magnitudes (I 20). 

‘4. We write (1, 0) defined in‘I,as w. It is usual to identify 
(0, a) with a whenever a is the measure of an angle, that is, 
to regard the measure of an angle as an angular measure 
(cf. I 28-4 for a similar situation). We shall do this and it 
then follows that 

(m, a) =(2,0)+(0,a)=n(I1,0)+(0,a)=nr+a, 
where of course 7 is not the Ludolfian constant 3°14159... 
but merely the sum of the angular measures of two supple- 
mentary angles. 

*5. With this identification, the measure of a right angle ts 
a/2 (cf. 51). 

‘6. The measure of any angle ts < w (‘1°3'4), the measure of 
the half of any angle is < 7/2 (*3°4). 

-7. Vote. It will be noticed that we have zof enlarged our idea of 
an angle and we shall not do so. It is rather awkward that an 
angular measure need not be the measure of any angle, but some 
awkwardness is inevitable somewhere, since the word ‘angle’ is 
commonly used in more than one sense, while we wish to adhere 
throughout to the definition in III 3. 

‘8. If two angles (not right angles) be supplementary, the 


measure of one is greater, of the other less than 7/2. 
8-2 
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57:9. Wecan define subtraction as in I 20°51, and asin similar 
cases in Chapter I we can also define ‘signed angular measures’ 
and the ‘zero angular measure. The signed angular measures 
form a fully ordered group for + as is easily shewn. Cf. I 22, 24. 

Theorem M 

58. (Cf. 14°5.) Every interval AB has a mid-point. 

It can be constructed by abcd,. 

Dem. Take a point C not on AB, then Cc 
"either wABC<=or > pBAC (562). Find a XN\O 
point D thus: if ABC™ BAC, take D=C. 

If wABC > pBAC, find X such that [BX is 

in ABC and ABX = BAC (53, 56:21). Then 4 

[BX meets A-C (III 5). Take the point of 

meeting as D. Bisect ADB by [DV (46) Fig. 38 
then [DY meets AB in mid AB (463, 35). 

‘1. If BAC™ ACD, AB™ CD and B, D be on opposite 
sides of AC, then 56D meets A'C in its mid-point. 

Dem, Let M be mid AC (58) and let L” satisfy [BMD], 
BM™= MD". Then CAB™ ACD’, D=D’. 

Existence of Non-meeting Lines in a Plane. Inequalities 

59. Lf l be any line, A any point not on tt, then through A 
by means of abcd, a line can be drawn in the plane (Al) which 
does not meet l (36, 53). 

‘I. Hence there are ‘parallel’ lines; but the proof involves 
conditions (i), (ii) of 36°1. 

‘2. IfAB,CD1LACthen AB, CD do not meet (36, 51,or 49° 30 

60. Lf ABC be a triangle and [ACK then uBCK >pBAC, 
and wBCK > pABC. B 

Dem. If uBCK < uBAC there is a ray 
[AX in BAC such that uCAX = uKCB 
and [Ax meets CB (III 7) contrary to 36. 

Also BCK™ BAC contradicts 36. Hence 4 Catia 
uBCK > pBAC (56° °3). Similarly is [BcY] Fig. 39 

then pACY >pABC. But ACY™ BCK (26). Hence the 
Theorem. 

‘1. If [ACK] and pCAB>pKCD and B, D be on the same 
side of AC then [AB, [CD do not meet (36). 
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Ol. If in a triangle ABC, uBC < wBA then 
pBAC< pBCA. B 
Dem. Since pBC<pBA, there is a point P with 
[4P8], BP= BC (12°2). BPC isa triangle, hence 
BPC= BCP (24). Since [4P3] and ACP is a 
triangle, we have BA Cee pBPC (60). And further A c 
LCP is. in BCA (III 5). Hence pBCP <pBCA Fig. 40 
(56°21) and hence uBAC <pBCA (56°3). 


Gora lf. uBA C< uBCA then pBC< pBA (13, 24, 61, 56°2). 


og” If BCA be a right angle then wBCA > wBAC and 
UBC < pBA. 

Dem, Let [ACK] then pBCA=pBCK>uBAC (42's, 60). 
Hence by 62. 


64. If ABC be a triangle then pAC< pAB + pBC. 


Dem. There is a point D with [ABD], BD~ BC and BDC isa 
triangle. Hence BDC= BCD (24). But [ABD], hence [CB is in 
ACD (Til 5) and pBCD <pA CD (56°21). Hence pBDC <pA CD, 
that is pADC< nACD. Hence pAC <pAD (62). But [ABD] and 
BD= BC. Hence pAB+pBC=pAD (12°3). Hence 

AC Ho Oh 


65. If ABC bea triangle and [BDC] then pAD< pAB or 
pAD < pAC. 

Dem. One of uADB, ADC is not less than the other (56:2). 
Let pADB=puADC. Now [BDC], hence pADC>pABD (60). 
Therefore pADB > pABD, pAD <pAB (62). 

‘rt. If OAL AB and [ABC] then pOb<pOC; for h~OB>pOA 
(63); hence by 65 on triangle OAC. 

‘2. If OAL AB and C be on AB, then nOBR<pOC implies 
pAB<mAC and conversely. 

-3. If Z, F be inside or on triangle ABC then pL S greatest of 
pAB, pBC, uC. 

Dem. Suppose Z, F not on the same side of the triangle, then 
EF meets A ABC in H, K say (II 16) and ph FS pHK (13'3). If 
H or K be at a vertex, the Theorem follows by 65. But if, say, is 
on A-B, K on A-C then pHK <pAH or <pHC (65) since [AKC], 
and pAH<pAB since [AHB], and pHC<pbC or pCA (65). 
Hence the Theorem. : 
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66. If AB, ACZ™A'B’, A'C’ and pBAC> pB'A'C,, then 
pBC> ee 
Dem. There is a ray [AX in BAC, such that BAX™=BA'C' 
(56°21) and on the ray a point C” such | that AC”’™ AC. Let [AX 
bisect C”AC (46). Since [4X is in C’ AC (45) it meets B-C in D 
say (III 8, 7) and we have DC= DC” (23). If B, D, C” colline, 
then B, C, C” colline and since [4C” is in BAC we have [BO"ey 
pBC>pBC". If B, D, C" do not colline then [BDC], DC”= DC 
give pBC=pBD+pDC">pBC” (64). Hence the Theorem. 
‘1. If AB, ACZA'B’, A'C’ and pBC>pB'C' then 
pBAC> pB'A'C’ (563, 66). 
Congruence of Two Planes 


67. Any two planes are congruent in such a way that a given 
point A,a given ray[AB from A, a given side {AB,C} of AB 
on the first correspond to a given point A’, ray |A'B’ from A’, 
side {A’B’,C'} of A'B’ on the second. 

Dem. Make A and Af correspond to A’ and A’S’ as in 10, 
so that [AB corresponds to [A’S’. Then if XY, Y on AB 
correspond to X’, Y’ on A’S’ we have X Y= X’Y’ (10). If Z 
be any point on {AS, C} or on the other side of AB, there is 
one and only one point Z’ on {A’S’,C’} or on the other side 
of A’B’ resp. so that B’A’E’™ BAE, A'E'™ AE (55). Make 
E’ correspond to &. The correspondence thus set up is (1, 1), 
and if £, # on ABC and not on AZ correspond to &’, F’ on 

A'B’C' (and not on A’S’), and if G on AB correspond to G’ 
(on A’B’), then EG= E'G" (23; using 25 if necessary). Also 
BAE™ B'A'E', BAF™ B'A'F', and since £, F are on the 
same or opposite sides of AB in ABC according as EZ’, F’ are 
on the same or opposite sides of A Bes AT ey there will 
be a ray both in BAE and in BAF, or not, according as there 
is a ray both i ites A'E’ and in BA'F’, or not (III 9°3 and 7's). 
Hence EAF™ E'A’F" (38, 39). But AZ, AF™= A'E’, A'F’. 
Hence EF= E’F’ (23) and the Theorem follows. 


The Isosceles Birectangle 


68. lf, [ADC] AD= DG LAA. CL Ai eands 7] wpe 
colline, then [HDL] and AH™ CL, AHD™ CLD. 
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Dem. Take L' so that [HDL'], DL'™ DH, then we have 
CIENT SL T7 (6). 
681. Def. If Mis mid KL and MX 1 KL, then ILX is the 
‘right bisector’ of KL, (KL is here properly A 
an interval but we omit the interval sign). 
‘2. If ZX is the right bisector of KZ 
then KX™ XL. "at OL 
oe lf KX =XL and XViKL then 
XY is the right bisector of KZ. 
‘4. If KX™XL and KY™YL then 8 x Cc 
XY is the right bisector of KZ. ere 


69. If KS, LC1KL and B, C be on the same side of KL 
and KB=LC, then the right bisector of AZ is the right 
bisector of BC and KAC™ LCB. 

[It should be specially noted here that we do zo¢ use the 
properties of Euclidean parallels.] 


Dem. Let MX be the right bisector of XZ. It cannot meet KB 
(59°2), hence it meets B-Z (II 16'1). Similarly since it cannot meet 
LC, it meets B-C in X say. Thus KX ~ LX (68-2), MKX ™ MLX, 
KXM™LXM. Since B, C are on the same side of KM, so are 
B, X since [BXC] (III 2), hence [AX is in MKB or [KB in MEX 
or [KB=([KX (III 9). In the two latter cases JZX and FB would 
meet, hence [AX is in MKB; similarly [ZX i is in MLC. Hence 
XRB=XLC (39°1) 1 yand XB= XC, BRK Cai Similarly we can 
shew [|X is in BEM, and [XZ in CXM whence BKM™ CXM. 


‘I. With the hypothesis of 69, BC and KL do not meet 


(59°2). 
‘2, Def. A quadrilateral KBCL satisfying the conditions 


of 69 is an ‘isosceles birectangle. 


70. If ABC bea triangle and F be mid AB and D be mid 
AC, then the right bisector of BC is perpendicular to /'D. 

Dem. Vet AH, BK, CLi FD and H, K, £ be on #D. Then 
since [AFB] [ADC] (14'1) we have KB™ HA, CL™ HA (68), and 
B, C are on the same side of KZ. Hence by 69. 
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The Cross 

71. Def. A ‘cross’* is an ordered couple of distinct lines 
which meet. (This def. will subsequently be extended to any 
ordered couple of lines, VI 22:2.) The cross (4, 4) where 
1,=OA, 1,=OB is written  AOB or ¥44,. The ‘opposzte’ 
cross (4, 4) is thus written ¢ BOA or 44. Hence if X be 
any point on the dine OA and Y any point on the Zine OB, 
then x AOB=% XOY. (Cf. 14.) 

‘tn Def. 1 wo crosses x% AOS, 5 es eee are ‘congruent’ ‘ts 
if and only if ezther AOB= XPY and OA; "OB and PX, “PY 
have the same sense (LIL 97) oF AOB and XPY are supple- 
mentary and OA, “OB and PX “P Y have opposite senses. 
Thus AOB™ XPY implies either 

x AOB=% XPY or ¥ AOB~=¥VPX, 
and each of the latter implies that AOB, XPY are congruent 
or supplementary. 

‘2. JVote. The reader can acquire an intuitive idea of the con- 
gruence of crosses by noting that x dAOB~¥4 XOY, if and only if 
the ne OY is got from the “ze OX by the rotation equal in magni- 
tude and sense to that which brings the “xe OA into the position of 
the Zine OB. It will be found later that the use of the cross instead 
of the angle leads to a great simplification in proofs. We omit the 
sign & when this is possible without ambiguity. 

72. If AB= AC then ¥ ABC=BCA and conversely (111 
17°9'93). 

73. If B,C, D colline then % ABC™= ABD and conversely. 

74. If ABLBC then ¥ ABC=CBA and conversely (III 
17'02'83). 

75. Def. If AOX= XOB then OX ‘bisects’ ¥ AOB. 

I. If OX bisects x AOB then [OX bisects one of AOB, 
AOB', A'OB, A'OB' where [AGA] | BOB’). 

76. If } AOB™= A'O'B', % BOC™= B'O'C' and A, O, C do 
not colline then ¥% AOC™ A'O'C". 

* Picken, Math. Gazette,,Dec. 1922 me p- 188; Zvrans. London Math. Soc. 


1924, XXII, p. 45. The word ‘cross’ was Sueeectcdn in this connection by 
Prof. E. H. Neville. 
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Dem. Let X be on OB. There are points rae mi on OC, 
OE, OO resp. such that O4, COX. OX, On, OrAt O'X’ and 
OP, ;O'Y' have the same sense (It 17° 95). Then 

AOK2 A'O'X", XOV=X'OY" 
and there is no ray both in AOX and in XOY (II 17°86). 
Similarly for the dashed angles. Hence AOY™ A'O'Y' (38). 
Also by 38 Dem.[O'X’ is in eo Le or not, according as [OX is 
in AOYornot. Hence AO Y, A’O' Y" have the same sense (III 
17°87°88). Hence x AO Y= A’O'Y’ and the Theorem follows. 

77. If x AOB= B'O'A’, x BOC=C'O'B' and A, O, C do 
not colline then % AOC=C'O'A'. 

Dem. Similar to 76. 

78. If x AOB=COD and A, O, C do not colline then 
x AOC= BOD. 

Dem. Sincex AOB~= COD and x LOC= BOC the Theorem 
follows by 77. 

‘1. If OA,OB and OCOD have the same sense and 
AOB™ COD then OF006. and OB, OD have the same sense 
and AOC™ BOD, unless A, O, C colline and then 2B, O, D 


colline. 
We now turn to solid Geometry. As we do not assume any 
parallel Axiom our proofs are usually quite different from 


those of Euclid Book XI. 


Space. Perpendicular Lines and Planes 

Vom Ay By GC coplane and OP OA, OC and OA + OC 
then OP OB. P 

Dem. We may suppose OB + OA, OC, Tae 
then there is a line in the plane OA which 
meets, OA, OG, OC'tesp. in X, Z, Y, say, 0 any 
distinct from O (III 14). Suppose [XYZ Y]. x 
Wakeas: ) with (POF. OP = OP. > Then ip, 
ey PG Py = PY (632). rence Fig. 42 

PAVE PRY, ie PAZ PRZ. 

Hence PZ™ P’Z and OP LOZ (68°4). 

‘1, Note. That P is not in plane 4OB follows by 49'1; we have 
not used this fact. 
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80. If OP LOA, OB, OC then O, A, B, C coplane. : 

Dem. We may suppose OA, OB, OC distinct, then P is not 
in AOB (491). Hence OAB, OPC meet in a line through O, 
say in 6 (II 29). Since 6 is in plane AOZB and through O, we 
have OP 14 (79). But OP OC, and 4, OC are in plane OPC. 
Hence 6= OC (4911). Hence OC is in plane AOB. 

‘1, Def. If OPLOA, OB, and OA + OB, then we say OP 
and the plane OAB are ‘perpendicular’ and write OP1 OAB, 
OABLOP. 


81. If OPLOAB and C(+ 0) is in OAB then OP 1 OC (79). 

‘1. Motation. We shall often denote planes by small Greek 
letters, lines by small Latin letters; a8 means the line in 
which a, 8 meet; Pg the plane through P and g; if 4, & 
coplane then (Z#) means their plane. 


82. Through a given point O goes one and only one plane 
perpendicular to a given line g and this plane can be constructed 
éy abcd, and 
e (i) Given a plane, a point not on it can be found (II 19). 

(ii) Given three non-collinear points, the plane through them 
can be found (II 14). 

(iii) [f two planes meet, the line in which they meet can be 
Sound (II 29). 

Dem. (i) Let O be on g. Through g draw two distinct planes 
B, y and lines OP, OQ on 8, y resp. perpendicular to g¢ (49). 
Then OP+0Q; POQ1 ¢ (80'1). Hence there is at least one 
plane a= POQ through O perpendicular to g. 

(ii) If a, 8 be two distinct planes through O (on g) perpen- 
dicular to g, they meet in a line OR say (II 29) and there is a 
line OS (+ OR) on a and a line OT (+ OR) on B. Since OS, 
OR, OT g (81) they coplane (80) contrary to a+ 6 (II 14). 

(iii) Let O be not on g. Draw OP1 g, with P on g (492). 
Through P draw alg (i). Then if PA, PB be distinct lines 
+ OP and on a they are perpendicular to g (81). But OP 1 & 
hence O is in APB=a (80). Hence a is a plane through O 
perpendicular to g. 

(iv) If a, 8 be distinct planes through O (not on g) perpen- 
dicular to g, they meet g in distinct points P, Q say (by ii) 
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and OP, OQ11 g (81) which is impossible (49'3) since OP, OQ 
lie in a plane. 

83. Through a given point O goes one and only one line 
perpendicular to a given plane a and this line can be constructed 
by abcde. 

Dem.* (i) Let O be on a, then not more than one line 
through O is perpendicular to a, For if OP, OQ14,(OP + OQ), 
then OPQ meets a in OR say and OP, OQ. OR (81) which is 
impossible since O, P, Q, R coplane (49'1). 

(ii) If a= BOC (and thus B, O, C do not colline), through O 
draw planes 81 OB and y LOC (82). Then 8+y by (i). Hence 
B,y meet in OA say,and OA LOB, OC (81). Hence OA 1OBC 
(80'1). Hence the Theorem when QO is on a. 

(iii) Let O be not on a, then there cannot be two perpen- 
diculars OP, O@ from O toa; for if P, Q be on a then would 


OP, O01 PO (81) contrary to 49°3. => of of +P& @ 
(iv) Let O be not on a, and let AB be any line in a. Draw 

OQ:iAB, with Q on AB (492). Draw B 

OR: AB,with OR ona; OPLRQ, with O 

fon AO. At =O then OP La (80'r). 

If P+Q then OP1PQ. Let [OPO], @Q Nes 

OP= PO’ then OQ= O’Q (68:2). Since R 

OO, OP1AB therefore O'Q1 AB (79) P 

and AQO'= A OO. But OQ™0'Q,hence 4 0 


A A Fig. 43 
Mea -OPA>=0' PA, OPLPA. 


But OP1PQ, hence OP 1 APQ (60'1). 
84. If planes OAB, O'A,B, are perpendicular to OO" and 
meet a= OAA, in OA, O'A, resp. and meet 


B B, 
B=OBB, in OB, O'B, resp. where A, A, 
are on the same side of OO' inaand B, BA Atl 


on the same side of OO' in B, then elas 


A ee On 
AOB™ A,O'R. 0 \\ 
Dem. Take A’, B’ so that OA™O'A’, af 
OB~O B’, (A, A) (Bb, 8"). Then since B 


A A A A Fig. 
HOO =A O.. BOC =F OO, therefore tei 


* The proof given in Vahlen, Adstrakie Geometrie (1905), p. 244, is not 
sound, as it stands. 
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AA’, BB’ meet OO’ at its mid-point WZ (581) and AM, 
BM™~A'M, B'M; AMB™ A'MB'. Whence AB™ A'B’, which 
with OA, OB= O'A’, O'B’ gives the Theorem. 

841. Def. With the > hyp. of 84, ifm ={00", Ay, Be={007 be 
then the ‘ measure, po, Bs, of a, By i is wAOB. 

‘2. Def. With the hyp. of 84,a18 means OALOB. 

3. If a, 8 be half planes through O and OP La, O21. 8 then 
po8= «POO or 3 —pPOQ (39°1, 50). 


85. IfaL® then Bla. 

‘1. If aL @ and y_La@ (81'1) then a8, By, ya are mutually 
perpendicular (i.e. each is so to each) and 
so area, B,y. Alsoal By, and Blya. J 

Dem. yla8; hence ByLa8 and yaLa8 7 
(81). But a1, hence Py Lay (84:2). Thence Bp 


aB, By, ya are mutually perpendicular. Since O K 
ByLla8 and ByLay, therefore By la (80'1). x 
Similarly yal 8. Since Byla and a8lya, % 

therefore Bly (84'2). Similarly aly. Fig. 45 


86. If glaand gts on B then a1 B. 

Dem. Let a@= z and let g,a meet in O. Draw Z1£ through 
O in a and let y=(gh). Then since gla we have g 1h, & (81). 
But ZL, hence yL&# (801). Hence gL gives al 8 (84:2). 

87. Lf a ts in a, there is one and only one plane through a 
perpendicular to a. 

Dem. There is one by 86, 83 and only one by 83, 84'2. 


88. Lf a, B, y through O are mutually perpendicular so are 
a8, Bry, ya, and conversely. 

Dem. Let k=aB,h=ya. If & be not perpendicular to y, let 
k’ through O be such a line (83). Then &+2’ and hk’ Ly (86). 
But a through Z% is also perpendicular to y. Hence #’ is on a 
(87) and similarly on 8. Thus =’. Hence &ly and the 
first part follows by 85:1. For the converse, since a8 {ya and 
By Lya we have yal 8 (80:1). Hence 84:2 gives the result. 


(Orthogonal) Projection 


89. Lf k be a line in a then all lines g¢ perpendicular to a 
through points of k le in a plane perpendicular to a. 
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Dem. Let g,la through O, on &, then (g,4) 1a (86). Let v 
be perpendicular to & through a point O, on &, then y meets 
(£i%) on the sole perpendicular to a at O, (85:1). Hence all 
perpendicular lines to « through points of & lie on (g;£). 


90. Lwo lines g, h perpendicular to a are coplanar (89). 


gl. Lf k be a line not on a and not perpendicular to a then all 
lines g perpendicular to a through points of k lie in a plane per- 
pendicular to a (90, 86). 

‘tI. Def. If [P] be a set of points and perpendiculars be 
drawn from them to a plane a or a line a, the points in which 
they meet a or @ constitute the ‘projection’ of [P] on a or a. 

‘2, The projection on a plane of a line not on it or perpen- 
dicular to it, is a line. 

*3. If % be the projection on a of the line £, the perpen- 
diculars on # from points of & are perpendicular to a; the 
perpendiculars to a at points of 4 meet £; # and & lie ina 
plane perpendicular to a. 


Congruence of Space Figures 

92. Space ts congruent to rtself in such a way that to a given 
point A, ray [AB from A, side {AB,C} of AB and side 
{ABC,D} of ABC correspond resp. a given point A’, ray [A’B" 
from A’, side {A'B’,C} of A'B’ and side {A'B'C’,D} of 
J OP 

Dem. Make A, [AB, {AB,C} correspond to A’, [A’BR’, 
{A’B’,C’| by a congruence (67). Let P be any point not on 
ABC; PF\LABC; Fon ABC. Let F’ on A’B'C’ correspond 
to F, let P’F’ 1 A'B’C’, P’ on {A’B’C',D"} or on the opposite 
side of A’B’C’ according as P is on {ABC,D} or on the 
opposite side of ABC, and let P’F’= PF. A 
Make /’ correspond to P. The corre- 
spondence is one-to-one (83, CI) and is 
easily shewn to be a congruence. 


93- If O, A, B, C do not coplane then 
uAOB + pAOC> pBOC. VAN 


Dem. Tf nAOB or AOC is 2 BOC, the B KX Cc 
Theorem is clear. If pBOC>pAOB, pAOC Fig. 46 
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there is a ray [OX in BOC with BOA ™ BOX, and [OX meets B-C 
in X say. Let OA™ OX. Then AB= BX. 


But pAB+pAC>pBC=pBX + pXC (64). 
Hence wAC>pXC, pAOC> pXOC (66'1). 
But BOC = pBOX + pXOC. 


Hence the Theorem. 


94. If 4+B, the set of points P such that PA ~ PB is the set of 
points on the plane perpendicular to 42 through mid 4B. 
‘tr. Def. This plane is the ‘ vight dzsector’ plane of AB. 


95. Dihedral angles with the same measure are congruent 
(92, 84'1). 


96. Lf in two trihedral angles (III 25°3) (i) two faces and 
their included angle or (ii) three faces or (iii) two angles and 
their common face or (iv) three angles of the one be congruent to 
the corresponding parts of the other, then the other angles and 
Saces of the first are congruent to the corresponding parts of the 
other. 

Dem. (i) is equivalent to: If a8 with edge 7 and a’ B’ with 
edge Z’ be congruent dihedral angles and a plane through a 
point P of 7 meets a, B resp. vin rays 7, $ and similarly for the 
other figure, and if riz, st™ s'? for some rays 4, 2’ of Z, 2’ 
resp., then rs) 7's’. But this follows by 95. 

(i) If 0. ABC and O’. A'B’C’ are the trihedral angles, let 
OA=O'A’'; ABCLOA; A'B'C’ | O'A’, then from the hyp. we 
easily shew BAC™B'A'C'. 

To shew (iii) and (iv) we may draw rays perpendicular to 
the faces of each trihedral angle at its vertex, the rays to be 
outside* the trihedral angle. Then by 84°3 we can reduce (iii) 
(iv) to (i) (ii). 


* See XII 1°1 based on Axioms O. 


CHAPTER V 
THE CIRCLE AXIOMS 


Introductory Remarks 


This chapter may be considered as a continuation of the last, 
and its purpose is two-fold. First, we wish to deduce those 
properties of the circle and the sphere which do not depend 
on the Parallel Axiom. Among these, the most important are 
the properties of tangents. Secondly, we begin the process of 
reducing the number of Axioms. 

The investigations of the last chapter shew that, given any 
plane figure we can make an exact copy of it in some other 
place. For instance we can make a triangle congruent to a 
given triangle (IV 55). But we cannot yet draw a triangle 
whose three sides have given measures. To do this, when 
possible, we need some Theorem which states that under 
certain conditions two circles intersect, and for this reason we 
introduce a new Axiom Q. This Axiom, as will be shewn in 
a later chapter, cannot be deduced from the earlier Axioms ; 
but, as we shall see, it enables us to drop C VI and C VIL, if 
we retain C I—V. 

In deducing the properties of tangents, we may not use 
‘the method of limits’ since we have not introduced any con- 
tinuity considerations. Neither shall we in this chapter use 
any Parallel Axioms. Our Theorems are hence true in 
Hyperbolic Geometry. 


§1. Basis O, C,. 
The Circle and tts Tangents 

1. Defs. If A, P be distinct points, the set of points [X] in 
a plane a such that OX ~ AP, where O is fixed in a, is a ‘circle, 
of which O is the ‘centre’ and O"'X a ‘radius. If [XOY] and 
X, Y be on the circle, then XY is a ‘diameter. A point Q 
is ‘znstde’ the circle, centre O, radius OX, if wOQ< wOX or if 
Q=0. A point Q is ‘ outs¢de’ that circle if wOQ > wOX. 
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2. If O be any point in any plane a and AP be any interval, 
then in a there is a circle centre O with radius congruent to 
AP (CI). 

‘1, Any given point in the plane a is either inside, outside, 
or on that circle, and only one of these statements is true for 
a given point (IV 13). 

‘2, Any ray from the centre of a circle, in its plane, meets 
the circle in one point only (CI). 

‘3, Def. If A, B, C, D be distinct points on a circle centre O, 
then B, D ‘separate’ A, C, if and only if [OB, [OD separate 
[OA, [OC (III 24°1). 

‘4. The Theorems III 24:1 to ‘6 can clearly be interpreted 
on the circle. 


3. If A, B be on a circle centre O, and M (+0) be the mid- 
point of AB thenOM1AB; andifOM1AB and &M be on AB, 
then M is the mid-point of AB (IV 68°3°4). 

‘1. If two circles, centres O, P, with O+P, have common 
points A, B then OP is the right bisector of AB (IV 68°4). 


4. Iwo distinct circles cannot meet in more than two points 
(C VI, Iand IV 17), 

I. A line and a circle cannot meet in more than two points. 

Dem. Suppose P, Q, S be on a circle centre O and let [PQS]. 
If O be not on PS then wOQ < wOP or wOQ< wOS (IV 65). If 
O is on PS the Theorem follows by C I. 

‘2. If P,S be on or inside a circle, centre O and [PQS] then 
Q is inside the circle (IV 65). 

"3. If P,S be on a circle, centre O and [PSQ] then Q is 
outside the circle. 

"4. A line which has a point P on, and a point Q inside a 
circle, centre O, has one other point on the circle. 

Dem. LetOR1PQ, Ron PQ. Then R+P, since R=P gives 


pOP < pOQ (IV 63). Take S so that RS™ PR, [PRS], then 
OP™=OS; thus S is on the circle. 


‘5. Vote. We do not yet know whether a line through an inside 
and an outside point of a circle must meet the circle. 


‘6. Def. A set of points on a circle is called ‘cyclic’ If 
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ABCD be a quadrilateral (III 11°1) and A, B, C, D be cyclic 
then ABCD is a ‘ cyclic quadrilateral? 

5. If A, B,C, D be cyclic points and A, C be on opposite 
sides of BD then the polygon ABCD is simple (III 12'1) and 
hence a cyclic quadrilateral. Conversely if ABCD is a cyclic 
quadrilateral, then A,C are on opposite sides of BD and A-C, 
B-D meet. 

Dem. To shew the second part, suppose, if possible that A, 
C were on the same side of BD, then since BA + BC, either 
[BA is in DEC or [BC in DBA (III 9). Suppose the latter, 
then [BC meets A-D in X say (III 7) and X is inside the 
circle (4°2) and hence [BXC] (4'3). Hence B-C meets A-D, 
and the polyg on is not simple, cont. hyp. Similarly [BA is 
not in DBC and hence A, C are on opposite sides of BD. 
Whence A-C meets BD (III 2). Similarly B-D meets AC. 

6*. If P be a point on a circle centre O and OPX be a 
right angle, then PX meets the circle in P only. (O, P, X and 
the circle are supposed coplanar.) 

Dem. If PX and the circle met also in Q then OP™ OQ, 
But since OPO is a right angle, WOP < nOQ (IV 63). 

‘1, Def. A line which meets a coplanar circle in one point 
only, is called a ‘¢angent’ to the circle at that point and is said 
to ‘touch’ the circle there. 

‘2, If PX touch a circle at P, no point of PX is inside the 
circle (44). 

3, If PX meet a circle, centre O, at P and no point of PX 
is inside the circle, then PX is a tangent at P. (O, P, X and 
the circle are supposed coplanar.) 

Dem. If PX meet the circle also in S and [PQS] then Q is 
inside the circle (4°2). 

‘4. If PX touch a circle, centre O, at P then OPX isa right 
angle. 

Dem. Mf not, let OOLPX, Q on PX. Then Q+P, 

. HOE < pOP (IV 63) 
and hence Q is inside the circle, contrary to ‘2. 

* In a great many school texts, the proofs of these simple propositions 
are fallacious. 

FEG 2 
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65. If P be a point on a circle, there is one and only one tangent 
to the circle at P (6, 64, IV 50). 

‘6. If PX be a tangent to a circle at P, then all points on 
the circle, save P, are on the same side of PX. 

Dem. If A, B were on the circle and on opposite sides of 
PX, then A-B would meet PX (III 2) in a point inside the 
circle (4'2) contrary to ‘2. 


7, If XY1 OA, and XZ1 OB and ue Zbe on OA, OB resp. and if 
XY™XZ, then [OX bisects AOB or A,OB or AOB, or A OB, 
where [40A,] [BOB]. (Use III 9'1.) 

‘r, And if [OX bisects any of these angles then XY > XZ. 

2. The. and Def. If ABC be a triangle there is a point / inside 
A ABC such that, if ZX, JY, 7Z be perpendicular to BC, CA, AB 
resp. and X, Y, Z be on these lines, then /¥~/Y>JZ, Such a 
point is unique and is the ‘zzcentre’ of the triangle. 

Dem. The bisectors of ABC, BCA lie in their respective angles 
and hence they meet C-A, C-B resp. in M/, MW say, and hence they 
meet each other in a point JZ inside the triangle (II 11°6). Thence 
by °1. 

‘3. The three bisectors of the three angles of a triangle concur. 

4. If Z¥1 BC, X on BC, and J be the incentre of A ABC then 
[BXC]. 

Dem. [BCX] or C=X gives pBCIZ z/2 (IV 60). Similarly if 
[XBC] or X=B. But the measure of the half of any angle is < 2/2 
(IV 57°6). 


‘5. The circle centre J, radius 7X, (above notation) touches BC, 
CA, AD resp. in X, YZ. 


8. If O, P,Q colline, and O+P, the circles through Q with 
centres O, P meet in Q only (IV 17). 


‘I, Def. Two circles which meet in one point only, are said 
to ‘Zouch’ there. 

‘2, If two coplanar circles, centres O, P, touch at Q, the 
tangent QX at Q to the circle, centre O, is the tangent at Q to 
the circle, centre P. 

Dem. If QX is not tangent to the circle, centre P, then since 
OOX i is a right angle while POX i is not (6, 0°4), therefore O, P, 
Q do not colline. Take S so that POS™~ POO, OS=0Q; S,Q 
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on opposite sides of OP, then PS™ PQ and S+Q. Thus S is 
on both circles, cont. hyp. 


8°3. If two coplanar circles, centres O, P, touch at Q, then O, 
P, Q are collinear. 


Dem. The perpendicular to their common tangent at Q (2) 
goes through O, P (6°4), 


§ 2. A Circle Axiom and the reduction of the 
Congruence Axioms 
g- Vote. We do not yet know whether a line through a point 
inside a coplanar circle must meet it, or if a circle through a point 
inside a coplanar circle and a point outside it, must meet the latter 
circle. To secure these properties we introduce an Axiom which, as 
we shall see later, does not follow from O, C. 


Ax. Q. If a circle, centre A, has a point inside and a 
point outside a circle, centre C, which lies in the same 
plane as the first circle, and the two points are on AC 
then the circles meet in at least one point on each 
side of AC. 


We shall soon remove the restriction that the points are on 


AC. 


Construction q. Jf two circles meet and lie in the same 
plane, and their centres and a point on each be given, then their 
points of meeting can be found. 

‘1. Vote. In the presence of O,, C, we need only assume one 
point of meeting can be found, the other can then be constructed by 


abcd,, using 3. On the other hand, we now shew that if Ax. Q be 
assumed we can shew C VI, VII from our other Axioms O, C. 


10. O, C I—V, Q imply C VI, VII (re-quoted below). We 
shew this in 1o'1 to 16. 

‘1. Def. A triangle of which every two sides are congruent 
is called ‘ eqgualateral.’ 


11. (O, CI—IV, Q.) Given any interval AB we can find a 
point C on a given side of AB, by means of a, such that ABC ts 
an equilateral triangle. 

9-2 
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12, O, CI—V, Q imply M: Every interval AB has at least 
one mid-point O. 

Dem. We can find C, C’ on opposite sides of AB so that 
ABC, ABC’ are equilateral triangles (11). Then C~C’ meets 
AB in O, say (III 2), and O+4,B (IV 17). Apply IV 21 to 
triangles ACC’, BCC’ and we find ACO™ BCO: then IV 23 
on triangles ACO, BCO gives AO= BO, hence O is a mid- 
point of AB. (Note that IV 17, 21, 23 follow from O, C I—V.) 

That AB has only one mid-point O and that [AOB] follows 
from O, C I—IV (IV 14:12). 


13, O,C I—V, M wply CVI: Ff POR be any angle, [AC 
any ray, there are not more than two rays [AB in a plane con- 
taining |AC such that CAB™ POR. 

Dem. Suppose if possible that [AB, [AB,, [AB, be distinct 
coplanar rays with CAB, CAB,, CAB, all ‘s 
congruent to POR. None of B, B,, B, can 
be on AC (IV 17), hence at least two, say 
B; B,, are on the same side of AC. Let g 
AB= AB, then CB=CB, (IV 23) and BB, 
cannot meet AC (IV 16). By M, BB, has i 
a mid-point O, and [BOB,] (IV 14'1). Take A 
E so that [AOE]. Since BB, meets A~E Fig. 47 
and not A'"C it meets C-E in F, say (II 16:1). Thus AB, BO, 
OA, AE= AB,, B,O, OA, AE and [AOE]. Hence BE~B,E 
(IV 15) And CB, BE, EC, CE=CB,, B,E, EC; CF and 
[CFE]. Hence BF ~ B,F (1V 15,17). Hence F is mid BB, and 
thus F=O (12). But since [AOE] [CFE], therefore A, C, O 
colline and BB, meets AC contrary to IV 16. Hence C VI. 


‘1. (O, CI—V, Q.) The circles in Ax. Q meet in only one 
point on each side of AC. 


C D 
14. O, CI—V, M imply C VII ix a plane: 
that is they imply: 7 CA, DB coplane and be 
perpendicular to AB then CAB™ DBA. B 


Dem. AB has a mid-point O (M) and [AOB}; 
there is a point T with [COT], COZ OT. Then 


by IV 26, 23 we find OAC™OBT, whence OBT Fig, 48 5 
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is a right angle (IV 44). We may use this Theorem since it 
follows from C VI, without C VII, and since C VI holds by 
feet hus 67, BD 0B and hence D, B, T colline (IV 50). 
But DB1OB, hence OBD™ OBT. Whence OAC™OBD and 
C VII is true in a plane. 


15. O, CI—V, Q imply: If BAC be any angle and {A'Y, Z} 
any half plane, there is a point X on {A'Y, Z} with BACZ™YA'X 
and ut can be constructed by abcd,q. 

Dem. Let A‘B’~ AB, B’ on [A'Y, and B'D,2 B'D,™= BC 
and A’E~AC with D, on [B’A’, 


[4’B’D,] and E on [A’B’. Since C, 2° A BE Dp 
hold (14) we have «AB + uwBC $uAC 
(IV 64), and hence A® iD) BOE Eps 
pA'B’ + pB’D, >pA’E ; 'é 
but [A’B’D,], hence wA’D, > wA’E; thus es 
D, is outside the circle centre A’, radius 
A'E, ewe IB 
Again if pAB< uBC, then Fig: 49 


pA’B’ < nB’D, and [B’A’D,]. 
Since wBC < pAC + AB we have upB’D,< pA’E + pA’B’. But 
[B’A’D,] gives pB’D,=uA'D, + wA’B’. Hence wA'D, < wA'E. 
While if «AB > BC then [A’D,B’]; and since 
pAB < pAC+ pCB 
we have nA’B’<pA’E+pB'D,. But [A’D,B’] gives 
pA’'B’ = pA'D, + wB'D,. 

Hence again pA’D, < wA’E. 

Fihally if AB= BC then D,=A’. Hence in all these cases, 
D, is inside the circle centre A’, radius A’E. Hence by Q and 
13°1, the circle centre B’, radius B’D,, meets the previous circle 
in just one point on each side | of A’B’, and hence in just one 


point X on {A’Y, Z}. Then BAC™ YA’X (IVE 27): 


16, O, C I—V, Q cmply: Any two right angles (coplanar or 
not) ave congruent (15 and IV 54). /n particular they tmply 


C VII. 


And now 10 follows from 12 to 16, In connection with this 
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deduction, the reader should note carefully the italicised state- 
ment in IV 51°I. 


17. (A generalisation of Q.) Uf a@ circle has a point outside 
and a point inside another circle in the same plane, the circles 
meet tn gust two points. 


Dem. Let the circle, centre A, have the point X outside and 
the point Y inside the circle 


centre C, radius CB. Take x 
points Z, on [AC, Z, on AC], 

with AZ,~AZ,= AX AY. 

If we shew Z, is inside and Z, 

outside the circle, centre C, Oh 
the Theorem will follow by Q, 


since Z,,Z, are on AC. Now 
if Z, be inside the circle, centre vipa ce 
C, then we have 
wCX <pCA +pAX=pCA + pAZ,=pCZ,< pCB; 

hence X would be inside the circle centre C. 

Similarly if Z, be outside the circle centre C, then considering 
the cases [AZ,C] and [ACZ,], we can shew that Y would be 
outside the circle. Hence the Theorem follows. 


The Intersections of Lines and Circles 


18. Instead of considering Axiom Q we might have con- 
sidered 


Ax. Q,. A line which goes through a point inside a 
circle, and which lies in its plane, meets the circle. 


Construction q,. Jf a line and a coplanar circle meet and 
the centre of the circle and a point on it are known, the points of 
meeting can be found, 

‘1. By O,C I—VII, Q, we can shew that the line and circle 
of Ax. Q, meet in just two points (4°14). 

‘2. In the presence of O, C we need only assume that one 
point of meeting is found by q,, the other can then be found 
by abcd, (see 4°4). 

"3. Note also that given the centre of a circle and a point 
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on it, the point where any ray from the centre meets the circle 
can be found by abcd). 


19. O, C I—V, Q imply Q, and imply also: A line 1 which 
goes through a point A inside a circle centre O, radius OX, and 
which ws in the plane of the circle, meets the circle in just two 
points. 


Further relations between O, C, Q, Q, will be considered 
later. 

Dem. By to we can assume C VI, VII. Let OB12, B ond. 
Then B is inside the circle, since wOB S wOA < hOX. Now 
the circle meets [OB in D say and OB] in D’ say. Take C, E 
with [OBCE], BC= OB, CE™OD and take E’ on [CB with 
CE’=OD. Then E is outside the circle, since 


pOE > pCE = pOD. 
Further wOD>ywOB gives wCE’>pCB and thus [CBE’]. 
Also [DOC], E’ is on [CO and CE’= OD’, hence [CE’D’], 
(IV 6) and this with [CBE’] [DBD’] gives [DE’D’], and thus 


Fig. 51 


E’ is inside the circle. Hence the circle, centre C radius 
-CE™CE’, meets the original circle in two points P, Q, and 
OP=O0Q™=CP=CQ. But since Z/ is the right bisector of OC, 
therefore P, Q are on / (IV 68:4) and hence / meets the original 
circle in P, Q and there only (4'1). 


The Sphere 
§ 3. Basis OC. 
20. Defs. If A, P be distinct points the set of points [X] 
such that OX @ AP is a ‘sphere’ of which O is the ‘centre’ and 
OX a ‘radius’ We define ‘diameter, ‘ inside, ‘outside’ as in I. 
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20'1. A sphere and a plane through its centre meet in a 
circle with the same centre. 

‘2, Theorems 4'1'2°3'4 hold for a sphere. 

3. A plane a through a point Q on and a point P inside a 
sphere, centre O, meets the sphere in a circle, and P is inside 
the circle; all points inside the circle are inside the sphere. 

Dem. If the plane goes through O, the Theorem is ‘1. If 
not, then PQ meets the sphere again in R say (2). Let OF La, 
F on a; let OGL PQ, G on PQ, then OFO, OFR are right 
angles and OQ™OR. Hence FO=FR. Again if FS=FQ 
with S on a, then OS™ OQ. Thus the plane meets the sphere 
in a circle, centre FP. 

Also nOP < pOQ, hence pFP < pFQ (IV 65:2, 83 iv). 

‘4. Two spheres, centres O, A with two points R, S common, 
meet in a circle lying in a plane perpendicular to OA. 

Dem. If RX, SY 1OA and X, Y be on OA, then by con- 
eruence X= Y, RX~SX, And if TX1OA and TX=EKX, 
then T is in the plane RSX OA, and since by congruence, 
OT=OR, AT= AR, T is on both spheres. Thus points on the 
circle centre X, radius RX, lying in plane RSX are on both 
spheres; that these are the only points common to both spheres 
follows from the first sentence of proof. 

‘5. Two spheres cannot meet in two points not in a plane 
perpendicular to the line joining their centres. 

‘6. Tangent lines and planes are defined as in 6°1. 

‘7. Theorems 6, 6°2°3'4 hold for lines tangent to spheres 
and 6°5°6 for tangent planes. 

‘8. The tangent lines to a sphere at P all lie in the tangent 
plane at P. 

‘81. Def. Two spheres which meet in one point only, are 
said to ‘touch’ there. 

‘9. If two spheres touch at Q, they have the same tangent 
plane there. 

‘ot. Theorems 8, 8:3 hold for spheres, 


$4. Basis O, C I—V, Q. 


21. A plane a through a point P inside a sphere, centre O, 
meets tt in a circle, 
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Dem. A plane +a, through OP meets the sphere in a circle 
C (201) and meets a in a line Z say. Now Z and C meet (19) 
since P is on / and inside C (20°3). Hence by 20°3. 


22. A sphere centre O, which goes through a point Q inside 
and a point P outside another sphere, centre A, meets it in a 
circle. 

Dem. The plane OPQ meets the sphere, centre O, in a circle 
(20'1) and the sphere, centre A, in a circle (21). These circles 
meet in two points (17) since Q is inside the latter circle and 
P outside (20°3). Hence by 20°4. 


CHAPTER VI 
THE PARALLEL AXIOMS 


Introductory Remarks 


The Theorem which distinguishes Euclidean Geometry from 
the other Geometries in which a congruence Theory holds is: 

One and only one parallel to a given line goes through a 
given point not on the line. 

We shall quote this as Axiom P. We saw in Chapter IV 
that from Axioms O, C, we could shew the existence of at 
least one parallel, so that with those Axioms it suffices to 
assume the parallel is unique. We shall weaken this statement 
as much as possible, and then proceed to deduce the elementary 
Theorems on parallels and parallelograms, and the rest of the 
elementary theory of the circle. 

Two Theorems of great importance are considered in this 
chapter, viz. Pappus’ Theorem and Desargues’ Theorem. We 
shew the first from Theorems on the circle, using the ‘cross’ 
to avoid tedious enumeration of cases. The second is shewn 
from the consideration of parallels in space. As these Theorems 
are outstanding in Projective Geometry, we consider the relation 
of Euclidean Geometry to Projective Geometry, and give a 


logical treatment of ideas associated with the phrase ‘parallel 
lines meet at infinity.’ * 


The Parallel Axioms and their first consequences 


§1. 1. Def. Two distinct lines a, 6 in the same plane which 
do not meet are ‘parallel, written a||b. A line is also considered 
to be parallel to itself. 

We now consider several ‘Euclidean parallel Axioms’ which 
differ in strength only. 
Ax. P,. There is a¢ deast one line a and at least one point 


A not on a, such that not more than one parallel to a 
goes through A. 


* For a fuller treatment see Neville, “ Prolegomena to Analytical 
Geometry” (1922), p. 247. 
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Ax. P,. There is at /east one plane a containing at least 
one line a such that, if A be any point of a not on a, 
then not more than one parallel to a goes through A. 


We may vary this Axiom by affirming it for any plane or 
any line or at least one point for each line. Combining these 
variations we get the following Axioms, written in an easily 
understood form, 

Pe ot beet Pe P,P, 

Plane One One One Any Any Any Any 

Line One Any Any One One Any Any 

Point Any One Any One Any One Any 
Thus P, is: There zs at least one plane a, such that if a be any 
line on it, there 1s a point A not on a, but on a, such that not more 
than one parallel to a goes through A. (Of course A need not 

be the same point for all the lines a.) 
The strongest possible (Euclidean) parallel Axiom is: 


Ax. P. One and only one parallel to a given line goes 
through a given point, not on the line. 


We have seen that the part of this that asserts the existence 
of at least one parallel can be deduced from O, C (IV 59). 
We now investigate the part that asserts the uniqueness of 
this parallel. 

ti. Axioms O, C, P, imply P. 

Dem. Vet a’ be any line, A’ any point not on it, then in 
the plane a’=A’a’ there is at least one line through A’ not 
meeting @ (IV 59). There is a congruence between a’ and the 
plane a of Ax. P, wherein a’ corresponds to the line a of that 
Ax. (IV 67). Suppose it is A on a@ that corresponds to- A’ 
on a’. If there were two distinct lines through A’ in a’ not 
meeting a’, these would correspond in the congruence to two 
distinct lines through A in a not meeting a, contrary to P,. 

-2, Axioms O, C, P, or P,’ imply P,’; O, C, P, imply P.’; 
O, C, P, imply P,’ and hence P. (Shewn like '1.) 

‘3, Thus it appears that Axioms which involve the assertion 
for one point only, e.g. P,, P,’, P2, P.’, while equivalent in the 
face of O, C, do not suffice to shew P;; but the weakest Axiom 
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which involves the assertion for azy point, viz. P,, suffices to 
shew P in the presence of O, C. 


21. Ifa, dare lines and a||é then 4||a@ (Def.). 

‘2. (O, Py.) If a, 4, ¢ are lines and a||d, d||¢ then a||c*. 
(The three lines need not be coplanar.) 

Dem. Since a||d, therefore a, d coplane. Similarly 4, ¢ 
coplane. If a, 4, c be all in the same plane and a, c met in X 
then two parallels to 4 would go through X, contrary to P,’. 
If a, 4, c are not in the same plane, let a be the plane through 
a and a point C onc; then a meets the plane OC in a line ¢’ 
say (II 29). If 4, c’ met, then a, 6 would meet (II 27). Hence 
6|\c’, hence c=c’ (P,;’). Thus a, ¢ coplane and if they met, @ 
and 6 would meet (II 27). Hence alc. 

3. (O, P,’,) The relation || between lines ts equable (1, 2°12 
and I 9). 

‘4. Def. If ABCD is a polygon and AB||CD, BC||AD 
then ABCD is a ‘parallelogram. The last phrase shall always 
mean AB||CD and BC || AD, and A, B, C, D are not collinear, 


3. (0,,) Jf [AX Y | and XB) YC and 
A, B, C colline, then [ABC]. 

Dem. XB must meet either A-C or 
Cra Litre): x 
‘1, (O,.) If [XAY] and XB|| YC and 
A, B, C colline then [BAC]. B 

Dem. If [ABC] or [ACB], Ax. O VI Fig. 52 
shews XB, YC meet. 

‘2, (O,.) If [ABC] and AX || BY ||CZ and if X, Y, Z colline 
then [X YZ]. 

Dem. A, X are on the same side of BY; soare C, Z. Thus 
[ABC] gives [XYZ] (III 2). 

‘3. (O,.) If ABCD be a parallelogram, then B, D are on 
opposite sides of AC, and B-D, A~C meet. 

Dem. A~B does not meet CD, nor does C-D meet AB, nor 
does A~D meet B-C. Hence by III 13. 


‘4. (Oy.) A parallelogram is a quadrilateral (+3 and III b21), 


* It is rather surprising that Euclid uses congruence Theorems to shew 
this, Euclzd 1, 303 XI, 9. 
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[The point to notice here is that a quadrilateral is a simple 
polygon (III 111).] 

3°5. (O,.) If ABCD be a parallelogram and X be on [AB 
then A-C, D~X meet. [As for -3.] 

6. (O,.) If ABCD be a parallelogram and X be on [AB 
then X, D are on opposite sides of AC 


and A, C on opposite sides of XD. x y 
‘7, (O,.) If CAYX bea parallelo- Large 

gram and [COA] and OY||XB with 

B on CA then [BOA]. B Cane A 
Dem. If [BOA] is false, and B+0, Fig. 53 


then B will be on [OA. Hence [COB] (II 10°52) and B is on 
[CA (II 10°58), wherefore X-B meets C-Y (‘5). Thus since 
XB meets C~Y and CO, but not C'“O, (since [COB]) therefore 
XB meets O-Y (II 12), cont. hyp. 


Metrical Properties connected with Parallels 

4. (O,, Ce. ) If B, D be on the same side of AC and [ACE] 

oe BAC™DCE then AB ||CD (IV 36). 
Mt OnsCoy) eA, GDLAC and A,B,C, Dcoplane then 

ABICD (IV 59°2). i 

‘2, (O,, C,.) If B, D be on the same side of AC and BAC, 
DCA are supplementary then AB||CD (4, IV 25:2). 

*3. (O,, C,.) If B, F be on opposite sides of AC and 
BAC™ ACF then AB||CF (4, IV 26). 


52 Basis O, C, P,. 
Bee DED le vou the same side of AC and [ACE] and 
AB | CD then BAC ™ DCE. 

Dem. Let F be such that FCE™ BAC with F, B and hence 
F, D on the same side of AE (IV 53). Then CF||AB (4). 
But CD||AB. Hence successively CD=CF (1'1), [(CD=[CF, 
BAC= DCE. 

‘a1. If B, D be on the same side of AC and [ACE] and 
uDCE < »BAC then AB], CD] meet (1'1 and “4 and IV 60'1). 

*s. If AB1 AC and AB||CD then CD1 AC. 

‘6. If AB||CD,and AB. XY,and CD ZW and all the lines 
coplane then XY || ZW (5:1). 
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4:7. If B, D be on the same side of AC and AB||CD then 
BAC, DCA are supplementary (*4). 

‘8. If B, F be on opposite sides of AC and AB||CF then 
BAC FCA (4). 

‘9. If O, A, B colline and O, A’, B’ colline and OA +0A’ 
and AA’|| BB’ then o4A'~ OBB’. 

Dem. \f A=B the Theorem is clear. If [OAB] then [OA’B’] 
(3). Hence AG B are on the same side of AB. Thus [OAB] 
gives OAA' = OBB’ (4). If [AOB] the Theorem follows 
similarly from 3°1, 4’8. 


5. If ABCD be a parallelogram then AB=CD, BC=DA, 
ABC™ ADC and BAD™ BCD. 

Dem. B,D are on opposite sides of AC (3°3) and AB||CD. 
Hence BAC™ DCA (4'8). And CB|| AD, hence BCA ™ DAC 
(4:8). Hence BAC= DCA and the Theorem follows. 

‘1. If ABCD be a parallelogram and BD, AC meet in X 
then X is mid BD and mid AC. D C 

Dem. B-D, A-C meet in X (33). Asin 
5, BCA™ DAC, CBD~ ADB. But [BXD] 
[AXC]. Hence BCX = DAX,CBX = ADX, 
and BC=DA (5). Hence BCX=DAX, A B 
BX™DX, CX™AX (IV 34). (OrbyIV 58:1.) Fig. 54 

‘2, If ABCD be a (plane) quadrilateral and ABCD, 
BC™ DA then ABCD is a parallelogram*. 

Dem. AB, BC, CA=CD, DA, AC give ABC=CDA, 
BAC= DCA, BCA™ DAC. If B,D be on the 


same side of AC then since A, B,D do not @ D 
colline, either [AD is in CAB or[AB isin CAD x 

(III 9). In the first case [AD meets C-B in 

X say. But a quadrilateral is a s¢mple poly- A Cc 


gon (III 11'1). Hence [ADX]. Thus[CDis  "*® 

in ACB; hence pDCA < wBCA= wDAC< wBAC(IV 56:21). But 
BAC™DCA. Hence 2 wBAC< uBAC contrary to [V 56°3. Simi- 
larly if [AB is in CAD we get a contradiction. Thus B, D are 


* Tt will be noticed how in this and many other Theorems, order con- 
siderations are essential for a sound proof. Yet these are always neglected. 
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not on the same side of AC, and since they are not on AC, 
they are on opposite sides of that line and hence 43 gives the 
Theorem. 

593. If AB||CD and AB™CD then ABCD isa parallelogram, 
provided that B,C are on the same side of AD*. 

Dem. fA, C be on the same side of BD, then either [DC 
is in ADB, or [DA is in CDB, or [DA=[DC (III 9). Thus 
either [DC meets A-B, or [DA meets C-B, or A, C, D colline 
(III 7), all of which are impossible since DC || AB and B,C 
are on the same side of AD. Hence A, C are on opposite 
sides of BD and ABD™CDB (48). But AB, BD™CD, DB. 
Hence AD~CB, But by the above, ABCD is a simple poly- 
gon, and the Theorem now follows by 2. 

‘4. If AB||CD, AB+CD; AX, BY LCD, with X, Y onCD 
then AX = BY (4'1, 5). 

5. If [AXC][BXD], AX= XC, BX= XD then AB||CD, 

‘51. Def If ABCD be a parallelogram and ABC a right 
angle, then ABCD is a ‘rectangle’; CD is the ‘altitude’ with 
respect to the ‘dase’ BUC. 

‘6. An isosceles birectangle (IV 69°2) is a rectangle. 

‘7, All the angles of a rectangle are right angles. 

Smit ecm as the projection of AB on: XY (IV ort); 
then uXY < pAB. 

‘9. Rectangles with congruent bases and congruent altitudes 
are congruent. 

‘ot. Def. A ‘square’ is a rectangle with two adjacent sides 
congruent. 

‘92. Any two sides of a square are congruent. 


Division of an Interval into Congruent Intervals 


6. If B, C be on [OA and O, X, Y, Z colline and O+ X, Y,Z 
and OA+OX and OA™=BC and AX, BY, CZ are parallel 
then OX = YZ. 

Dem. We can take the letters so that [OBC]. Then [OYZ] 
(3). Let YW||BC, W on ZC (W exists by II 161). Then 
[ZWC] (3). Since B is on [OA and [OBC] [(ZWC], W, A will 


* See footnote, page 142. 
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be on the same side of OZ. Hence ORA = OZW= YZW (since . 


[OYZ]) and XOA™ZYW (4:4). Since y 
YB|| WC, BC|| YW wehave BO= YW y 

(5). But OA= BC, hence OA~ YW W 
and congruence gives OX ~ YZ, x, 


61. If C,D,E be on (OB and O, Y, 
Z,S,T colline andO+Y,2Z2,S,Tandg 4 Baw 
OB+OY and BC=DE and BY, CZ, Fig. 56 
DS, ET are parallel then YZ = ST. 

‘2. If [ABC] and XA|| YB||ZC and X, Y, Z colline and 
AB=BC then XY™ YZ (‘1 or 5). 

°3. If[OAB]and XA|| YB and O, X, Y collineand OA= AB 
then OX = XY (6). 

‘4. If [OAB] [OXY], OA~AB, OX=XY then AX||BY 
(3a Vit4"2). 


‘5. The. and Def. \f AB be an interval and x any natural 
number there are points 


May Ags 3) Ans WIL A Ao ead 
such that AX,— X,X,— ...= X,_.Ana~ AnD. The interval 
AB is said to be ‘dzvided into = congruent intervals, 

Dem. There is a point Y, not on AB and points Yz, ..., Y, 
such that [A Y,Y,...¥Y,]>and AY,= Y, Yj=82= Yaya 
There are points Z,, ...,Z,-, on AB such that 

V,Z:\) VeZulleoll Ye eZe ail Yer. 
Then by 6 and 3 the points Z satisfy the requirements on 
the X. 

‘6. Def. lf a= AB, and X, satisfy the conditions of *5 we 
write “a for pAX,. 

‘7. If ats the measure of an interval then a@ exists (°5). 

If “ a=6 then a=7d and conversely. 

‘8. If Bis on [OA, J on OF, and BJ || AI and pOJ=x. nO, 
then .OB=n. OA and if wOJ= ~. wOI then pOB = ~ WOA. 


‘9. If a, a, ..., @ be measures of intervals and x be a 
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natural number then 7 (a, + a+... + ay) = na, + Nay +... + Nay, 
I I I I 
at at ee + Op) =F ay +o dg te. +7 ap 

Severs, 1'20°32, 217). 


7. If AX||BY and AH||BK and X, Y be on the same 
side of AB, and H, K on the same 


side of AB, and AX + AH then (| x a 3 
XAH™~ YBK. “i 
(Draw a// the figures.) Hf B 2 
Dem. \f A=B the Theorem is Y y k 
clear. If A+BletC satisfy[ABC], if Z 


then XAC= YBC, HAC™ KBC 
(44). If H, K are on the same 
side of AB as X, Y then there are rays both in XAB and in 
HAB and rays both in YBC and in KBC (III 92). If H, K 
be on the opposite side of AB from X, Y then there is no ray 
both in XAB and in HAB and no ray both in YBC and in 
KBC (I11 7's). Hence in both cases XAH ™ YBK (IV 39, 38). 


wei Any bl, £C\ LD, AD VEF and A, &, C, D colline 
then AC™ BD. 


‘Dems A, B, C; D até on the same E a 

side of EF Hence 4EC™ BED (7) and 

AE= BE, EC™ FD(s). Hence AC BD. Ve 
‘2, If O, X, Ycolline and O, A, B colline ba 


a B C D 
and OA+ OX and AX BY, XM\\VLIOB meats 


and WB\|LA\OX and if VB meet XM, 
AL in Q, P resp. then PYL™ BQM, where P, Q may coincide. 
(We need this Theorem in one place subsequently. ) 


Fig. 57 Fig. 58 


FEG 
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Dem. XM meets AL in R, say. Then XR=QM (1). But 
XR™VL (s). Hence YL™ QM. Similarly ZP= MB, PY=B2. 
Hence PYL= BOM. 


The Angle-Sum in a Triangle 

8. If ABC be a triangle and [BCX] then 

ABC + pCAB =pACX. 

Dem. Let CD||AB with D, A on the same side of BC. 
Then ABC™ DCX (4:4). Since D, A are A D 
on the same side of BC, therefore [CD 
is in ACK otherwise it would meet AB 
(III 91). Thus B, D are on opposite sides 
of AC (III 7:1) and hence BAC™ ACD 8 C5 
(4°8). Hence by IV 56'1. Fig. 62 i 

‘I. If in triangles ABC, A’B’C’ we have A= A’, B~B’, then 
Cx C’ (8, IV 25-2). 

‘2, If ABC bea triangle, then pABC + uBCA + pCAB=r 
(8, IV 57°4). 

*3. If ACB is a right angle then 

pABC +pCAB=7/2, wABC < a/2 (8, IV 57°). 

‘4. If CA+CB,CA=CB, AB||DE with DonCA, EonCB 
(D+ E), then CD™ CE. 

5. If CA+CB, CA~CB, CD=CE, with D on [CA, E on 
[CB, then AB|| DE. 


g. If ABC bea triangle and X, Y, Z be the mid-points of BC, 
CA, AB resp. then 4X, BY, CZ concur. 

Dem. Since [AZB] [A YC] (IV 14'1), C-Z, B- Y meet in G, say 
with [CG@Z] (II 11-6) and [AG meets B-C in X say (II 5). There 
is a point Z with d4G= GZ, [AGZ]. Then 6-4 gives ZGi| BZ and 
YG || CL; that is, BGCL is a parallelogram. Hence X is mid BC 
(5:1). -tlence A =X (IV iza‘s), 

‘1. With the hypothesis of 9 we have ntGX=4y4G. 


The Parallel Axiom and the Properties of Circles 


10. Lf A, B,C do not colline there is one and only one circle 
through A, B,C. (Cf. V 4.) 
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Dem. There cannot be two circles through A, B, C (V 4). 
Now the right bisectors of AB and BC meet, for if they were 
parallel then would AB|| BC (4:6) and hence AB=BC, cont. 
hyp. Let them meet in X then XA = XB™XC (IV 68:2). 


NVote. P, is essential for the proof of the existence of the circle. 
We could replace the parallel Axiom by the assertion that such a 
circle always exists. 

tor. Zhe. and Def. The right bisectors of the sides of a triangle 
meet in a point, the ‘circwmcentre’ of the triangle. 


tr. If ABC bea triangle and 4X, BY, CZ be perpendicular to 
BC, CA, AB resp. then AX, BY, CZ concur. 

Dem. Through A, #, C draw lines parallel to BC, CA, AB resp. 
These lines meet by 2°2 since 48, BC, CA are not parallel. Let 
them meet in Z, JZ, VV; these are distinct points by 33. Suppose 
A, B, Con MN, NL, LM resp. The parallelograms in the figure 
shew that 4, &, C are the mid-points of the intervals AZ, WVZ, 
LM and the Theorem follows from 4°5 and ror. 

‘xr. Def. lf AX 1 BC with X on BC then AX is the ‘altttude’ 
of A ABC with respect to the base BC. 

‘2. Vote. g is true in the absence of a parallel Axiom: so is 11 in 
the sense that if two of the lines in question meet, they all concur; 
but no proof depending on simple considerations of congruence in 
two dimensions (without parallels) seems to be known. The existence 
of a mid-point of each interval follows from O,C, (IV 58). The 
proof given of 10°1, modified in the way just mentioned for 11, does 
not depend on the parallel Axiom. 

We now take up the question of angles in the same segment, and 
we shall make a detour to avoid bringing in the full theory of angular 
measure of IV 57, as we wish to avoid ‘reflex’ angles. 


12. Let A, B,C be on a circle centre O, and let O, C be on the 
same side of AB then ACB™ half AOB. 

Dem.* Let [COX], and let X be inside the circle. 

(i) If X be on OA then since O, C are not on 4B (V 4'1), we 
have [COA]. Whence OB~ OC gives by 8, 

A A A 
uAOB=pOCB + pOBC=2pACB 

and the Theorem follows by IV 46:2. 

* We give a conventional proof of this Theorem to shew what con- 


siderations are necessary concerning order and the magnitudes of angles. 
10-2 
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(ii) If X be not on OA or on OB, we have as in (i) 
pAOX= 2n0CA, pBOX= 2nOCB. 
If now A, B are on opposite sides of OX then OX meets A~B in Y 


say (III 2),and hOY<pOC(V 4:2). Hence[COY], for[C YO] would 
imply that O, C were on opposite sides of AB. Thus [OX is in 


AOB and [CX in ACB (Ut 5). Therefore 
wAOB=pAOX + pBOX (IV 56:1) = 2n0CA + 2n0CB 
=2(uOCA +pOCB) (IV 56:2, I 20°82) = 2nACB. 
Hence by IV 46:2, 


C 
C 


Sa 


A B 
Fig. 63 Fig. 64 Fig. 65 
_ But if 4, B be on the same side of OX then [OA is in BOX or 


[OB in AOX (III 9). Suppose the former, then O-A meets B-X 
(III 7, V 4°2), whence BX meets AC, since it cannot meet OC. 


Hence (using V 4°2°3), we find that [C4 is in XCB, ie. in OCB. 
Hence by IV 57'9 and I 20°83 we get 
pAOB=pBOX —pAOX=2n0CB—2n0CA 
= 2 (uOCB—pOCA) = 2A CB, 
and the Theorem follows by IV 46:2. 
121. If C,D,O be on the same side of AB and A, B,C, D be 
on a circle centre O then ACB™ ADB (12 and IV 46:2). 


13. If AC be a diameter of a circle through B+A,C then 
ABC is a right angle. 


Dem. * Let O be the centre of the circle then OA™= OB= OC, 
and 4, O, B do not colline, hence OAB™ OBA, ie. CAB™ OBA 
and similarly ACB™ OB C. But since [.4 oc ] therefore [BO is in 
ABC and hence OBA + pOBC = uABC. Let [CBX] then 


* See footnote on page 147. 
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A A A 
pear +pACB=ynABX, Hence ABX™ ABC and the Theorem 
ollows. 


13'I. Conversely if ABC is a right angle, the circle on AC 
as diameter goes through B (13, IV 50 and V 6°4). 


14. If A, B, C, D be on a circle centre O and [AOC], and 
B, D be on opposite sides of AC then A 

uBAD + pBCD =r. 

Dem. pCAB + pACB =7/2 (13, 8°3). 
Similarly »C4AD+pACD=7/2. But B-D, D 
A-C meet (V 5). Hence [AC is in BAD 
and [CA in BCD. Hence 

uCAB+pCAD="BAD 
and pACB+pACD=pBCD. 
Whence by IV 57°3. 

15. Jf ABCD 6¢ a cyclic quadrilateral then 

uBAD + pBCD =r. 


Dem. A, C are on opposite sides of BD (V5). Let O be the 
centre of the circle. If [GOD] the Theorem y 


follows from 13. If O be not on BD, then 
since A, C are on opposite sides of BD ya DSS 
D 


C 
Fig. 66 


either O, A or O, C are on the same side. 
Suppose this so for O, C and let [AOZ] 
with # on the circle, then C, O, & are on 
the same side of BD and A, £ on opposite 


sides. Hence &, D are on opposite sides | 
of AE (V5). Thus BED™ BCD (12'1) E 


and uBAD + uBED =m (14), whence 
pBAD + pBCD =r. 
‘1. If ABCD be a cyclic quadrilateral and [ADF] then 
CDF™ ABC. 
16. If A, B,C, D be on a circle, centre O, and C, D be on 
opposite sides of AB then ACB, ADB are supplementary, but if 
C, D be on the same side of AB, these angles are congruent. 


Dem. The first part follows by 15 since ACBD is a cyclic quadri- 
lateral (V 5). For the second part; if C, O and hence J, O be on 
the same side of AB the Theorem is 121; if C, O and hence D, O 


Fig. 67 
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be on opposite sides of 4B, let X be on the circle so that CG X and 
hence D, X are on opposite sides of AB, then ACB, AXB are 
supplementary and so are ADB, AXB. Hence ACB =~ ADB. 


7 el XAT=XYA and Y,T are on opposite sides of AX 
then the circle XAY touches AT at A. 

Dem. If not, AT will meet the circle in a point S+ A. Hence 
XSA and XYA, and thus XSA : XA Tare congruent or supplementary, 
according as S, VY are on the same or opposite sides of AX, ie. 
according as S, 7 are on opposite or the same sides of AX. But in 
the first case [S47] and hence XSA, XAT are not congruent ry 
36) and in the second case XAS= XAT and hence XSA, XAT are 
not supplementary (IV 36, 25:2). This contradiction proves the 
Theorem. 


18. If AT ts tangent to the circle XAY at A andifT,Y are 
on opposite sides of AX then X ATZXYA. 

Dem. This follows by 17 and V 6:5, if we take AZ” so that 
AAT'=XYVA with 7, 7’ on the same side of AX. 


19. Lf C, D be on the same side of AB and ACB™ ADB then 
A, B,C, D are cyclic. 

Dem. Since A, C, B do not colline (def. of angle) there is a circle 
through 4, B, C (10). If D is on it, the Theorem is proved ; if not, 
the circle either meets 4D in £+.D,A, or AD touches* the circle 
at 4. In the first case we have AEB and ACB, and hence AEB 
and ADB congruent or supplementary * according as C, Z& are on 
the same or opposite sides of 4B, i.e. according as £ is on [AD 
or [DA£]. By IV 36 both cases are impossible. And if 4D touches 
the circle at A, let Z be on AD and on the opposite side of AB 
from C, then [DAZ] and BAE™ ACB (18) and hence BAE™ ADB 
contrary to [V 36. Hence the Theorem. 


20. If C, D be on opposite sides of AB and ACB, ADB are 
supplementary then ACBD is a cyclic quadrilateral. 

Dem. Let £E be on {dB, C} and on the circle ABD. Then by 16 
we have 4EB and ADB supplementary and hence ACB™ AEB. 


Hence £ is on the circle 48C and on the circle ADB, and hence 
these circles coincide (V 4). 


‘It. If AB1BC and AD1DC then A, B,C, Dare cyclic. 


* This possibility is usually overlooked. 
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21. If ACBD bea polygon and C, D on opposite sides of 
AB and [ADX] and BDX™~ ACB, then ACBD is a cyclic 
quadrilateral. 

e. oe In order to avoid the troublesome consideration of 
‘cases’ we now introduce the cross* (IV 71). The reader will not 
fail to note the simplicity and generality of the proofs constructed 
when this idea is used. An intuitive introduction of the cross would 
be an improvement in the Geometry of the Schools. 


The Cross 

22. If AB||CD then 
+ ABC= DCB, ¥ ABD~=CDB, ¥ BAC=™ DCA, x BAD™CDA 
and any one of these implies AB||CD. 

Dem. The first and its converse is simply 4, 4°3 and 4°4°8 
using III 17. The others then follow formally since AB||CD, 
AB|| DC, BA||CD, BA || DC all mean the same thing. 

1. Tf AB||CD and O be on AC and O+A, C then 
x OAB~ OCD and conversely (4, 4°3°4'8). 

‘2. Extension of definition of cross. Cf. TV 71°1. 

Any ordered couple of coplanar lines, whether they meet or 
not, or coincide or not, is a ‘cross.’ 

‘at. Def. If 4||2, then 44,7 4,4, if and only if 4|| 2, 

23. If 4||Z, then x 4,4,~ 7,2, and conversely (22°1'21 and 2'2), 

‘t. If Zll4, and 4,||2, then ¥ 47,~ 47, (23; cf. 7). 

2. If ¥4/,™ 4/2! and ¥4,/,~ 4/4) then ¥4/,~1'!. 

Dem. Let 4, 2, be parallel to 4, Z,’ resp. and through the 
meets (if any) of 4, 4,and of 4’, 4’ resp. then + Lel,™ byl, (23). 
Hence by IV 76 we have ¥44,~ 4'2, provided 4, + 4. But by 
(23) *4,4,=44, and x 1,'b/ = 1,1. Hence + Ligh Ge Ane if 
Z,=/, then 4||4, 4’||4’ and the Theorem is 22°21. If 4||4 then 
1’ || 4’, and 23 gives the Theorem. 

e tre ie Lil’ and .%4/,~/,/4' then ¥4/,~ 4/4". (By 
IV 77 as for ‘2.) 

24. If ¥44,71;,1, then X Lhd nis. 1. heorem, 1s) OF 
great use. Cf. IV 78.) 

Dem. Since %4,™1,/, and +4,4,~%/,/, we have the con- 


clusion by 23°3. 


* Picken, Joc. cit, on page 120. 
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2s. If A,B,C,D be cyclic then % ABC = ADC and conversely. 

Dem. First let B, D be on the same side of AC then 
BA, BC and AC, “AB have the same sense (III 17°9°93), so 
have DA, DC and AC, “AD and so have AC, AB and AC, “AD; 
hence so have BA; BC and DA, DC (III 17 e¢ seg.). Also 
ABC ™ ADC (16). 

Similarly (using III 17) if B, D be on opposite sides of AC 
then BA; BC and DA; DC have opposite senses and ABC, ADC 
are Srplemenr or Hence the first part of the Theorem 
follows by IV 71'1. The converse comes from 19, 20. 


26. If AT ts tangent to the circle XAY at A then 
x XAT=XYA 


and conversely. 

Dem. If T, Y be on opposite sides of AX then AX, AT and 
AY, AX have the same sense, and thus YX, YA and AX, AT 
also (III 17°9), and XAT™ XYA (18). Similarly if T, Y be on 
the same side of AX. 


27. Asan illustration of the use of the cross we give another proof 
of 11. If ABC be a triangle then the perpendiculars 4X, BY, CZ 
to BC, CA, AB resp. concur. (Our proof of course applies’ to 
all figures.) 

Dem, BY, CZ meet in O (say), for BY|| CZ would give AC|| AB 
(4°6). If d=O the Theorem is clear. Let 4+0O then B, C, Y, Z 
are cyclic and A, O, Y, Zare cyclic (20°1). Hence 


~ YAO™ YZO™ YZC™ VBC (25, IV 73). 
Now AO, BC meet, for if AO || BC then ¥ OAC™ BCA (22) that 
is  YAO™ ACB (IV 73). Hence, by 
above, ¥ YBC=ACB,andso YVBR|| AC 


(22) cont. hyp 
Let then 40, BC meet in W, then 
x YAO= YAW, X YBC™ YBW, 
hence X YAW™~ YAW and thus A, B, 
W, Y are cyclic (25) and * AVB=™ AWB 
(25). Hence AW1iBCand W=X. 
‘1. With the notation of 27, 4X 
meets the circle ABC in Q where Q 
OX~ XQ. Fig. 68 
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Dem. If AX touches the circle at 4, let 4 = Q then 
¥% CBA= CAX™ VAO™ VBC™ OBC (26, 27). 
If 4X meets the circle again, let it do so in Q then 
* CBO= CAQO= CAX™ CZX= OZX™ OBX™ OBC. 
using 25 and IV 73. Thus in both cases BC bisects ¥ OBQ (IV 75) 
and since BC 1 OQ it follows that OX= XQ. 


28. (Simson Line.) If P, 4, B, C be cyclic and Z, M4, NV be on 
BC, CA, AB resp. and PZ, PM, PN be perpendicular to these 
lines resp. then Z, JZ, WV colline. 

Dem. By repeated use of 25 we have 

~ PLM= PCM™=PCA=PBA=PBN=PLN; 
whence the Theorem follows by IV 73. 

pes If ABC be a triangle and [CAX] [CB Y], then the bisectors 
of ACB, BAX, ABY concur. (The real difficulty is to shew that 
two of them meet.) 

Dem. If [AL, (BM, [CN bisect XAB, ABY, ACB resp., then 
X, £ are on the same side of 4B (III 7'2) C 
and similarly so are Y, JZ, and so are 
aur since |CAX| [CY]. Hence so 
are L, MZ, 

Now pABM, uBAL <n/2 (IV 57°6) 
whence pBAK> 7/2, where [LAK (LV 
57°8). Hence pABM < uBAK and there- 
fore by 4°41 and IV 26 we find [4Z 
[BM meet in £, say. 

Then #, A are on | the same side of CB, 
since [#Z is in ABY; and E, B are on, 
the same side of CA, since [AZ is in BAX (III 9°2). 

Hence [CZ is in ACB (III 9°6). But the perpendicular intervals 
from E& to CA, AB, CB are congruent (V 7'1) and hence [CZ 
bisects ACB (V 7). 

-2. Def. The point £ is an ‘ecentre’ of triangle ABC. 

‘3, Thus each triangle has three ecentres. 


Fig. 69 


Pappus Theorem* and Anti-parallels 
29. Def. If O, A, B colline and O’, A’, B’ colline and 
OA +0'A’, then AB’ and A’B are ‘anti-parallel lines, with 


*® The Theorems we call Pappus’ and Desargues’ Theorems are special 
cases of those usually known by these names. 
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respect to the base lines OA, O'A'’ if and only if A, B, A’, B’ are 

cyclic, where if A =B the latter phrase means the circle A’B’A 

touches OA at A,and similarly if A’=B’ 

the circle ABA’ touches O’A’ at A’. a’ A 
29'1. OA, O’A’ may be parallel or , D. 

not. As our base lines will always be 2 

OA, O’A’ we omit mention of them 

and use the notation of 29 throughout, 

writing AB’ A’B for ‘AB’ and A’‘B O C A B 

are anti-parallel.’ Fig. 70 


30. If X is on OA and not on O’A’, then through X goes 
one and only one line XB’ anti-parallel to A’B. 


31. AB’ A BA’ implies BA’ A AB’ and AA’ A BB’ (29). 


32. AB’ BA’ implies x OAB' = BA'O’ and conversely (25, 
26). 

33. Jf AB’ \ BA’ and CD’||AB’ with C on OA, D’ on OA’ 
then CD'\ BA’. — 

Dem. % OAB'= BA'O'’, x OCD'= OAB’ (221). Hence 
x BA'O'~ OCD". 

34. Similarly if AB’ \ A'’B and CD’ \ A'B then AB'||CD’. 

35. Pappus” Theorem*: Jf A, B, C collmevand ABW Ge 
colline and all the points do not colline, and CB’ \|BC’,CA’ || AC’ 
then BA'||AB’. (Note that some of the points may coincide.) 

Dem. With respect to the base f 
ines AB, A’B’ let BD'A CA’. (D' * ae 
on A By 9 Then BA Th CO DAGE. co 2 
Now CA’||AC’. Hence BD’ A AC’ 
(33) and BC’ A AD’ (31). Again 

CEWEC. 
hence CB’ A AD’ (33) and Ame 
ABLNGDS Ct: Fig. 71 

But we have seen that BA’ A CD’. Hence BA’ || AB’ (34). 


Cc 


* Hessenberg, “ Begriindung der elliptischen Geometrie,” Math. Ann. 


1904, LXI, p. 173. In continental literature this Theorem is referred to as 
Pascal’s Theorem. 
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351. This Theorem is of great importance subsequently. 
We have used Axioms O, C, P, in proving it. How far these 
are essential will be seen later. 


Space 
§ 3. Basis O. 

36. Def. If a line and a plane do not meet they are 
‘parallel’; if two planes do not meet they are ‘parallel’ A 
plane is taken to be parallel to itself and to any line on it. 

As usual we use small Greek letters for planes, small Latin 
letters for lines, and || for the relation ‘parallel to.’ 

1. Ifa||@ then Bila; if a||a then alla. 

‘2. If a||8, and y meet a, B in a, 0 resp. then a||d. 

‘3. Ifa@||a, and @is any plane through a meeting a in 4 say, 
then @||4. If y is another plane through a meeting a in c, then 
b||¢ (II 27). 

“4. If a||8, and 4 is on £, then 4] a. 

*s. If a||d, and a is on a, then a|| 0. 

6. If a, 8, y are planes and (a8)=c, (By) =a, (ya)=4, and 
a||4 then a, 4, ¢ are parallel (II 27). 

‘7, Def. A ‘parallelepiped’ is a figure formed by six quadri- 
laterals, no two being in the same plane, but lying in pairs and 
in pairs only, in parallel planes, each side of each quadrilateral 
being common to two quadrilaterals only. 

°8. If OAB, OBC, OCA be distinct planes through O, we 
get a parallelepiped by drawing planes through 4, B, C resp. 
parallel to OBC, OCA, OAB. 


§ 4. Basis O P,’. 

371. If a+ and a, 4 meet in O and a, 4|| a, then the plane 
(ab) a. | 

Dem. Uf (ab) meet ain c, say, then since a+ 0 and a, 6 go 
through O one of them, say a, meets c (P,’). Hence a meets a, 
cont. hyp. 

‘2. The set of lines through O parallel to a are on a plane 


parallel to a. 
Dem. Let O be not on a and a, J, ¢ be distinct lines through 


O parallel to a. If ¢ is not on the plane (a) let P be on the 
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plane a then the plane (Pc) meets a in a line d say (Ii 29) and 
since (Pc) goes through O, it meets (a) in a line e say. Now 
(ab) ||a (1). Hence e||d (36°2) and c||d (363). But e, ¢ meet 
in O contrary to P,’. 

37°3. If a||8, and y||f8 then a] r. 

Dem. Vf not, then a, y meet in O say. Through O and any 
point of 8 and any point of a, not on y, drawa plane 6, Then 
(a8) ||(88); (y8)|| (88) (36:2) and (ad), (88) are distinct lines 
through O, contrary to P,’. 

‘4. Through O, not on a, goes not more than one plane 
parallel to a. 

*5. If a||d, cl|d, and a, c meet and 4, d coplane, then plane 
(ac) || plane (42). 

Dem, We may assume a, 8, c, @ distinct and (ac) +(6d). 
Since a|| 4, therefore a|| (4d) (36°5). Since c||d, therefore c||(6d2) 
(36°5). Hence (ac) || (62) (‘1). 

‘6. If a||8 and B||y then a||y¥. 

Dem. Through a and a point on 8 goes a plane which 
meets 8 and vy (*3) in dande,say. Then a|| 4 (36°3), d|| ¢ (362). 
Hence a||¢ (2°2) and a||y (36'5). 

‘7, Note. In the proofs of the Theorems of this and the 
preceding section, we have not actually used the idea of order, 
typified by the proposition [ABC], but only certain conse- 
quences deduced from this idea. See 39°5 below. 


§5. Basis O P. 


38. Through a point O goes one and only one plane parallel 
to a 


Dem. Let PA, PB be two lines in a. There are lines 
OC ||PA, OD||PB and OC, OD are unique (P). Hence plane 
COD || a (37:2). Hence Theorem by 37°4. 


Desargues Theorem 
39. If ABC, XYZ be triangles not in the same plane and 
AB, BC, CA be parallel resp. to XY, YZ, ZX then AX, BY, 
CZ are parallel or concurrent. 
Dem. By hyp. A, B,C, X, Y, Z are all distinct and since 
AB||XY therefore A, B, X, Y coplane in y, say. Similarly 
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B,C, Y, Z coplane in a, say, and C, A, Z, X in B, say. Hence 
(ya)= BY, (a8)=CZ, (By)=AX. And since BY, CZ coplane 
(in a) either they meet and then BY, CZ, AX concur (II 27), 
or BY ||CZ and then BY, CZ, AX are parallel (366). 

391. If ABC, XYZ be triangles not in the same plane and 
AB, BC be parallel to XY, YZ resp. and if AX, CZ are 
parallel or concurrent, then CA ||ZX, and AX, BY, CZ are 
parallel or concurrent. 

Dem. Since AB, BC are parallel to XY, YZ resp. we have 
ABC || XYZ (37°5). Now AX, CZ coplane and their plane 
meets ABC in CA and XYZ in ZX. Hence CA ||ZX (36:2). 
Hence Theorem by 309. 

‘tt, Note. In 39, 391 we have used P,’ only, not P. 

2. If A, B, C, X, Y, Z be distinct and coplanar and if 
AX, BY, CZ are distinct and either parallel cr concurrent and 
AB, BC are parallel resp. to XY, YZ then CA\|ZX. 

Dem. If AX, BY,CZ concur in O say, let 7 be a line through 
O not in plane ABC. If AX, BY, CZ are parallel, let 7 be a 
line parallel to them (P). Let P be on Z and not on ABC. 
Let XQ||AP (P). Then XQ, / are in plane PAX and since 
PA is not parallel to 4 neither is XQ which thus meets Z in 
Q say. Hence BY, PQ are either parallel or they meet in O 
and AP||XQ and AB||XY and ABP+XYQ (since P is not 
on ABC and AX+BY). Hence BP|| YQ (1). 


B 
A C 
JS 
DEE ioe mS 
A C 
Fig. 72 Fig. 73 


Similarly since CZ, PQ are parallel or meet in O and 
BP|| YQ, BC|| YZ and BCP + YZQ we have CP||ZQ. 

And since AX, CZ are parallel or meet in O, and AP|| XQ 
and CP||ZQ and ACP+ XZQ we have CA ||ZX (1). 
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393. If A,B,C,X,Y,Z be distinct and coplanar and A,B,C do 
not colline, and AB,BC,CA be parallel resp. to XY, YZ,ZX then 
AX, BY, CZ (assumed distinct) are either parallel or concurrent. 

Dem. If no two be parallel then AX, BY meet in O say, 
and O is not on YZ since YZ||BC but OY meets BC. Hence 
OZ + YZ and thus OZ, BC meet in C’ say. Hence AX Bx 
C’Z meet in O and XY||AB and YZ||BC’ and A, B, C’, 
X, Y, Z are distinct and AX, BY, C’Z are distinct (for if, e.g. 
AX =C’'Z then XZ|| AC would be false). Hence C’A|| XZ (2). 
Hence C=C’. 

And if AX ||BY then BY, CZ cannot meet, by the first case. 

‘4. The following special case of Pappus’ Theorem can be 
deduced from the above Theorems: 

If AB||A’B’, AB+A'B’, and A, B, C colline and A’, B’, C’ 
colline and AB’ || A’B, BC’ || B’C then CA’||C’A. (The special 
hypothesis is that AB||A’B’.) 

Dem. We may assume A, B,C, A’, B’, C’ all distinct; then 
AB’, B'C, CA are parallel to A’B, BC’, C’A’ resp. and AA 
BB’',CC’ are distinct; hence they are parallel or concurrent (*3). 
But AB||A’B’ and BC’ || B’C, hence CA’||C’A (2). 


‘5. Theorems 39 to 39°3 will be quoted as Desargues’ Theorem. 
Like Pappus’ Theorem they are of great importance subsequently. 
We have shewn them from Axioms O, P, and we shall see later that 
we could wo¢ shew them from Axioms O,, P. But we have not used 
Axioms O directly, but only such results from them as concern the 
determining of lines and planes by points, and the meeting of lines 
and planes; e.g. one and only one line goes through two distinct 
points: two distinct planes cannot meet in more than one line. From 
the same results of Axioms O, we can shew the more general Theorem 
(which we do not need). 

If A, B, C, X, Y, Z be distinct points and A, B, C do not colline 
and X,Y, Z do not colline and if AX, BY, CZ concur, then if the pairs 
(AB, XY), (BC, YZ), (CA, ZX) meet, they do so on the same line: 
conversely, of these pairs meet on the same line, then AX, BY, CZ are 
either parallel or concurrent. 

‘6. The constantly recurring phrase ‘the lines are either parallel 
or concurrent’ will be noted. The two cases of parallelism and con- 
currency are usually united under the head of concurrency by postu- 
lating additional points at infinity and taking ‘the lines meet in a 
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point at infinity’ to mean ‘the lines are parallel.’ This might be 
regarded as a mere fagon de parler designed to secure brevity in 
enunciations and proofs; but the fact that it is so successful in doing 
this, shews that it is more than a mere verbal convenience. We will 
now try to explain how these points at infinity can be introduced. 
But first we will shew what is meant by a Projective Geometry. 


§ 6. Axioms of Projective Geometry* 

40. As undefined entities we take a class of elements called 
‘points’ and sub-classes of this class called ‘dines,’ 
Ax. Al. fA, B be distinct points there is at least one line on 
which they both lie. 


Ax. A2. If A,B be distinct points, there is at most one line 
on which they both lie. 

‘1. Def. If A, B be distinct points, the line on which they 
both lie is denoted by AB. 

Ax. A3. Jf A, B,C be distinct points and A is not on BC, 
and D, E are on BC, CA resp. and D+E, then there ts a point 
F on DE and on AB. (Cf.O VL.) 

‘ri. If A, B, C be distinct and do not colline, the ‘plane’ 
ABC is the set of all points on all lines joining A to points of 
weer A(Cf, LT) 1:3'1.) 

12. Def If A, B, C, D be distinct and do not coplane 
the ‘space’ ABCD is the set of all points on all lines joining 
A to points of a plane through B, C, D. (Cf. II 20'1.) 

Ax. A 4. There are at least three points on any line and there 
ts at least one line. 


Ax. A5. AlJl points are not on the same line. (Cf. O V.) 
Ax. A6. All points are not on the same plane. (Cf. O VIL.) 
Ax. A 7. All points are on the same space. (Cf. O VIIL) 


From these Axioms, somewhat as in Chapter II, only the 
proofs are simpler, we can shew :— 
‘2, If A, B lie ona plane a, so do all points of AB. 


* Veblen and Young, Projective Geometry, vol. 1 (1910). We may take 
the relation ‘lies on’ in the phrase ‘A lies on the line BC’ ether as the 
logical relation between an element of a class and that class, oy as unde- 
fined, in which case a ‘line’ need not be a class of ‘points.’ 
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40°3. Two distinct points of a line determine it. 

‘31. Two distinct lines on the same plane meet in just one 
point. 

‘32, Thus parallel lines do not exist in projective space. 

‘4. Threedistinct non-collinear points ofa plane determine it. 

‘41. Two distinct planes meet in just one line; a plane and 
a line not on it meet in just one point. 

‘42. Thus parallel planes do not exist in projective space. 

‘5. Three distinct planes meet in just one point. 

‘6. Desargues’ Theorem in projective space takes the form: 

If A, B,C, X, Y, Z be distinct (and coplanar or not) and 
A, B,C do not colline and X, Y, Z do not colline, then of AX, 
BY, CZ concur, the pairs (AB, XY), (BC, YZ), (CA, ZX) meet 
on the same line, and conversely. 

This has virtually been shewn above. For we can take any 
plane a in the space and call lines which meet on it ‘pseudo- 
parallel’, then Ax. P holds for points and lines not on a, if we 
replace ‘parallel’ by ‘pseudo-parallel. The proofs of 39 to 
39°4 hold, practically unchanged, the exceptional plane a being 
suitably chosen in each case. 

This artifice is actually quite unnecessary and automatically 
drops out of the proof, but it exhibits the relation of the 
Theorem in projective space to that in Euclidean space. 

A proof from Axioms A will be found in any text-book of 
Projective Geometry. 

‘7. Desargues’ Theorem in its Euclidean form can be de- 
duced from Axioms A, replacing A 3 by P, and defining plane 
and space as in Chapter II, treating ‘point’ and ‘line’ as un- 
defined entities, a line being a class of points. 

This has been done in 39 to 39°3. 

When the definitions of plane and space are taken as in 
Chapter II we shall call the Axioms A, with A 3 omitted, the 
Axioms A’; and we shall call the set A 1, 2, 4, 5 the set As 


41. We will now construct a Projective Geometry from 
our Euclidean Geometry; as we shall say, we will make our 
Euclidean Geometry projective. Instead of postulating points 
at infinity where the parallel lines of the earlier theory may 
be supposed to meet, we shall adjoin to the points, lines 
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and planes of Euclidean Geometry certain ‘ideal’ entities 
constructed from them. 

411. Defs.* An ‘zdeal point’ is the set of all lines parallel to 
a given line, the ideal point is ‘ox’ each of these lines and they 
‘£0 through’ it. An ‘cdeal line’ is the set of all planes parallel 
to a given plane, the ideal line is ‘on’ each of these planes and 
they ‘go through’ it. ‘The ideal plane’ is the set of all ideal 
points (i.e. the set of all sets of parallel lines). An ideal point 
is ‘on’ an ideal line if the set of parallel lines which give 
the ideal point is parallel to the set of parallel planes which 
give the ideal line. All ideal points are points of the ideal 
plane. 

‘2. The set of ideal and other points, lines and planes satisfy 
the Axioms and definitions of Projective Space. This is easily 
shewn. For instance, to shew that one and only one line goes 
through two points: If both points are ordinary this is known: 
if P is an ordinary point and Q ideal, then the line PQ is 
the (ordinary) line through P which is one of the lines that 
constitute Q: if P and Q are both ideal, then PQ is the ideal 
line constituted by the set of parallel planes each containing 
a line of P and a line of Q. 


*3. The introduction of ideal entities serves the same purpose as 
postulating points at infinity. 

Consider now any Theorem in Euclidean space which can be 
shewn from Axioms A’, P alone, for instance 39. Introducing ideal 
entities this becomes: 

If ABC, X YZ be triangles not in the same plane and AA, BC, CA 
meet XY, YZ, ZX resp. in an ideal line then 4X, BY, CZ meet in 
a point (ordinary or ideal). 

Dem. AB, XY meet and therefore 4, B, X, Ycoplane in y, say. 
Similarly B, C, Y, Z coplane in a, say, and C, A, Z, X coplane in B, 
say. Hence (ya)= BY, (a8) = CZ, (By) =AX. Thus BY, CZ, AX 
meet in the point common to a, f, y. 

We see that in this proof no use is made of the given fact that 
certain lines meet on an ideal line. The fact that they meet is alone 


* Since the relation ‘parallel to’ between lines is equable, parallel lines 
may be supposed to have a common property (I 8). Instead of doing 
this, we put such lines in one class and give such classes a name. Cf. 
also footnotes, pp. 138, 159. 


FEG Ii 
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used, and we have really shewn the projective generalisation in 
Euclidean space made projective, viz. : 

If ABC, XVZ be triangles not on the same plane and AB, BC, CA 
meet XY, VZ, ZX resp., then AX, BY, CZ concur. 


Quite generally, if we have a Theorem in Euclidean space, 
proved from Axioms A’, P alone, then if it be stated and 
proved in Euclidean space made projective, this statement 
and proof still hold for its projective generalisation, ic. when 
the distinction between ideal and ordinary entities is ignored. 
We are in fact then deducing the projective generalisation 
from Axs. A. 


41°4. If we isolate a plane a in Euclidean space made projective 
and call those lines which meet on it ‘pseudo-parallel’ we accomplish the 
same end as is usually achieved by projecting the plane a to infinity. 
Any plane in projective space may be regarded as the ‘plane at 
infinity.’ In this way we can pass from a projective generalisation of 
a theorem to a special case in which certain lines are parallel. 

*s. In projective space Pappus’ Theorem is as follows: 

If A, B,C colline and A,, B,, C, colline and AB+A,B, the 
points of meeting of the pairs (AB,, A,B), (BC,, B,C), (CA,,C,A) 
colline. We shall see that this cannot be deduced from Axioms 
A alone and accordingly the above considerations do not apply. 
We have deduced the special form in 35 for Euclidean space 
from Axs. O, P and C. If now we wish to deduce the pro- 
jective form of Pappus’ Theorem in Euclidean space made 
projective (where it is indeed true) our simplest plan is actually 
to project from one plane to another in the accustomed way. 
(We cannot do this sort of thing for Theorems in space, without 
assuming points ou¢szde our space.) 

‘6. Let us call ‘gvaphical Theorems’ those which involve only 
the determination of lines and planes and their intersections 
(including the properties of parallels when we are dealing with 
Euclidean space), but which do not involve order or con- 
gruence relations. 

We shall see that all graphical Theorems in Euclidean space 
follow from A’, P and Pappus’ Theorem 35, and all graphical 
Theorems in projective space from A and Pappus’ Theorem 
in ‘5. Having then assured ourselves of the truth of 35 in 
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Euclidean space and so of *s5 in Euclidean space made pro- 
jective, it will follow that if any graphical Theorem be true in 
Euclidean space, its projective generalisation is true in that 
space made projective. 


41°61. We could assume that our order Axioms O held for all 
entities, ideal or not, of our Euclidean space made projective. There 
is no advantage in doing so at present, and later when a continuity 
Axiom is introduced it would lead to contradiction (XIII 13, 8°6). 

‘7. ‘The consistency of the Axioms A follows from the consistency 
of the Axioms of Euclidean Geometry (which will be shewn hereafter) 
since from the points, lines and planes of Euclidean space we have 
constructed entities which together with the original entities satisfy 
Axioms A. 

‘71. The consistency of Axioms A can also be shewn as follows: 
Let 1, 2, 3, 4, 5, 6, 7 be ‘points’ and let points in vertical columns 
in the following scheme constitute the same ‘line’ 


hoe 3 ot So OMe Ty 

Sh ie pe Oy 

Ah Olea ere, 3 
It is easily verified that two points are on just one line and that two 
lines have just one pointcommon. The points 1...7 form a projective 
‘plane.’ 

To get a projective ‘space’ take in addition the ‘points’ o, 1’, 2’, 
3’, 4’, 5’, 6, 7’ and let the triads of points 124, 17'3', 14'2’, 15'6', or1' 
and the triads got from them by replacing 1 by 2, 2 by 3, 1’ by 2’, 
and so on, constitute each a line. All Axioms A are satisfied by this 
set. This was first obtained in connection with Kirkman’s school-girl 
problem: To arrange 15 girls in 5 rows of 3 each for 7 days so that 
no two girls are in the same row more than once. If the Sunday 
arrangement is ort’, 235, 43'6', 62'7', 74'5’ (these are five ‘lines’) the 
arrangements for the other days can be got by replacing 1 by 2, 
2 by 3, 1’ by 2’, and so on. 

It will be noted that a fimzte* set of ‘points’ and ‘lines’ can satisfy 
Axs. A; this is not the case with Axs. O by IT 8. 


‘8. Ax. P is equivalent to: In Euclidean space made 
projective, there is just one ideal point on each ordinary 
line. 


* Veblen and Bussey, “Finite Projective Geometries,” Zrans. Amer. 


Math. Soc. 1906, Vil, p. 241. 
II-2 
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49. It isa highly remarkable and very important fact that 
not merely Euclidean space but any space satisfying Axioms O 
can be made projective, but the argument is longer*. This is 
one of the reasons why Projective Geometry is of fundamental 
importance. 


§7. Basis OC P,. 

42. If AB, CD 1a, then AB||CD. 

Dem. Let A, C be on a. Now AB, CD coplane (IV go) and 
both are perpendicular to AC (IV 81). Hence the Theorem by 4'1. 

1. If ABLaand AB||CD, then CD_1a. 

43. Lf planes a, B be perpendicular to the line c, then a||B. 

Dem. If a, B met in Z, then the plane cZ would meet a, B resp. 
in lines a, 6 which meet in Z and are yet parallel (4:1, IV 81). 

Hf ad @iand) ale, then 6 ta. 

Dem. f£ and a cannot be parallel (37°6). Thence by 43. 

44. [fa||B andaly, then B1y. 

Dem. B and y meet (37°3) in a line parallel to (ay) (36:2). From 


A on (ay) draw the line 48 perpendicular to a, then AZ lies in y 
(IV 87, 89) and 4B 1 B (43'1). Hence B1y (IV 86). 


45. The projection on a plane of a set of parallel lines (not 
perpendicular to the plane) ts a set of parallel lines. 


Dem. If gii# and if g,, 2, their projections on the plane a, meet 
in F then the perpendicular to a at P meets both g and / (IV 91°3) 
and since gli 4 we have Pe= Ph. But Py, Ph meet ain g,, % (IV 91). 
Hence either g,=/, or , 2, do not meet. 


46. An interval 482 of a line parallel to a, projects on a into a 
congruent interval 4’5’, and if AC 1 AB,and A C is not perpendicular 
to a, then AC projects into 4’C’ 1 A’B’. 


Dem. We shew the second part. 4, A’B’ are coplanar (IV 91°3) 
and so parallel (36°3). Since 4’ is the projection of 4, therefore 
AA'1a. Hence AA’1 A'B’ and AA'1 AB. But ACL AB, hence 
AB.1AA'C (IV 801). Hence 4’B’1 AA'C (42°1), that is 
A’B' 1 AAC’ (IV 91°3) and hence 4’B’ 1 A'C’ (IV 81). 


* Baker, Principles of Geometry, 1, p. 107; Whitehead, “Descriptive 
Geometry” (Cambridge Tracts, No. 5). 
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47. Iwo lines a, b, not coplanar, have one and only one common 
perpendicular line. (Fig. 74.) 

Dem. Through a point X on a draw the line c|| 4. Then the 
plane (ac)||4 (36°5). Let AB be the projection of 4 on (ac). 
Since AB || 0 (36°3), therefore AB is not parallel to a (2:2) for 
a, 6 do not coplane. Let AB meet ain A. The perpendicular 
line to (ac) at A is perpendicular to a (IV 81) and meets 6 
(IV 91°3), and since it is perpendicular to AB, and AB|j 4, it is 
perpendicular to 4. 

4771. This Theorem depends on the existence of parallels since it 
is false in Elliptic Space. 

48. If AD1 DF, AC and D, F, A, C do not coplane, then 
pAD < CF, that is, the common perpendicular interval of two non- 
coplanar lines is the shortest interval joining a point of one to a point 
of the other. 

Dem. Let AC=a, DF=6 and use the figure of 47. Let 4B be 


the projection of D/ on the plane (ac), oes 
then DF'|| AB. Let HBLAB. Then 
Wi AeC (lV 91°32), 72 LBC (lV 8), OD B c 


pAD=pFB (5), phB<pCF (IV 63). 
Hence pAD <pCF. ” 
49. If X''Y be the projection of AB AN aks : C 
on a plane a, then pXY <pAB. Hig. 74 
Dem. AX\ BY (42). Hence A, X, B, Y coplane and the parallel 
through 4 to XY meets BY in C, say. Then XY~=AC (5), 
ACLBY, pACsSpAB (IV 63). Hence pX VS pAB. 
[Note that B, C may coincide. ] 


CHAPTER VII 


PROPORTION AND THE ALGEBRA 
OF INTERVALS 


Introductory Remarks 


We have shewn in VI 6'8 that if T is on [OS and T’ on [OS’ 
and TT’ || SS’, then if WOT =. OS and x is a natural number, 
it follows that wOT’=x2.wOS’. It is an zr’ 

easy step to shew that this is also true 

when z is a ratio (I 15). Unfortunately the 

measures of some intervals are incom- §’ 

mensurable with each other, for instance, 

the side of a square and its diagonal; and 

we cannot extend the above Theorem to 

the case when z is a real number, because O Sts 
the measures of our intervals have not as Fig. 75 

yet all the properties of real numbers. We could, of course, 
introduce other Axioms designed to make each interval 
correspond to a real number, and conversely. This will be 
done later, but it is not necessary for our present purpose. 

Instead we shall, following Hilbert*, use the general Theorem 
indicated above as a definition, and define ‘OS is to OS’ as 
OT is to OT’’ to mean that SS’ and TT” are parallel. It is 
sufficient to take the case when SOS’ is a right angle and it is 
clearly necessary to restrict ourselves to some such case, if the 
statement is to be used as a definztion. The Theorems on 
proportion and similar triangles follow. 

To pass from ‘a is to J as c is to a’ to the equation ad = bc, 
where a, 6, c,d are not ordinary numbers but the measures of 
intervals, we erect an algebra of intervals; in particular we 
define the multiplication of such measures. We may not use 
the Theory of Areas here since that is still to come. 

We are then able to shew the Theorem of Pythagoras and 
the ‘rectangle’ properties of the circle. These lead to the 


* Grundlagen, Chapter III. See also F. Schur, Grundlagen der Geo- 
metrieé, p. 135. 
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| Theory of the Inversion Plane needed to complete the Theory 
of Constructions. 
This Inversion Geometry, like the Projective, though de- 
duced from the Euclidean is capable of being founded inde- 
pendently. 


The first Properties of Proportion 
§1. Basis O,C,P,. A// our figures are in one plane. 


I. Def. ifs, 7, s’, 7 be measures of intervals then s|s'wt|z’ 
is a relation between those measures, which means that there 
are points O, S, T, S’, T’ such that the intervals OS, OT, OS’, 
OT’ have resp. measures s, ¢, s’, / and SOS’ is a right angle 
and T, T’ are on [OS, OS’ resp. and SS’|| TT’. 

Orb in iis on [OS (V1 3), 

‘oz. Note that s|s’~7¢|/ is a four-termed relation between measures 
of intervals, whose properties are now to be investigated. The 
symbolism is, of course, chosen in view of those properties, but it 
must not induce us to assume them. 

Oe, af SOS’ is a right angle and T, T” be on [OS, [OS’ resp., 
then s|s’~ | 7 (where s, s’, ¢, 7 are the measures of the intervals 
OS, OS’, OT, OT’ resp.) holds if and only if SS’||TT’. (By 1 
and congruence.) 

‘rt. If any three of s, s’, z, 7 be given, then a fourth measure 
satisfying s|s’~ Z|? exists and is unique. 

3. SiS ~wS\S- 

3. Ifs|s’~wz|7, then ¢|t’~s|s’ and s'|sw7'|z. 

‘4. Ifs|s’'~t|/ and z|’~v|v’, then s|s’wv|v' (VI 2:2). 


‘5. By -2°3°4 we could consider a relation s|s’ between the measures 
of two intervals, regarding two such relations s|s’, ¢| 7 (defined by 
abstraction) as identical when s|s’~7|Z and we should then write 
sis 77. Such.a relation is called a ‘vatio.’ We shall not however 
do this, because it is not necessary and because of the logical 
difficulties of definition by abstraction. (I 9.) 

2, Ifs=tfand s’=Z, then s|s’~7| 2. 

1. Ifs|s’~t|¢ and s=z, then s’=7. 

‘tn. Ifs|s’~7|? and s’=7, then s=z. 

The above properties follow from the def. and Ax. P, noting 
that a line is parallel to itself. 
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2:2. Ifs=s’ and t=7, then s|s’~z|2 (VI 85). 
‘a1. Ifs|s’wt|? and s=s’, then <=2 (VI 8:4). 
‘22, If s|s’wz|’ and ¢=/, then s=s’ (VI 84). 


3. [fs|s'wt|t thens|tws'|f. pr 
Dem. By 1 there are points O, S, 
T, S’, T’ such that the intervals OS, ad 
OT, OS’, OT’ have measures s, 4, s’, 2’ 
resp. with SOS’ a right angle, T on 
[OS Vion (Oa ane so yee Let 
OR'% OT, OR OS’ with R’ on [OS’ 8” 
and R on [OS. Then R’T|| RS’ (VI 
SryVNow O, S42, a colle O15, 9 CRs rp 
(oe scolline and O89 =.5 .dasnot, Pigs a0 
whence by Pappus’ Theorem, TR’|| S’R and TT’ || SS’ imply 
SR'|| RT’. But pOR=s', pOR'’=t. Whence s|é#~s'| 7. 
‘1. Note the use of Pappus’ Theorem in the proof. 
2, If s|s,~Z|4, and s,|s,~4| 4, then s|s5,.~7|&4. 
Dem. By 3 we have s|t~5,|@ and s,|4.~5,|4. Whence 
by 1°4 and 3. 
3. Ifs|s,~z¢|4 ands 


S,~t|t,, then 5,|5.~4,| 4. (As for ‘2.) 


4. If s|tws'|t' then (st+2|t~(s'+7)|Z. 
Dem. Since s|t~s’|t/ we have 
s\s’~z|¢’ (3) and with the con- A” 
struction of 1 this gives SS’||TT’. | 
Let SR™ OT, [OSR] and RR’|Ss’ § 
with R’ on OS’. Since OT= SR we 
have OT’ S’R’ (VI 6) and [OSR] 7° 
gives [OS’R’] (VI 3). Let wOR=,s, 
pOR' =r’, then r=s+¢ (IV 12:2), 
y=s' +t’, But RR’|| TT’. Hence 
r\rewt|t, (stdltinw(s' +2) |Z. 
I. IfG+24) [em +2) |Z, then s|t~5"| 2, 
2. Ifs>zand s|¢~s’| 7’, then s’>2z’ and 


(s—2)|t~(s’—7)| 2. 
3. And (s+4)|(s—4) + ("4+ 7)|(s’— 2) (13 and 3°3). 


O Ty S R 
Fig. 77 
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5. fs\t~s'|t, then s|\t~(s+s")|(t+2). 

Dem, Since s|t~s’|¢’ we have successively s|5’~ Z| 2’ (3), 
(s+s’)|s'~(@+2/)|/ (4) and (s+5‘)|¢4+ 7) ~s5'| 2 (3). 

I. Ifs>s’ and s|¢~s’|7’, then <>?’ and 

s|ti~(s—s’)|(¢- 2). 

6. [fs|s’wt|t’ ands|r~r|\t’, then s'|r~wr'|t. 

Dem. The usual construction gives SS’|| TT’, SR’|| RT’ and 
hence by Pappus’ Theorem S’R|| R’T. 

7. [ft\s~t'|s' andr|s~r'\s', then (¢+7r)|sev+7)|s’. 

Dem. Fors|t~s’|?’ and s|r~s'|/ (13), whence t|7~7|/ 
(3°3), (¢+7)|r~(t’+7)|/ (4). But r|s~7'|s’, hence 

(¢+7r)|s~(t’+7’)|s’ (3:2). 

I. If ¢|/s~2f’|s’ and r|s~7’|s’ and ¢>~*, then “’>/ and 
(t—r)|s~w(—r’)|5’. 

‘2. Notation. It will be convenient to write AB|BC in 
future in place of wAB|uBC. 

Similar Triangles 

8. Def. If ABC, A’B’C’ be two triangles and A= A’, B= B 
(in which case also C=C’ (VI 8'1)) then we say AABC and 
AA’B'C’ are ‘stmilar’ and we write ABC ~ A'B'C’. 

‘1. Note that the order of the letters is important. Thus if 
ABC ~ A’B'C’ then BCA ~B'C'A’, CAB ~C’A'B’, etc.; but 
ACB ~ A’B'C’ need not be true. 

9. The relation ~ between triangles 1s equable, since the 
relation ~ between angles is equable. 

-1. Congruent triangles are similar. 

10. JfABC~A'B'C’, then AB| A'B'~ BC| B'C'~CA|C'A’. 

Dem. First let ABC and hence A’B’C’ be a right angle 
(IV 44). There are points A”,C” on[BA, ¢ 
[BC resp. such that BA’ ~B’A ",BC"'= BC’, 
whence A’B’C’™ A” BC”, BC” A" = BCA; o" 
hence CA||C’A” (VI 4) and 

BC|BA~ BC”| BA” (1), Bie” A 
i.e. BC|BA ~ B'C’ |B’A’, and the Theorem Dee 
follows by 3, for the sides containing the right angle in right- 
angled triangles. 
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Next let ABC be any triangle, I its incentre, JP, IQ, IR 
perpendiculars to BC,CA, AB resp. Then 


IP™IQ™=IR (V 72). Let corresponding R/N2 
dashed letters refer to AA'B'C’. Since 7S 
IBP, I'B'P’ are halves of ABC, A’B’C’ 


resp. we have IBP™I'B’P’ (IV 462). 8 es o Cc 
Also IPB, I'P’B’ are right angles, hence , 
by the first case BP| PI ~ B'P’| P’I’. Similarly 
CPIR Ew CRAPS 

Now J is the incentre of AABC and IP 1 BC, hence [BPC] 

(V 74) and pBP+p~PC=pBC. Hence by 7, 
BC|PI ~B'C'|P'l’, and by 3, BC|B’C’~ PI|P'T’. 

Similarly CA|C’A’~QI|Q’I'~ PI|P'I’ (2). Hence the 

Theorem. 


101. If ABC ~A'B'C' then AB| BC ~ AB’ | B'C’ (10, 3). 


11. Jf O, A, B colline and A, B+O and O, A’, B’ colline and 
OA + OA’ and AA'|| BB’, then OA|OA'~OB|OB’ (VI 49). 

‘1. Jf[OAB] [OA’B’] or [BOA] [B’0’A’] or [OBA] [OB’A’] 
and OA|OA’~OB|OB' and OA +0OA’ then AA’|| BB’. (Use 
VI 3, 3'1.) 


‘2. Lf a, 6 be measures of intervals, and n a natural number, 
then na|\nb~a\b and 7a| 5b~ ald (VI 68). 


3. Lf in triangles OAB, O’A'B’ we have O~ 0’, 
OA|OA’~ OB| OB’, then OAB ~ OA'B’ 


(111 and congruence). 


12. [fin triangles ABC, A'B'C' we have 
AB|A'B'’~ BC|B'C'~CA|C'A’, then ABC ~ A'B'C’. 

Dem. There is a point C” with ABC’ ~A’B'C’ (IV 53). 
Hence AC”|A’C’~ AB|A'B’ (10) ~ CA|C’A' (hyp.). Hence 
ACCUM AG (211). Similarly BC’~ BC, ABCZ=ABC™ Hence 
ABC ~ ABC” and the Theorem follows. 

13. If in triangles ABC, A'B'C' we have A~A’ and 
AB|A'B'~BC|B'C"', then CC’ are congruent or supplementary. 
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Dem. If also AB|A’B'’~ AC | A'C’ then ABC ~ A'B'C’ (12) 
and C™C"’. But if this is false there is a point D+C on [AC 
such that AB|A’B’~ AD|A’C’ (11). By 11°3 and 2°11 we 
find BD™ BC and the Theorem follows as in IV 27. 


14. If BAC, B'A'C' be right angles and AB |A'B' ~BC|B'C’, 

then ABC ~ A’B'C’. 
A A 

Dem. C, C’ cannot be supplementary since both are of 
measure < 7/2 (VI 83, IV 57°8). Hence they are congruent 
(13). 

‘1. Vole. We could not have shewn IV 52 by this method because 
then we had not introduced the parallel Axiom. There is no point 
in avoiding it here because, as we shall see, it is essential to the 
theory of similarity. 


The Algebra of Intervals 


15. Defs. Take any fixed measure of an interval, once for 
all. Denote this fixed measure by ~z, and call 
any interval with this measure a‘zmzt’ interval. C 

If a, be measures of intervals and there 
‘are points O, I, A, B, C, such that O, 1, B A 
colline and O, A, C colline, I OA is a right 
angle, BC||IA, pOIl=u, pOA=a, phOB=6b 
then wOC is denoted by ab—the ‘product’ 0 ef B 
of a and 8. nk! 

‘1. If a, 6 be measures of intervals, then ab zs also the 
measure of an interval. 

2, au = d. 

3, ab=c implies c\b~a|u, and conversely (1, 15). 

‘4. If a, b be measures of intervals, ab is uniquely fixed (1't). 


16. If ab=ad then b=d, and conversely. 

Dem. ab=ad=c implies c|bwa|u and c|\d=a|u (153). 
Now use 1°4, 21. 

17. ab=ba. 

Dem. ab=c implies c|=a|u, hence c|a=6|u (3), da=c 


(15°3): 
‘1, If da=da then J=d, and conversely (16, 17). 
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17'2. Note. In the proof of 17 we have used 3 which involves 
Pappus’ Theorem. We shall see later that Pappus’ Theorem is 
essential to the proof (Chapter VIII). 

18. a(bc)=(ab)e. 

Dem. Let IOA’ bea right angle, D, B, E on (OI, D’, F’, 
EC on (OA Leta BOby OG FE’ 
have measures a, 0, ¢ resp. and let 
pOl=u. Let BD'||IA’, OD~= OD". 

Then pOD = pOD'=ab=d (say). F’ 

Let DF’ ||BE’ || IC’; OE = OE’. Then 
wOF’=cd, and hOE=pOE'=cb=e ? 
(say). Hence d¢=e (17). Since OD, © 

OE™ OD’, OE’, we have DD’||EE’ 4 

CV.1%3'5) and thence» by Pappass 107 J a) 22aaee £E 
Theorem BD’ ||EF’. HencelA’||EF’, ae 

which gives ae = wOF’=cd=dc (17). Bute=bc,d=ab. Hence 
the Theorem. 

19. a(6+c¢)=ab+ace. 

Dem. With the figure of 4, let J be on [OS, A on [OS’; let 
2, 0, ¢c, 2 be ‘the measures of OA) OT" OS, OR stecnmeee 
SR OT and IA, TT’, SS’, RR’ be parallel. Then d=4+¢ 
(IV 12:2). The measures of OT’, OS’, OR’ resp. are ab, ac, ad 
and as in 4, ad=ab + ac. 

‘I. Ifa, d,, ..., 6, be the measures of intervals then 

a(b,+b,+...+b,)=ab,+ab,+...+ab, (1 23°7). 

‘2, And (6,+0,+...+h,)a@=ba+b,a+...+b,a. 

20. [fad=be then a\c~b| a, and conversely. 

Dem. ad= bc means there is a measure x with ad=4, bc=-x. 
By 17 and 15°3, wehaver|a~d|uand +|b~c|u. Henceby 6. 

‘I. Notation. We shall often find it convenient to write AB 
instead of «AB. Thus we shall usually write AB.CD for 


MAB. wCD, and ~ AB for ~. wAB, zx being a natural number. 


If a= AB, we write a* for aa, and AB? for pAB. AB. Thus, 
again, if X is mid AB, we write }AB for wAX. 
‘2. If a, 6, x be measures of intervals then 


(a+ bP =a?+ 2ab4 8. 
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20°33. And (a—df=@+6—2ab ifa>d. 
‘4. And a@—&=(a—b)(a+d) ifa>d. 
5. And a<d implies ar < dx and a?< 8 


These all follow from the algebraical laws that we have established 
for the measures of intervals. It does ot of course follow from these 
laws that these measures are real numbers; for instance these measures 
are not yet a continuous set. Note also that the measures are signless. 


21. If x be a natural number and a, b measures of intervals 
then na.b=a.nb=n (ab) (112, 20, 19'1). 


I I 
1. Also a.7u=— ail ators | 


Eee yh oe 
2. And a. b=" a.b=— (ab) (112, 20). 


‘3. Ifa, 6, x are measures of intervals a|d~axr|bx~xa|xb. 

Dem. There is y with ax|dxr~y|u. Hence y (dx) = ax (15'3), 
(yo) x = ax (18), yh=a (171), alow y|u. 

‘4. If ab|cd~u\u then a|c~d|d, and conversely. 

Dem. ab\cd~u\u implies ab=cd (2) whence by 17, 20. 

5. a|\6~2x|y implies ac| bd~ xc | yd (3, 3). 

6. Ifa|d~x|y and cl|d~z|w, then ac|bd~xz2| yw ('5). 

7. Lf a be a measure of an interval, there ts a measure, which 
may be denoted by a, such that a.a*=a.a=u. 

8. [f ad= bc then a.c*=b.d~ and conversely. Comparing 
with 20 we see thata\c~b|d and ac = ba imply each other. 


Thus we could have erected the Algebra of intervals first, and then 
have deduced the theory of proportion as a theory of equations of 
type ac = bd". 


Applications. The Theorem of Pythagoras. Circles 


CLD Gs ABC bea right angle and BD1.AC, D on AC, then 
AB?=AD.AC, and BD?=AD. DC. 

Dem. [ACD] is impossible since it gives uBCA >uBDC= w/2 
(IV 60) which is impossible since ABC is a right angle 
(VI 8°3). Similarly [DAC] and D=A, C are impossible, and 
hence [ADC]. From this it easily follows that DAB ~ BAC 
and BDA~CDB. The first gives AD| AB~AB|AC (10) 
and so AB?=AD.AC (20). Similarly for the second. 
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23. Pythagoras’ Theorem. /f ABC is a right angle then 
AB?+ BC?= AC». 
Dem. With the construction of 22 we have AB?=AD.AC 
and similarly CB?=CD.CA. But since [ADC] we have 
pAD + wCD=pAC (IV 12°3). Then 19 gives the Theorem. 


Note. It is hardly necessary to remark that no question of areas 
has yet arisen. 4B? is the measure of an zntervad. 


‘1, If A, B be fixed points, the set of points X such that 
AX?— BX? is a fixed measure, is a line perpendicular to AB. 

Dem. If XY1AB, Y on AB then, by 20°4'5, 23 

AX?—BX?=AY?+ YX?—(BY?+ YX?) 

=AY?—BY?=(AY+BY)(AY—BY)=AB.2MY, 

where M is mid AB, by IV 14:4 and the theory of addition and 
subtraction (IV 13, I 20). Hence w»MY is a fixed measure 
(17°1) and since AY >BY (by hyp.), therefore Y is a fixed 
point. 

24. The. and Def. If in triangles ABC, A’B’C’ we have 
x ABC= A'B'C’, x BCA= B’'C’A’ or if we have 

x ABC™=C'B'A'’, x BCA=A'C'B' 

then the triangles are similar, in the first case ‘dzrectly, in the 
second ‘zzdzrectly, 


25. If A, B, C, D be cyclic and BC, AD meet in O then 
AO.DO=B0.CO. Conversely, if [AOD]|[BOC] or [ADO][BCO}] 
or [OAD] [OBC] and AO.DO=BO.CO then A, B,C, D are 
cyclic. 

Dem. For the first part, x ABC™ ADC (VI 25). Hence 
x ABO=ODC. Also x BOA™COD. Hence ABO~CDO, 
AO|BO~CO|DO, AO.DO=B0.CO. The second part follows 
from 11°3, or indirectly. 

‘1, If OA touches the circle ABC at A, and O, C, B colline 
then OA?=OB.OC. Conversely if 0A2=OB.OC and B is on 
[OC then OA touches the circle ABC at A. 

Dem. For the first part ¥ C6A~CAO (VI 26), BOAZCOA. 
Hence OBA ~ OAC, OB|OA~OA|OC, OA?=OB.0C. The 
second part by 11:3, or indirectly. (Here again we see the 
advantages of the cross.) 
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Harmonic Ranges 


26. If7, s be measures of intervals and 4B a given interval, there 
is a point / with [4B] and AF| #B~r|s, and if r>s there is a 
point G with [ABG] and AG| GB ~r|s. 

Dem. Let Z be a point not on AB , 
and let C, D be on [AZ with pAC=z, 
pCDe=s, [ACD]. Let CF||DB, F on C 
AB. Then by 11 and VI 3, F& satisfies 
the conditions. For the second part, 
since 7>s there is a point W on A-C 
with uCWe=s; let CK|| WA, then CK A 
meets AB in a point G satisfying the F B 
conditions. Fig. 82 


27. Let ACB be a triangle and [ACX]. Let [CY bisect ACB 
or XCB and meet 4B in F then AC|CB~ AF|FB. 

Dem. Let DB||CF then DB meets 
AC in PD, say, and (using the cross) C 
x DBC=FCB=ACK=ADB=CDB. 
Hence CD=CB and by 11, 

AC|CD~AF| FB. 

‘1. Def. If A, F, B, G colline, and 
AG|GB~AF|FB and F£G, then 4 Bo i 
the ordered set of points (4, 7, B, G) Eiae3 
is called a ‘harmonic range’ and F, G are said to ‘separate A, B 
harmonically.’ We have orders [AFBG] or [AGBF'). 

‘2. There are points which separate two given points harmonically 

26). 
x If #, G separate A, B harmonically, then 4, B do so for F, G. 

Dem. AF|FB~AG|GB implies #A| AG ~ FB| BG. 

-4. If ACB be a triangle, % G on AB and [CF, [CG bisect 
CBX CB where [4 CX], then A, B separate 4% G harmonically. 


(27, 27°1-) 


Xx 


The Theorems of Menelaus and Ceva 
28. If ABC bea triangle and D, Z, / be on BC, CA, AB resp. 
and not at 4, B or C and if DEF colline, then 
AL BDL Cha fB.UCELA. 
Dem. Let AL, BM, CN 1 DF with LZ, M@, Non DF. Then 
AF|FB~AL|BM, BD|DC~BM|CN, CE|EA~CN|AL (10). 
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Hence 
AF. BD.CE|FB.DC.EA~AL.BM.CN|\BM. CN. AL~uju | 


by 21°6, 17, 2°2, and the Theorem follows by 2°22. 
28:1. If ABC be a triangle and D, 2, / be on BG, CA, AG 
resp. and not at A, B or C and if AD, BE, CF concur (in O say), 


then AF. BD. CE=FB.DC. EA. 
A 
Lh Ne 


A ste Naa 8 D Cc 
Fig. 84 Fig. 85 


Dem. By 28 applied to the triangle 44D and the line FOC, 
we have Af. BC. DO=F8B.CD.OA. By the triangle ACD and 
the line HOB, we have AO. DB.CE=OD.BC.EA. Whence 

AF. BC..DO.AO. DB. CE=fS: CDV0AL OD IWC 
Then 17, 18, 16 and I 20°81 give the Theorem. 

‘2. If ABC be a triangle and F be on| AB, E on AC and FE|| BC, 
and if FC, BE meet in O, then AO meets BC in its mid-point D, say. 

Dem. Let BH'\| FO, Hon AO. Then easily 4f| AB~ AO| AZ, 
AF|AB~AE\|AC. Whence BOCA is a 
parallelogram, and the Theorem follows. 

°3, Lf ABC be a triangle and D the mid- 
point of BC and O be on [DA then CO, BO 
meet AB, AC resp. in points F, E such that 
FE \| BC. 

Vote. These Theorems are important in the 
theory of constructions. They could be shewn : 
like the next from 28, 281. 7 


29. If ABC bea triangle and D, Z, F be on BC, CA, AB resp., 
and AD, BE, CF meet in O, and FE meet BC in G, then D, G 
separate 4, C harmonically. (Apply 28, 28-1 to triangle 4BC, using 
the method of 28:1.) 

‘1. Vote. This Theorem is of great importance in projective 
geometry where it figures as the harmonic property of the complete 
quadrilateral. Suppose we make our Euclidean space projective, then 
in 28°2 the lines HZ, BC meet in an ideal point X. If then the 
mid-point of BC and the ideal point Y on BC be taken to separate 
&, C harmonically (by extending the definition), 28-2 will be a special 


A 
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case of 29. If we attempt to reconcile this extension with 27:1 we 
shall have to put BX | XC~u|u, but as we have not defined BOX, 
this will have to be regarded as a pure convention. 

30. Desargues Theorem in a plane, V1 39'2°3, follows Jrom 
O, C, P,. (We shew VI 3972.) 

Dem. If AX, BY, CZ concur in O then since AB || XY and 
BC|| YZ we have OA|OX ~ OB|OY (11, 3), OB |OY ~OC|OZ. 
Hence OA|OX ~OC|OZ and AC||XZ. If AX, BY, CZ are 
parallel we have AB™ XY, BC™ YZ (VI 5) and ABC™ XYZ 
(VI 7, 34). Hence AC= XZ. Also AX™ BY™CZ. Hence 

AG || XZ (V1'5°2). 

(We have not used VI 5°3 because the proviso raises 
difficulties.) 

Hlomotheties and Translations 


§ 2. Basis O P or A’ P or, if the figures are all in one plane, 
then Desargues’ Theorem and O, P or A,’ P. 


31. Jf DA, AB, BC go not through O and be parallel to 


A AD’, B’C’ resp. where D’, p’ 

A’, B’, C’ ave on OD, OA, OB, OC 

resp. then CD||C'D’. 2 Wy 
Dem. If B be not on OD, then / 

Desargues’ Theorem on triangles 

DAB, D'A'B’ gives DB||D'B’ and, 5 o7 

then on triangles DBC, D’B’'C’ Fig. 87 


gives CD||C’D’. (The cases when BD= AB or BC are trivial.) 
If B be on OD, let E be not on OD or on OC and let AE || A’E’ 
with E’ on OE. Then as above, EC||£’C’, and ED||E’D’ by 
triangles EDA, E’D'A’. Hence CD||C’D’ by triangles ECD, 
E'C’D’. Note that C may be on OA. 

-'. If DD’, AA’, BB’, CC’ are parallel and DD’+A4’, 
AA’+ BB’, BB’+CC' and DA, AB, BC are parallel to D’A’, 
A’B', B'C' resp. then CD||C'D’. 

32. Defs. If A’ is on OA, the ‘homothety’ (0, AA’) is a (1, 1) 
transformation of points of a plane or space into points of the 
same plane or space, in which the ‘centre’ O corresponds to 


itself, A is transformed into A’, and a point B not on OA 


FEG 12 
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into a point B’ on OB such that AB|| A’B’, and a point C +0, 
A, on OA, is transformed into a point C’ on OA such that 
BC ||B'C’, 

If A+’, the ‘translation’ AA’ is a (1, 1) transformation of 
points of a plane or space into points of the same plane or 
space, in which A is transformed to A’, and a point B not on 
AA’ into a point B’ such that AB||A’B’ and AA’|| BB’, and 
a point C on AA’ is transformed to a point C’ on AA’ such 
that BC || B’C’. 

The position of C’ in both the homothety and the translation 
is determined by C alone and is independent of B (31, 31°1). 

If A=A’ the ‘translation’ AA’ is identity. 


33. A homothety or a translation transforms a line (plane) 
into a parallel line (plane). 

‘1, And if A, B, C be transformed into A’, B’, C’ then 
AB||A'B’, and [ABC] implies [A’B’C’]. 

‘2. The product of two homotheties with the same centre 
is a homothety with that centre. The product of two transla- 
tions is a translation. 

*3. The product of any two homotheties is a homothety or a 


translation. We do not need this. It is easily shewn from the projective 
form of Desargues’ Theorem. 


§ 3. Basis O C P, (which implies Desargues’ Theorem). 


RAL Ayer are transformed to X', Y', Z' by the homothety 
(O, AA’) then XO,XY™ NOL NEA PE YX,YZ= VIX Vi ze 
AY AY, ~OAG OA GY CRY 2 peerak val Ve 

Dem. V1-3,13'1, 7; 1V 96 (for space)eVAIT tore: 

Note that in the homothety we can have either [AOA’] or 
[OAA’]. 

‘1. If X, Y, Z are transformed to X’, Y’, Z’ by the transla- 
tion AA’ then 


XX'\|AA', XX'™ AA' (VI 5), YX, YZ™ V'XY’'Z' (30). 
‘2. A transformation of points into points whereby O is 
unchanged and A becomes A’ on OA, and B becomes B’ on 


[OB or OB] according as A’ is on [OA or OA], and where 
OA|OA'~ OB | OB’, is the homothety (O, AA’). 
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35. By a homothety (centre O) or a translation, a circle becomes 
a circle, a sphere a sphere, whose centre P' is the transform of 
the original centre P by the homothety or translation. 

Dem. Fora circle in a plane through O and for a sphere 
this follows by 34, 341. For a circle in a plane not through O, 
we can draw two spheres meeting in the circle; these transe 
form into spheres with at least two common points, and hence 
which meet in a circle (V 20'4). That the centres correspond 
is easy to shew. 

‘I. A circle or sphere with a tangent line or plane is trans- 
Sormed into such by a homothety, or translation. 

Dem. Centres become centres (35) and the angle between 
any two rays is congruent to the angle between the trans- 
formed rays (34). 


Crosses between Coplanar Circles 


36. Defs. If two circles C,, C, meet in P the ‘cross’ (C,, C,) 
at P is x (PT,, PT.), where PT,, PT, are the tangents at P to 
C,,C, resp. If C,, C, also meet at Q, it is easy to shew that 
x (PT,, PT,) is congruent to the cross opposite to x (QTy’, QT?’) 
where Q7,’, QT,’ are the tangents at Q to C,, C,. (Join the 
centres of the circles to P and Q and use IV 72, 76, 77.) 

If a line Z and a circle C meet at P, the cross (/, C) at P is 
x (/, PT) where PT touches C at P. Similarly for (C, Z). Ifa 
cross between two circles, or a line and a circle, is a right-angled 
cross the figures are ‘orthogonal’ to one another. 

-1. If two circles are orthogonal, the radius of one to a point 
of meeting touches the other there. 

‘2, If the radius of one circle to a point where it meets a 
second circle touches the latter, the circles are orthogonal. 

-3. If two circles are orthogonal, the centre of each is outside 
the other (V 6'1). 

‘4. If circles C,, C, meeting at P become by a homothety 
circles C,’, C.’ meeting at P’ (corresponding to P), the cross 
(C,, C,) at P is congruent to the cross (Cj’, C,’) at PB” (Cf. 


hv, 162272.) 
-s, By a homothety orthogonal circles become orthogonal 


circles. 
12-2 
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Inversion and the Inversion Plane 


37. Defs. and Thes. An ‘inversion’ with respect to a given 
circle or sphere, centre O and radius of measure &, is a trans- 
formation which transforms a point P+O into P’ on [OP with 
OP .OP'=. Thus O has zo corresponding point, and points 
on the given circle or sphere correspond to themselves. 

If P is transformed to P’, then P’ is transformed to P and 
P, P’ are ‘inverse’ points with respect to the circle or sphere. 

P, P’ are ‘znverse’ points with respect to a line or plane if 
the latter is the right bisector of PP’. For the present we 
denote the inverse point of X, etc., by X’, etc. 

‘1. The inverse of a line AB with respect to a (coplanar) 
circle, centre O, 1s a circle through O, 
omitting O, which ts supposed not on AB. 

Dem. Let OPLAB, with P on AB 
and let OP :OP’=0OA.OA'=# with P” 
on [OP and A’ on [OA. Then A, A’, 
Pook are CYCUC. Nence rads “A 

x OA'P’= AA'P’= APP’ (VI 25). Fig. 88 


Hence OA’P’ is a right angle and A’ lies on a circle with 
diameter OP’. Conversely every point save O on this circle is 
on the inverse of the line. (Cf. *5.) 

‘2. The inverse of a plane with respect to a sphere, centre O, 
(O not on the plane) ts a sphere through O, omitting O. 

"3. The inverse of a circle centre P, not through O, with respect 
to a sphere, centre O, ts a circle. 

‘4. The inverse of a sphere centre P, not through O, with 
respect to a sphere, centre O, ts a sphere. 

Dems. *3, ‘4. First let the circle, centre P, lie on a plane 
through O and let A, B and likewise C, D be points on the 
circle collinear with O, then 


OA.OB=0C.0D, OB.OB’'=O0C.0C’=OD.O0D’, 
OA|OB’~OA.OB|OB.OB’~ OC .OD|OD.OD'~ OC | OD’ 


(21°3) and A is on [OB=[OB’ or on OB] =OB’] according as 
C is on [OD=[OD’ or on OD]=OD"’] (V 4:2°3). Thus D’ 
corresponds to C in the homothety (O, AB’) (34:2). Hence as 
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C describes the circle centre P, D’ describes a circle whose 
centre P’ corresponds to P in that homo- 
thety (35). By considering planes through 
OP we now get ‘4. Next, a circle is the 
meet of two spheres, and their inverses 
aré spheres (4) which meet in at least two 
points and hence in a circle. This gives ‘3. 

37°5. The fact that the inverse of a line 
or plane is not a complete circle or sphere 
is extremely awkward if a succession of 
inversions is performed. It is ultimately 
due to the fact that in inverting with 
respect to a sphere, centre O, no point 
corresponds to O. We shall remedy this 
defect in the piane—a similar remedy 
serves for space—by adjoining to the pre- 
vious points of the plane ove ideal point 
only, which is not to have any relation of order with the 
ordinary points; i.e. [ABC] is meaningless, if A or B or C is 
the ideal point. 

Defs. When this ideal point is adjoined, a plane so enlarged 
is called an ‘zmversion plane. A ‘tine’ of an inversion plane is 
a set of points satisfying II 3, together with the ideal point. 
Thus parallel lines in an inversion plane are those which have 
no common point save the ideal point. Lines and circles of 
an inversion plane are called ‘cycles.’ The ‘znverse’ of the ideal 
point with respect to a sphere, centre O, is to be taken as O 
whether O is or is not on the plane. The ‘centre’ of every cycle 
which is a line, is the ideal point of the plane. 

‘6. The inverse of an inversion plane a with respect to a 
sphere, centre O not on a, is a (complete) sphere through O, and 
the cycles on the inversion plane become circles on the sphere. 

7, The inverse of a cycle in an inversion plane a with respect 
to a cycle which lies on a, ts a cycle of a. 

38. Lf two coplanar cycles meet and be inverted with respect 
to a cycle, centre O, lying on their plane, then a cross between 
the cycles is congruent to the opposite of the corresponding cross 
between the inverted cycles. 
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Dem. This is easily shewn when O is the ideal point. Next 
let the inverting cycle be a circle and first suppose the two 
coplanar cycles are also circles. The Theorem follows in this 
case, because the homothety of 37:4 Dem. makes corresponding 
crosses congruent, when we use the remark in 36 about the 
crosses at P and Q. 

If the two coplanar cycles be non-parallel lines, then with 
the notation of 37°1, if A’T be the tangent at A’ to the circle 
OA'P’ we have ¥ AA’T™ OA'T=OP’A’= PAA’. Taking 
another line through A, we have the Theorem in this case, 
since by IV 77, x T,A’A@™ A’AP, and ¥ AA'T,= P,AA’ imply 
x7, A’T,= P,AP,. 

Similarly for a line and a circle which meet, or for two 
parallel lines. 

38:1. Orthogonal cycles invert into orthogonal cycles by an in- 
version in their plane. 

‘2. If P,Q be on a circle, centre O', which meets a circle, centre 
O, orthogonally and O, P, Q colline, then P,Q are inverse with 
respect to the circle, centre O. 

Dem. O is outside the circle, centre O’ (36°3), hence Q is on 
[OP and the Theorem follows by 36°1, 25°1. 

3. If P,P’ be distinct inverse points with respect to a cycle K 
then any cycle through P, P’ meets K orthogonally. 

‘4. If two cycles through P, Q meet a cycle K orthogonally 
then P, Q are inverse points with respect to K. 

Dem. If K is a circle, centre O, then OP meets the two 
cycles in the same point, viz. the inverse of P with respect to 
K (2). This point must be Q since two cycles cannot meet in 
three points. 

5. If a Theorem involves only the determination and inter- 
section of lines and circles and the congruence of crosses 
between them, and it is shewn for the Euclidean plane, it will 
be true in the inversion plane when lines and circles are re- 
placed by cycles, and thus it will be true in the Euclidean 
plane when lines are replaced by circles through a point; and 
a slight extension of the above theory shews it is true on the 
sphere when cycles are replaced by circles. This is the basis 
of the well-known generalisation by inversion. 
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39. A cycle K and two inverse points P,Q become, by inversion 
with respect to a cycle of their plane, a cycle and two inverse 
points. 

Dem. Any cycle C through P, Q (supposed distinct) meets 
K orthogonally. Hence through P’, Q’ pass at least two 
cycles C’ meeting K’ orthogonally. Hence the Theorem (38°4). 
In particular— 

‘1. If P,Q be inverse points with respect to a cycle K then by 
enversion with respect to a circle C, centre P, K becomes a cycle 
K’, and the inverse of Q with respect to C becomes the centre of 
Kk’. (P and Q may coincide.) 

‘2. If His the inverse of D with respect to a circle on diameter 4B, 
and # be on AB then D, & separate A, B harmonically (20, 4°3). 

‘3. Def. If £ (+ 0) is the inverse of D with respect to a circle C, 
centre O, the line through £& perpendicular to OZ is the ‘folar’ of 
D with respect to C, and D is the ‘o/e’ of the line. 

‘4. If Z is outside a circle Cand ZP, ZQ be tangents to C from 
£ touching C in P, Q then PQ is the polar of £ (22). If & be on 
C, then the tangent at Z is the polar of Z. 

*5. If the polar of X goes through Y, the polar of Y goes through 
X (25). 

‘6. If ZX be the polar of J with respect to the circle C, centre O, 
and DX meets C in Y, Z then X, D separate Y, Z harmonically. 

Dem. Let £ be on OD then £, D are inverse points with respect 
to C. The circle C’ on diameter XD goes through # and D and 
hence meets C orthogonally (38°3). Thus since C through Y, Z meets 
C’ on diameter DX orthogonally, therefore Y, Z are inverse points 
with respect to C’ (38°2). Hence by -2. 

"7. (Fig. 90.) Lf two lines through y 
a point E, not on a circle C, meet C rc 
in F, Gand in H, K resp. and FR, 

GH meet in X and FH, KG meet Fr 
in Y, then XV ts the polar of E (‘6 
and 29). G 

Thus if we can construct the meets 
(if existent) of a line and a fixed given 
circle, we can by drawing lines alone, 
construct the tangents to that circle 
from an outside point. The theory of 
such constructions will be exhaus- ; 
tively dealt with later. Fig. 90 
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Radical Axes 


4o. Def. If P be not ona circle C, and a line through P meet C in 
R, S then the ‘sower’ of P with respect to C is PR. PS if S is on 
[PR and is — PR. PS if [RPS]. As we shall not add powers the 
minus sign has no algebraic significance, but is merely a distinguishing 
mark like a dash. 

The power of P depends on P and C only (25). 

If two circles meet we shall adopt the convention that the power 
of a point of meeting shall be the same with respect to both circles. 

‘tr. If P be outside a circle C and PT be a tangent to C at 7; 
the power of P with respect to Cis PZ”. 

‘2. The power of P with respect to a circle (O, &) i.e. @ circle of 
centre O and radius of measure k, is apart from ‘sign’ the difference 
between OP? and #’. 

Dem. Let P be inside the circle and let PO meet it in R, S and 
suppose [POR]; then PR. PS=(OR + OP) (OR- OP) = — OP? 
(20°4). Similarly if P be outside the circle. 

°3, If a point have equal powers for two circles it is on both or 
outside both or inside both. 

+4. The locus of a point P whose powers with respect to two circles 
are equal, ts a straight line perpendicular to the line joining the centres 
of the two circles, the centres being supposed distinct. 

Dem. Let (O, &) and (O’, 2’) be the circles and let £>2'. If P be 
outside both circles ("3) then OP?—% = O'P?—; if P be inside 
both then #?— OP?=- O'P?; if P be on both then 4=OP 
k'=O'P. Hence in all cases OP?— O'P? = #*—? and 23'1 gives the 
Theorem. (The points P do not exist for concentric circles.) 

‘5. Def. This line is the ‘radical axis’ of the two circles. 

‘6. If two circles meet in two points, their radical axis is the line 
through their points of meeting. 

‘61. If two circles touch, their radical axis is the tangent to each 
at the point of contact (V 8-2). 

‘62. The radical axis of two circles with congruent radii is the 
right bisector of (the join of) their centres. 

‘7. Lhe radical axes of three circles taken in pairs are either parallet 
(this includes coincidence) or concurrent (‘4). If they are parallel the 
centres of the circles colline (°4). 

‘71. Def. If they concur the point of concurrence is the ‘vadical 
centre’ of the circles. 

‘8. If the radical centre of three circles lies outside one and there- 
fore outside all (-3), it is the centre of a circle meeting all orthogonally. 
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4l. Lf a set of parallel intervals be projected on a plane the measures 
of the projected intervals are obtained from those of the original intervals 
by multiplying them by a fixed measure less than or equal to u. 

(By similar triangles. Cf. VI 45, 49.) 

‘1. Def. If a line a be parallel to a plane £, and an interval 4 be 
perpendicular to a but not to £, and if 4 projects into J’ on B with 
&'\b~c\|u then c is the ‘parameter’ of the projection of the plane (ad) 


on £. 


CHAPTER VIII 


DESARGUES’ AND PAPPUS’ THEOREMS AND 
THE INTRODUCTION OF CONGRUENCE BY 
DEFINITION 


Introductory Remarks 


Our first object is to erect an algebra of points and an analytical 
geometry on the basis of Axioms O, P, using particularly 
Desargues’ Theorem and Pappus’ Theorem in the forms given 
in Chapter VI. We find that we can proceed a long way 
without Pappus’ Theorem but that this Theorem is needed 
to complete the algebra of points in an important respect 
(commutativity of multiplication). The algebra we give is 
based on Hilbert’s in his Grundlagen, but our proofs are 
much simpler. It may be profitably compared with the algebra 
of Projective Geometry elaborated in Baker’s Prznczples of 
Geometry and Veblen and Young’s Projective Geometry. 

Having set up our coordinate geometry we can establish a 
Theory of Congruence on the basis of Axioms O, P together 
with Pappus’ Theorem and an additional Axiom (Q, in § 4) 
which secures the existence of a sufficient number of points. 
Our object is simply to get some relation between point-couples 
which has the properties enunciated in Axioms C I—VII of 
Chapter IV. It is easy to see that there may be more than 
one relation of this kind. For suppose we know already some 
such relation, so that we may significantly say one figure is 
congruent to another. Take two non-parallel planes a, 8 inside 
which this congruence relation holds. Project orthogonally all 
figures of 8 on to a. If then we call figures on a@ ‘pseudo- 
congruent’ when the corresponding figures on 8 are congruent, 
we easily see that if the congruence relation satisfies C I—VII, 
so does the ‘pseudo-congruence’ relation on a. An analogous 
statement holds for space. 

The fact is that from a point O we can take any three non- 
coplanar rays and on them any three points A, B, C and treat 


CHAP. Vill 1] CONGRUENCE BY DEFINITION 187 


the rays as perpendicular and the intervals OA, OB, OC as 
congruent, and still preserve all our Axioms O, P,C. For any 
other ray OX from O, the point D such that OA is ‘congruent’ 
to OD, is fully fixed by OA, OB, OC. 

Another method, specially applicable to non-Euclidean 
geometry, by which congruence can be introduced on the 
basis of Axioms O alone, is the following: By introducing 
ideal points we make the space projective, and we consider 
transformations in this space which turn planes into planes ; 
then, by requiring these transformations to possess certain 
properties, we arrive at congruent transformations. For this 
investigation we refer to the books quoted above and to 
Schur’s Grundlagen der Geometrie. 

It will be noted that in introducing congruence we use not 
only Axioms O, P but also Pappus’ Theorem and an additional 
Axiom. In Chapter XIII we shall deduce the two latter 
assumptions from a continuity Axiom and O, P,’. 

As we shall need in the next chapter the algebra of the 
Complex Variable, we give in the present a geometric founda- 
tion of that theory and use it at once to shew that the parallel 
Axiom is independent of Axioms O, C. 

Since Desargues’ and Pappus’ Theorems are so important 
in our work we discuss their connection with the Axioms. 
We find that the latter (though deducible from O,, C,, P,) 
cannot be shewn from O,, P and the former, or from O, P; 
but that on the other hand Desargues’ Theorem does follow 
from O,, P and Pappus’ Theorem but not from O,, P alone, 
although (VI 39) it does follow from O, P. Roughly speaking, 
Desargues’ Theorem involves space, and Pappus’ Theorem (in 
our treatment) involves congruence. 

The graphical properties of lines and planes in space can 
all be deduced from O, P and Pappus’ Theorem; and those 
of lines in the plane from O,, P and Pappus’ Theorem (49°2). 


An Algebra of Points 


§1. Basis O P or A’ P or, if all figures are in one plane, 
Desargues' Theorem and O, P or A,’ P. 


1. Def. If O be any point, then (A + B)|O means the point 
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which A becomes by the translation OB (VII 32). We shall 
usually keep O fixed and then write A + B instead of (A + B)|O. 
O is the ‘zero point. 

vi. Jf A, B are given, then A+B 1s fixed and unique 
(given O). (VII 31, 32.) 

2, O+B=B, B+O0=B. 

3. Given A, there is one and only one point B such that 
A+B=0 and tt lies on OA*. 

4. IfA+B=0, then B+A=0. 

5. ILA+0, then A+A+O. 

6. IfA+B=A, then B=O. 


2. A+(B+C)=(A+B)+C. 
Dem. Suppose no threeof O, A,B, aE, A 
C colline. LetE=A+B,F=B+C gk 
and G=A+F. Then OAEB, OBFC, OAGF are parallelo- 
grams and by Desargues’ Theorem GE || FB, GC || EO. Hence 
G=E+C. If any three of O, A, B,C colline, all colline and 
the proof is simple (VII 31°1). 


3. A+B=B+A. 

Dem. If A, B do not colline with O the Theorem is clear. 
If A, B, O colline and 4+B=C, then 
there are points X, Y not on OA with cal <a 
OX, XA, XY||BY, YC, OA resp. (VII 
32). Let AZ||OX, then AZ meets XY 
inoZ, say andsAzZ. AaB YY Geand 
X, Y, Z and A, B, C lie on distinct 9 Ate c 
parallel lines. Hence XB||ZC (VI 3974). E07 
Hence OX, XB, XZ|| AZ, ZC, OB resp. Whence B+ A=C. 


is G 


4. Hence the points of a plane or space form an abelian 
group under the operation +, for compare 1'I'2°3, 2, 3 with 
E22 1123'A'2'4 2. 

It should be carefully noted that we are not assuming any con- 
gruence axioms, but only the basis set forth above. It is also in- 


structive to compare the above with the addition of vectors in 
statics. 


* Hence our present algebra, unlike that in the last chapter, contains 
‘negative’ elements. 
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5. If A+ B=C and O, A, B, C colline and AX, BIeCL 
are parallel and X,Y, Z colline (OX +OA), then X+Y=Z. 
(Figs. 60, 61, p. 145.) 

Dem, Let the parallels to OA through X, Y resp. meet CZ 
in M, L resp. Then since d+B=C we have BM ||OX and 
since B+ A=C we have AL||OY. Since 


OAL BAX, AINYL, LZ, OZ resp. 
we have X + Y=Z. 


6. Def. If O, U be distinct points and A be a point +0 on 
OU then (X.A)|0O,U is the point that X becomes by the 
homothety (O, UA) (VII 32). We shall usually keep O, U 
fixed and then write X.A for (X.A)|0O,U. If A=O then 
shall X.A=O. U is the ‘unzt point’ on OU. 

Note that X . A is defined when X is any point and A zs on OU. 

I. If X, A be given points and A is on OU, then X.A is 
fixed and unique (VII 31, 32). 

mu, Aas 07. OU chen U.A=ASU =A. 

*3. Given A+O on OU, there is one and only one point X 
with X.A=U and it les on OU. 

4. If X.A=U and X,A both lie on OU, then A.X =U. 

5. If X+U be on OU, then X.X+X. 

‘6. If A be on OU, then O.A=O. 


7. If A, B, C be on OU and X, Y, Z on OV+OU and 


UV, AX, BY, CZ be parallel, then Zz 
(A.B)|O,U=C implies (X.Y)|OV=Z. 
Dem. Since UV||BY and (A.B)|0,U Fy is 
= C, therefore VA || YC (VII 32). This y 
with AX||CZ gives (X. Y)|O,V =Z. 
8. limes C be on OU, then O We PTE C 
(A,B) Ge Az (B.C), Fig. 93 


Note that A.B is only defined when B is on OU, and (A.B)C 
only when C and hence B.C are on OU. The Theorem follows 
from the Def. both when A is and when A is not on OU. 

9. E.(A+B)=E.A+E.B when A, B and hence A+B 


are on OU. 
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Dem. Let A+ B=C, E:A=X', EvB3=Y, £1G=Z thea 
if E isnot on OU we have EU, AX’, BY’, CZ’ parallel and 
hence X’+ Y’=Z’ (s). If E is on OU, there are points 
E,, X,, Yi, Z collinear with O, and with UE,, AX,, BY,, CZ, 
parallel and E,E, X,X’, YiY’, 2,2’ parallel, and the Theorem 
follows again by 5. 


10. (A+ B).E=A.E+B.E when E is on OU. 
A+B.E 


LX7\ E 


O AB ABAEBE 0 
Fig. 94 Fig. 95 
Dem. A homothety transforms parallel lines into parallel 
lines (VII 33). 


11. Lf Pappus’ Theorem be true, thn A.B=B.A for all 
points A, B on OU. 

Dem. If A.B=C then there are points V, Y collinear with 
O such that OV+0OA and UV, VA y 
|BY, YC resp. Let AX ||UV with X 
on OV. Thus XA, AV ||BY, YC resp. 
Hence VB|| XC (Pappus’ Theorem) 
and since UV, VB || AX, XC resp. we 
have BA=C. ORY RO Aaa Cc 

‘1. The. and Def. Conversely if Fig. 96 
A.B=B.A=C and A, B and hence C are on OU, then 
Pappus Theorem holds for A, B,C and any points X, Y,Z on 
any line OV+OA. That is, if XA, AZ\|BY, YC resp. then 


ZB\|XC. Three such points A, B, C will be called a ‘Pappus 
triad. 


12. If Pappus’ Theorem be true, the points on OU form a field 
Jor addition and multiplication wherein O, U play the part of 


oO and 1; while if Pappus’ Theorem be not assumed, the points on 
OU still form a quasi-field. 


Dem. Compare 4, 6°1'2°3, 8, 9, 10, I1 with I 23. 


Xx, 
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Coordinate Geometry 


13. Lhe. and Def. If OU, OU’ be distinct lines, a (1, 1) 
correspondence can be set up between the points of OU and those 
of OU’, such that the fields or quasi-fields of points on OU, OU' 
(with zero and unit points O, U and O, U’ resp.) are similar 
for addition and multiplication (1 5), and such that A on OU 
corresponds to A’ on OU' tf and only if AA'||UU' (5, 7). Thus 
the corresponding points can be represented, as far as thetr 
addition and multiplication are concerned, by the same element 
of the abstract field or quasi-field K. This we shall hence- 
forth do, and shall call the corresponding element of K the 
‘coordinate’ of the point ‘zx the scale’ OU or OU’, and we shall 
usually denote it by the corresponding small letter. K repre- 
sents the quasi-field of points ox a line. 


14. Defs. Take three distinct fixed concurrent lines Ox, 
Oy, Oz in space, not all coplanar, and any three fixed points 
distinct from O on them, say U,, U,, U;, as unit points and 
consider the scales on these lines. If P be any point not on 
them, and the parallelopiped be drawn of which O, P are 
opposite vertices* and Ox, Oy, Oz edge-lines*, then if A, B, C 
be its vertices on Ox, Oy, Oz, and a, 6, c their coordinates in 
the scales on these lines, then (a, 4, c) are the ‘coordinates’ of P 
with respect to the ‘axes’ OU,,0U,,OU, or ‘the frame’ OU,U,U3. 
Points in the ‘coordinate plane’ yOz have the first coordinate o, 
and similarly for the other coordinate planes. 

In the same way we can assign coordinates to points of a 
plane by drawing parallelograms. 

If the coordinates of the points of any figure satisfy an 
equation, this is the ‘eguation of the figure.’ 

It will be again noticed that no idea of congruence is assumed. 


15. The equation of a line ina plane Oxy ts ax + by +¢=0, 
where (x, ~) are the coordinates of any point on the line with 
vespect to the axes OU,, OU,, and a, 6, ¢ are constants in our 
field or quasi-field K. 


* This ordinary term is defined in general in Chapter XII. 
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Dem. Vf the line be parallel to OU, or OU,, its equation is 
clearly «=const. or y=const. resp. 
Next let it go through O, let C be a 
fixed point on it, and P any point 
on it, with coordinates (#y). Let 
OAPB, ODCE be parallelograms 
with A, D on OU, and B, E on OU,, 
then AB|| DE (Desargues’ Theorem). 
Let U,F ||DE, AA,||U,U, with F, A, 
on OU,. Then F is a fixed point on 
OU, with coordinate 7, say, in the 9 Y DA 


scale OU, and U,F||AB. Hence Fig. 97 
F.A,=B, that is fa,=d. But a.=a=x and 6=y. Hence 
T= 


Nest let AP be any line meeting OU, in C+O and let 
OL||AP and OXPY bea parallelo- 
gram with X, Y on OU,, OU, resp. 
Mette y anects:C Lil G savant er 
QB || PX with B on OX. Then 
since PC ||OQ we have +=d+<e. 
But /d = y by the first part. fess 
Je=y4+ fe or fe-—y—fc=0, which ° 
is of the required ee 

151. Conversely any equation of the form ax+by+c=0, where 
a,b, ¢ are constants tn our quasi-field K, ts the equation of a line. 

Dem. Vf 6+0 we multiply on the left by 4’, where 6’6=— 1. 


Then Fax—y+'c=0 or Vaxr=y-OF'c, 


Fig. 98 


and the Theorem follows by the argument of 15. 

‘2. Unless Pappus’ Theorem is assumed, it does zo¢ follow 
that xa + yb+c=0 is the equation of a line. 

*3. The lines fr —y—G=0, fy —y —@=0 are parallel (15). 

‘4. Ifar+dy+c=0 and axr+ e +=0 are the equations 
of parallel lines and a, 6, a, d,+0, then by ‘13 and I 22°84. 


Oa=b a, aat=bb", ar~b=ab,, aat=b,b>. 
"5. Def. The ‘coordinates’ of the lines ax + dy +¢=0 (¢+0) 


and ax+éy=o (6+0) and x=0 are respectively (ca, c6) 
and 6a and o. (Cf. 261, 27.) 
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16. Lf OU,U,U, be any frame in space, the equations of any 
line are of the form 
&=ax+b=cy+d or z=cy+d, x =const. or z=ax + 6, y=const. 
or x=const. y= const. 

Dem. The parallels from points of the line Z to OU, are 
parallel to one another and so coplane. The plane in which 
they lie is parallel to OU, (VI 365) and so meets U,OU, ina 
line /’, The corresponding points on Z /’ (in this projection) 
have the same (1, z) coordinates. Hence z= ar+ or x =const. 
along both. A continuation of the same argument shews the 
Theorem. 

‘I. Conversely any equations of the above forms represent 
lines. 

‘2. The lines whose equations are 

@=ar+b=cy+dand z=ar+h=Yy4+d, 
are parallel. The lines whose equations are 
gz=cy+d,,x=const. and z=cy+d,, x =const. 
are parallel. Similarly for other forms of the equations. 

*3, Conversely the equations of parallel lines can be reduced 

to such forms. 


17, If the distinct points P,, P,, P, with coordinates (4,9,%), 
(42220), (3/323) Colline, then there are two constants A, Bin K, 
neither zero, such that 

4A+x,B=2,, 7,A+p7B=y3, %4A+2,B a (1) 
AE sath) aes 

Dem. Let the points be on the line z=ar+b=q+d. 
Then 2,= a7, + 6=cy, + 2, etc. 

Let 2+0, c+0 then %, 4, 4, are unequal; for if e.g. we had 
4, =4,, then would 4 =25-),;= 92, P: =P. 

Our equations now give, 

4—=a(4—h), A-BR=AM—*A%), @=(41—H%)(M—*%)™. 
Hence 
£, — 25 = (41 — 2) i — %) 7" (1 — %) 
= 2, (4, — 4%) 1 (4 — 43) — 2 MH — Ma) (4% — +s) 
that is ZA+2,B = 2, 
where A=1—-(4—%)7 (4-4), B= (4-4) 71 (4 —%).--(2). 
FEG 13 
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Thus A+B=1 
and 
4A+2,B=a7(2z,—-))At+at(e—)B 
=a>(z,A+2,B)—a7b(A+B)=a"2,—a%b 
= a- (4, — 6) =a ax,=4;. 
Similarly, NA+t+pn,B=7s. 
If 2=0 or c=0, or the equation of the line is in one of the 
other forms, the Theorem is shewn in the same way. 
171. The first three relations in (1) will frequently be written 
together as 
PA+P,b=Piot as. PA PBS Py 08. eee (3). 


‘tr. In (1) we have regarded 4, Bas elements of X. But we could 
also treat them as points and use our earlier multiplication by points 
on OU. For then it is easily shewn that, if P,, 7, /; are distinct 
collinear points, there are distinct points C,, C,, C; on OU, and 
points &, A on P,P, such that 


Pie. CoA» Pe esl ee a 


Then will Pyst LAPP A, 
provided that A,+A,=1, 

and C= Gind ConA 
These give C3= G+ (G= G).4,; 


and hence A,=(C,— G)7.(G—G,), 4,=1-—Ag: 


The analogy with (2) is clear; but it is more convenient, seeing that 
C,, Cy, Cz are on OU, to replace them by elements of X. 


‘2. Conversely of (4 j,%) and (%I252) be the coordinates of 
points P,, P,, then any point P, whose coordinates satisfy 


HA+xHB=2%,, ,A+y,B=y;, 2,A+eB=2,,A+B=1 
7s on P,P,, where A, B are elements of K. 
Dem. Let the equation of P,P, be z=ar+b=cy+d. 
Then %™A=ar,A+0A, 2,B=ar,B +B. 
Adding we have 
%=5A+2B=aaA+2,B)+6(4+B)=ax,+6. 
3. P,A+P,B=P,, A+B=1 can be written 
P,+(P,—P,) B =P. 
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18. If P,,P,,P;, P be four coplanar points, and P,, P,, P, do 
not colline, then there are constants A, B, C in K such that 
P,A+P,B+P,C=P, A+B4+C=t1. Conversely, points con- 
nected by the above equations are coplanar. 

Dem. If P,, P;, P;, P be coplanar, then there are points P,, 
P, on the Zines P,P, and P,P, resp. such that P is on the line 
P,P,, and hence there are constants D, E, F,G, H, L in K 
such that 

PiD+P,E=P,, PF +tP,G=P,, PA+P,L=P, 
DEE =T, F+4+G=t1, H+L=t. 
Whence P=P,DH+P,(EH+FL)+P,GL 
and DH+EH+FL+GL=(D+2£)H+(F+G)L=H+L=1. 

‘I. The equation of any plane is ar + dy+cz+ad=0 where 
a, 6, c, dare constants in K, not all zero. (18 and I 30°6.) 

‘2. Conversely any such equation represents a plane. 

‘3. Vote. The use of such equations as (3) above is due to Mobius 
and Grassmann*, but their ‘weights’ 4, B, ... were ordinary real 
numbers. For many examples of the use of non-commutative 
‘weights,’ see Baker, Principles of Geometry. 

‘4. If a,, 6,,¢q+0 and the planes with equations 

axt+ by+c2+a@=0, ax+hy+aqz+aq=0 
are parallel then aa = b0,*= cc 
and conversely. 
+5. Def. The ‘coordinates’ of the planes whose equations are 
ax + by+cz+d=0 and ar+by+cz=0 
and . ax+by=o and r=0, 
where d+0, c+0, 6+0 respectively, are respectively 
(da, db, dc) and (ca, c16) and 6“ a and o. (Cf. 26°1, 27.) 
rg. Since the above can be deduced from Axioms A’, P, we can 
apply the whole theory to Projective Geometry thus: 

Take any fixed plane a in the projective space and define ‘pseudo- 
parallel’ as in VI 40°6. The Euclidean forms of Desargues’ Theorem 
hold when we replace ‘parallel’ by ‘pseudo-parallel.’ The above 
constructions for the sum and product of points apply to points not 
on a, and enable us to shew that lines and planes have the equations 

* Grassmann, Ausdehnungslehre (1862) or Whitehead, Universal 


Algebra (1898). 
13-2 
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above, the points on a being exceptional. These exceptions can be 
removed thus: if (x, y, 2) be the present coordinates of any point 
not on a, then (x, 71, 21, 2%) Shall be a set of ‘homogeneous’ coordinates 
of that point if x=2,2,7, y=y.wy, 2=2, 0,1, +0. 

The points on a shall have coordinates of form (x, y, 2, ©), where 
not all x, y, z vanish; namely, the point where the line 

s=ax+bw=cy+dw (a, c+0) 

meets a shall have coordinates (a, 1, 1, 0) [see 162], and similarly 
for lines with equations of other types. 

The line where ax + dy + cz + dw =o meets a has then the equation 

ax + by+cz=0, W=0. 
For this plane meets a where ax + dy + cz=0 does so (18°4), and the 
line z= 4x =¥y lies on the latter plane if 
ak + bl4+¢=0, 

in which case the point where the line meets a satisfies ax + by + cz =0. 

19't. We can order the points of our projective space not on a 
thus: [P,/,/3] shall hold if and only if either 

Ly Ng <i OL thy > hg > ey OF hy = hg he 

and similar relations hold for the y, z, where (21, 91, 2) (%2) Va) 22) 
and (#3, 3, 2,) are the (non-homogeneous) coordinates of P,, P,, Ps 
resp. Our Axioms O then hold for points zo¢ on a. Cf. VI 41°61. 


Order 
§2. Basis O P. 
In this section order is essential. Consider the points on 
OU ordered by the relation < (O, U) (III 16). 
20, If A<B, there is a point X on [OU with A+ X=B, and 


conversely, 


: Pg ta 
oe Le 
O X A BU A OS Xx 
Fig. 99 Fig. 100 
Dem. There is just one point X on OU with A+ X=B 
and it is constructed thus: let Z be any point not on OU, then 
ABPZ and OXPZ are parallelograms. If A < B then (III 


1601) either (i) A is on [OU and [OAB] or (ii) [AOU] and B 
is on [AO or (iii) A=O and B is on [OU. 
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In case (i) BP and OZ meet in Q say, then [OAB] gives by 
VI 3 successively [OZQ], [BPQ], [OXB]. Hence X is on 
[OB =[0A =[OU. 

In case (ii) since O is on [AB (II 10's), A~P and Z-O meet 
in R say (VI 3'5) and then [ARP] gives [AOX]. But [AOU], 
hence X is on [OU (II 10°54). 

In case (ili) A =O, B=X, hence X is on[OU. Similarly for 
the converse. 

201, If X ison [OU then O<X and conversely (III 16°12), 


21. fJA<B thn A+Y<B+Y. 
Dem. Since A < B, there is X > O with A+ X =B (20, 20°1). 
Hence (A+Y)+X=(A+X)+Y=B+Y, A+Y~Bry. 


eZee xX OUY > O. then X.Y >O, 

Dem. Vf X.Y =Z there are points P, Q such that O, P,Q 
colline and UP, PX ||YQ,QZ resp. Since Y >O, Y is on [OU, 
hence Q is on [OP and Z on [OX. But X >O, hence Z is 
on [OU. 

‘rt. If X~O, Y<O, then X.Y>O, 


23. The points on the lineOU form a fully ordered quast- 
field for + x < in the presence of Axioms O, P. (Compare 21, 
e2and 1.24, 25, L116 ff.) 

24. If A, B, C be on OU and [ABC], then AXB<C or 
A>B>C (III 16'5). 

25. If (4;, yi, 2) be the coordinates of P; in the frame 
OU,U,U,, then [P, P.P3] if and only if4,<4,< 4, or 4 >%,>4, 
Or 4, =%=%; with similar relations for y and 2 (VI 3, 3°1). 


Rational Constructions 


§ 3. Basis O P or A’ P, or if the points are all in one plane, 
Desargues’ Theorem and O, P or A,’ P. 


26. Def. If a, a, ..., @, be any elements of our quasi-field 
K, which are coordinates (first, second, or third) of any points, 
then a ‘rational function’ of a, a, ..., % is an expression 
derived from a, @, ..., @, and the element 1 (or #) of K bya 
finite number of additions, subtractions, and left or right-hand 
multiplications and divisions. 
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26'1. The coordinates of the join of two points in the plane 
OU,U, are rational functions of the coordinates of the points. 
The coordinates of the meet of two lines in OU,U, are rational 
functions of the coordinates of the two lines. Similarly for the 
plane through three points or the meet of three planes in OU, Us: 

Dem. We will shew the first part. If the join of Pi (4) 
and P, (%.y,) goes through O, then P,P, has an equation of the 
form 
ax + by=0. 

Let 5+0, then clearly d¢9a=—y,%7=—y.%,1, But if the 
equation of P,P, is 
ax+by+c=0, (¢+0) 


then ax, + by, +6=0, ax%,+by.+c¢=0. 
If then, for example 1, 7+ 0, 71, #o+0,we have 7; + 427 
and a= (pt —W) MP7 — HI) 


Sb re=7A Wt me) (Chlaess 
Similar investigations complete the Theorem. As we are 
not assuming Pappus’ Theorem, we must zo¢ assume that 
multiplication is commutative. 


27. If [P] be a set of potnts in the plane OU,U, whose 
coordinates are the elements ay, Az, ..., Gn Of K, then those potnts 
whose coordinates are rational functions of a, Ay, ..., Ay, and 
only these, can be constructed from |P], O, U,, U, by the con- 
structions a, b, c, p where p is as follows :— 


p. Given any line and any point A not on it, we can draw 
the parallel through A to the line. 

Dem. That only such points can be so constructed follows 
easily from 261 and 15°34. That such points can be so con- 
structed is clear, since we can find on OU, points whose 
coordinates are a, a, ..., @ in the scale OU, (13), and any 
rational function of these can be constructed by 1, 6 noting 
13, 6°3°4. The extension to points of space is clear. 


‘1. If A, B, C be points on a line and B be not mid AC, we can 
find by a, b, c the point D such that B, D separate 4, C harmoni- 


cally (VII 29). Hence the coordinates of D are rational functions 
of those of A, B, C. 
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27°2. In Projective Geometry the construction 27 can be per- 
formed by a, b on the basis of Axioms A, or of A, and Desargues’ 
Theorem. 


Introduction of Congruence by Definitions 


§ 4. Basis O P and Pappus’ Theorem together with Axiom Q, 
below. For figures all in one plane we could also work on the 
basis of Axioms O,, P, Q, and Desargues’ and Pappus’ The- 
orems; but see 50 below. 


28. Since we now assume Papfpus’ Theorem and Axioms O 
our coordinates are elements of a fully ordered field (12, 23). 
We shall, if necessary, so enlarge this field that if @ be in it, 


so is Vi+a*% Hence, if a, 6 are in the field so also is 
avit blapa=Ve+h. 


‘1. Note that if a, +0 then a?+0?>0 (22, 21). Our field, 
so enlarged if necessary, we shall call 0,. 


Axiom Q,. [f«,y, 2 be any numbers in Oy, there is a point 
whose coordinates are (x, y, 2) mn the frame OU,U,U, defined as 
in 14. 

We shall see that from O, P and a continuity Axiom 
introduced later, we are able to introduce congruence by 
definition, that is, to define a relation between ordered couples 
of points which has the properties of congruence. We take a 
step in this direction by introducing congruence by definition 
with the present basis. In Chapter XIII we shall shew Pagpus’ 
Theorem and Axiom Q, from the continuity Axiom and 


On P.. 


29. Def. Let us denote always the coordinates of P; by 
(x; i2;) and those of P;’ by (%j' i’ 2’). The ‘destance from P, 
to P2 is defined as the positive value of 


Men — 4) + (91 — Jn)? + Hi — 22)? 


and is denoted by dzs¢ P,P, or by dp. 
Thus dist OU, = dist OU, =distOU,=1; dist P,P,>0 if 


P,+P,. 
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30. If P,, P,, P; colline and are distinct, then 


ad. 
m= 42 (q— nm) Va fis 7. Ws-Iws 
13 13 


Dem. By 17, there is an element & in Q, such that 

R=Nt(H—-nk n=Nnt+nr—-—Ws B=At(e—A)e 
whence 42=(%—%)?+ (#s—r1)? + (2s — A)? 

=#[(%—nP+(n2-ny + 2) ]=h ay. 
The Theorem now follows. 
‘1. Hence if P, be any point on P,P;, then either 
(i) %=4,+ld», Jo=Nit MA, 2,= 2%,+Ndy, 
or (ii) %=%,—ldy, J2o=j1— May, 22 = 2, — Nay, 
_ 43-4 Seas 3 — 3, 


whe l= n=, n= ; 
‘i as ds dis 


and are thus fixed by P, and P;, and where therefore 
P+ne+vW=t, 

If P, be (4 +lde, y+ may,, 2+ nd) and P,’ be (4 — lay’, 
Ji — May, Z—Ndy'), then as dy», Ay’ are varied (both being 
positive by definition), x, clearly remains between x and 2,’, or 
(when 7=0) is always equal to both. The same holds for the 
y and z coordinates, and hence [P.P, P.’](25). Hence the points 
satisfying (i) are on the ray [P, P; from P,, and points satisfying 
(ii) are on the opposite ray. 

‘2, Def. 1, m,n are the ‘dzrection numbers’ of the first ray, 
and —/,—m,—x those of the opposite ray. These numbers 
are fixed by the ray and are not all zero. 


31. If [P,P, be any ray there is one and only one point P, 
on it such that dst P,P, = dist AB where A, B are any given 
distinct points. 

Dem. Since A, B are given points, the number d@zs¢ AB is 
in ©, and the Theorem follows by 30'1 and Q,. 

I. If ast AB=adistCD and dist CD =aist EF, 
then dist AB = dist EF. 

‘2. If [P,P.Ps] and [Q,Q2Q3] and dist P, P, = dist Q,Q, and 
dist P,P,= dist Q.Q, then aist P,P; = dist QQ. 
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Dem. With the notation of 301 we may write, for suitable 
1, m,n 
My at (dig, He = 2+ Lig, CEC. Sec csc scenes (1) 
since fs, 2, are on [P, Ps. 
Now if Z>0 then since d,, >0, we have % >2,. Hence x,>% 
oy and so d3;>d,. Similarly this is true if 7<o and if 
=O0. 


Also dog? = (45 — 42)? + (Ws — In)? + (23 — &) 
= (3 — a»)? 
by (1) since foun eras 
Hence d= + (GZ; — dy): 


Hence either @,. + dz =d)3 OF dys + Ao = Ay, and since all the 
@ are positive and d,; > d,, the last alternative must be rejected. 

Since the same argument holds for [Q,Q.Q3], we have the 
Theorem. 

Bl t.20SL r,t = dist PP}: 

32. Thus Axioms C I—IV hold when A, BC, D, and so 
AB™= CD, is interpreted to mean dist AB = dist CD. 

1. Def. If 4, m,, 2, and 2,, m,, m, are the direction numbers 
of the (distinct and not opposite) rays PP,, PP, resp. then 
Llp + My Mg + 2% is called ‘cos P,PP,; of course this number 
must not be identified at present with the trigonometrical 
function of the angle; but it is fixed by the angle. 

33. If P,, P., P; be three non-collinear points, then 
og? = (_ — %3)? + (Po — Is)? + (Z2 — 25)? 

=(%—-m)+H-%)Pt+.-. 
=(%—m)+.+.4+(4—-%)+.4+.-2[(m—-n) H—m)+-4+-] 
= Oy? + Ay? — 20,.0,, COS P,P, P;. 
Hence if dy, d;,; and cos pega ey be given then @,, is fixed, and if 
Ary, G3, Ae be given then cos P, P,P; is fixed. Hence w7th the 
above interpretation of =, C V follows, and hence two angles are 
congruent tf and only tf their ‘cos’ are equal. 

34. If 4 m, m be the direction numbers of a ray from-L,, 
we can find a ray 4, m, 2, from P,, which lies in a given plane 
P, P,P, whose equation is ax + dy +cz=d, and which satisfies 
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Il, + mm, + nn, =k where # is a given element of {,, provided 
we can find a point P, to satisfy the following equations:— 
axt,+ by,+ c4,=d, 
L(4—4%) +m (Nn-I) +2 (A-%) = k, 
(4-4 t(n-IPt+a-aP=1, 
and for each such point P, there is one such ray. 
But since az, + by, + cz, =a, 
we have a(4y—4) + b(n -I7) +6 (A — 4%) =O. 
Thus we have two simple and one quadratic equation to 
determine i 
4 — 44, Vi - 4g) A 
and hence, if these equations are independent there cannot be 
more than two such rays. But they are independent unless 
k=o and ljla=m/b=nI/c. Hence, since /?+ m? + 2?= 1, (30°), 
they are independent if a/+4m-+cn=o, that is, if the line 
lmn lies on P,P3P3. 
Hence in particular wzth our interpretation of =,C VI follows. 


BoMAlE, P,PP, bea right angle then by definition we have 
P,PP,= P,'PP, where [P,PP,']. Hence with the above inter- 
pretation of congruence, 4,2, + 17,2 + 1M = 1'1, + mm, + my’ Ny 
where 4=-4'; m=—m, m=—n,. 


Hence if POP, be a right angle then 2,/,+ m,m,.+ ™7.=0. 
Hence all right angles are congruent (33) since their ‘cos’ are 
zero, and hence C VII holds. 


In particular, the axes are mutually perpendicular. 


‘1, Thus on the basis of O, P, Pappus’ Theorem and Q, we have 
succeeded in defining a relation between ordered couples of points for 
which all Axioms C hold. Hence all Theorems of Chapter IV hold. 
If we start from Axioms O, C, P, we can deduce Pappus’ Theorem 
(VI 35) and Q, since the latter follows from Pythagoras’ Theorem 
(VII 23), but if, having done this, we then use the above work to 
redefine congruence by means of O, P, Pappus’ Theorem and Q,, 
point couples congruent in the new sense are not necessarily congruent 
in the old. This follows since the unit points may be taken arbitrarily 
on the axes and dist OU;=1. (¢=1, 2, 3.) In fact a circle for one 
congruence is an ellipse for the other. 
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§s. Substitutes for Pappus Theorem 


36. On the basis of O, P alone (or of O,, P, and Desargues’ 
Theorem when in one plane) we were able to set up a frame 
in which each point of space corresponded to an ordered triad 
(yz) whose members were elements of a fully ordered quasi- 
field, but to shew that x, y, z were elements of a field we found 
Pappus’ Theorem necessary (11°1). We can shew this Theorem 
if we assume the following Axiom, with O, P. 

Def. A ‘Pappus net’ is a set of points on a line, any two of 
which are in a Pappus triad composed of points of the set 


PL Ir). 


Axiom. Ox some one line there is a Pappus net such that, 
if any two points of the line be given, there ts a potnt of the net 
between them. Then if OU be the line and O, U in the net, 
there is a Pappus net of the same kind on all lines through O 
(VI 3, 311 and VIII 7, 111). The points of the net on OU 
form a field F, those of the line OU form a fully ordered 
quasi-field in which F is relatively dense (24, I 16°1). Hence 
this quasi-field is a field (I 26°2) and hence Pappus’ Theorem 
holds always (11°1). 


37. We can also deduce Pappus’ Theorem if we assume: 

On some line OU the points whose coordinates in the scale OU 
are rational, are such that at least one of them les between 
any two given points of OU. Cf. I 26°3°4 and VIII 27. 

It would also suffice to assume that our guasi-field on OU 
was Archimedean (1 26°4). 


§ 6. The Independence of Pappus Theorem 


38. That Q, is independent of O, P is plain, since from 
these Axioms we can only reach points whose coordinates are 
vattonal functions of coordinates of given points (27), and a 
sufficiently extensive set of such points will satisfy O, P. 

We shall now shew that Pappus’ Theorem also is inde- 
pendent of O, P by actually constructing a geometry in which 
O, P are true, but Pappus’ Theorem is in general false. 

Consider a fully ordered quasi-field K. A ‘point’ shall be 
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an ordered triad (xyz) of elements of K; the ‘line’ P,P, shall 
be the set of points P satisfying 
P=P,+(P,—P)A 
where A is any element of K, and the equation is interpreted 
asin 17:1. P,, P,, P, shall be ‘in order’ P,P,P, if and only if 
P,=P,+(P;—P)A and o<A<1, 
and then P, is ‘between’ P, and P,. 

Thus of three distinct points on the same line, one and only 
one is between the other two. For let (the A; being all un- 
equal) 

Q:=P,4+(P.—P) Ay 4=1, 23 eee (1). 
Then Q;—Q:=(P2— Px) (As— Ay), 


Q.:=Q: + (Qs — Q:) (As— Ai) Ae — A)). 
Hence [0,922.03] if and only if 
o< (A,—A,)71(A,-—A))< 1. 

Hence if 4,>A, then must 0o< A,—A,<A,—A, and hence 
A,<A,<A,; and if A,< A, then must similarly A, >A, >As3. 

Again (1) gives P, = P,— (Q,— Q.) (A, — A,)7. 

Hence if Q,, Q. are on P,P,, then P, is on Q,Q,. It is now 
easy to see that Axioms O J, II, III, IV, V, VII, VIII and 


the definition of line in II 3 are satisfied. We can define 
plane’ as in II 13. 


381. Any point on the line P,P, is of form 
P,A,+P.A, (A4,+A,=1). 
Any point on the plane P, P,P, is of form 
P,A,+P,A,+P,A,; (A,+A,+A;s=1). 

‘2. We have to shew O VI and P. For the latter let P,P, 
and P,P, be coplanar lines and let P,=P,A+P,B+P,C, 
A+B+C=1. Any point on the line P,P, is P,L+P,M 
where L+ M=1. The lines meet, if at all, where 

(P,A+P,B+P,C)L+P,M 
does not involve P,, that is, at (P,A + P,B) L when CL + M =o, 
that is, when L=(1 —C). 
Hence they meet in one and only one point unless C = 1, 


When C =1, then A =—B and P,=(P,—P,) A+P,, Azo, 
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Hence the linesjoining P, to points P, of the latter form are 
the only lines (in the plane) not meeting P,P,. To shew P fully 
we have now merely to shew that P,, P, and P,’ colline where 
Pj =(P,—P,) A’ +P; where A’ is any element (+0) of K. 
But this is true using ‘1 since 

PAPA’ =P,(Ao— A’. 

38°3. P,P,|| PP, if and only if (P, — P,) H = P, — P, for some 
element H (+0) of K. 

‘4. Itremainstoshew OVI. Let P,, P., P; be non-collinear, 
fet be on P,P, and P, on P,-P; Then, for some A; B 
with o< A<1, o< B<1 we have 

Pi Prt a—P,)A, 
P,=P;,+(P,—P;)B=P,+[(Pi—Ps) + (P2—P,) Al B. 
If the line P,P, meets P,P, then must 
P,+{P,—P,+[P,—P;+(P,—P, A]B}C=P,+ (P,—P.)D 
for some D and C. This gives 
(P,—P,) (i -ABC)+(P,-—P;)(1-—B)C +(2;—P,) D=o 


sade i). 

This is certainly true if Y 

T—ADO = (0 — BY GSD ieee soe taee (ii), 
which give C=[1-(1—A) B}. 

And if equation (ii) be false, we could deduce from (i) an 
equation of form P,; = P, + (P,— P,) H, cont. hyp. that P,, P,, P; 
do not colline. Now o< 1—(1—A)B<1. HenceC >1. Also 
et -AbC<3], D=(1—B)C>o0. Hence P,P, meets the 
open interval P,P,. 

Hence Axioms O, P hold in our geometry. 

‘5. Let the quasi-field K be not a field (I 27°4). Since then 
Comm x does not hold in general we may suspect that Pappus’ 
Theorem does not hold in general, though the situation here is rather 
different from that in 11, since ¢#erve we multiplied foznts, while here 
we are multiplying elements of K which correspond to the coordinates 
of the points in the earlier work. 

‘6. Let us compare the constructions of $1 for the addition of 
points with our present work. If P)— P,= Q,— @Q, then by °3 we have 
P.P'O,Q,. Also Py-Q,=f,- 1, hence 2 Q)7,Q:. Hence 
P,P, Q; Q, is a parallelogram, if P,P, Q, do not colline. Conversely 
by Axiom P, it follows that if P, P,Q, Q is a parallelogram then 
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P,-P,=Q,- Q, and P,+ Q,=P)+ Q, while in the notation of § 1 
we have Q,=(P,+ Q,)|Z. The resemblance is obvious. 

38:7. To investigate Pappus’ Theorem. We first make a 
preliminary remark, If x! 

P,=P,A+P,(1-A) x 
and 

0,=P,A+Q,(1—A) 
then B 
P,-Q.=(:-9)-4), 
where A is now any ele- 
ment of K. Hence if A+1 : 
we have P,Q,||P.Q.. Con- % OF in, Se Q 
versely using Axiom P, es 
if P,=P,A+P,(1—A), and P,, Q,, Q, colline and P,Q,|| P.Q2 
and P,P,+P,Q,, then we find Q,=P,A+Q, (1 —A). 

Now suppose also P;, X be on P,P, and Q2, Q’ on P,Q, and 
P,P;+P,Q,, and let.0,P3, P:Q’,.0'X" be parallel resi 
O;5,-P,0,, 0.f3, and lett P»= PB + P(t —B). 

Then using the remark above we get (using above values of 


ops Q.): 
Q’=P,B+Q,0—-B), X'=P,B+P,(1—B) 


and X=P,A+P;(1—A) since Q,=P,A+Q,(1—A). 
But if Pappus’ Theorem be true, then X =X’. This gives 
o=P,(A—B)+P;(1—A)—P,(1-—B) 
=P,(A—B)+P,B(1—A)+P,(1—B)(1-—A) 
—P,A (1—B)—P,(1—A)(1—B) 
=(P,—P,)(AB- BA). 

But P,+P,. Hence if Pappus’ Theorem be true we must 
have AB = BA, which need not be true zz general for elements 
of K, though it is true for some pairs of elements of K (I 25'5); 
for in I 27°4 we constructed a fully ordered quasi-field which 
was nota field. But Axioms O, P hold in our present geometry. 
Flence Pappus Theorem cannot be deduced from O, P. Of course 
if A, B are ina sub-field of K, e.g. the rational sub-field (I 25'5), 
then P,, P;, X are a Pappus triad and X= X’. 

Similarly the projective form of Pappus’ Theorem (VI 41's) 
cannot be deduced from Axioms A. 


oD 
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§ 7. The Independence of Desargues’ Theorem 


39. We know that Desargues’ Theorem follows from O, P 
(VI 39 ff) and it is easily shewn in the above Geometry*. Now 
we shewed the plane case of Desargues’ Theorem from O, P 
(i.e. we assumed the plane was immersed in space) and not 
from O,, P, and the question arises whether it can be deduced 
from the latter set. We shall shew that it cannot. Consider a 
Euclidean plane and on it mark a ‘horizontal’ line 7 and 
construct a new Geometry as follows. As ‘pseudo-lines’ take 
the horizontal and vertical lines of the Euclidean plane and 
also those which slope to the left, but bend the Euclidean lines 
which slope to the right by halving the ordinates of all their 
points which lie above 7. The set of pseudo-lines so obtained 
satisfy O,, P with an obvious definition of ‘between.’ But 
Desargues’ Theorem does not always hold. For consider two 
triangles below / with their corresponding sides parallel, and 
such that two of the pseudo-lines which join corresponding 
vertices slope to the left and the other to the right. If the 
first two meet, the third does not concur with them, owing to 
its bend. It is easy to free this argument from its intuitive 
stain by putting it algebraically. 

‘I. Desargues’ Theorem does not follow from O,, P and 
the continuity Axiom K of Chapter XIII below. The pro- 
jective form of Desargues’ Theorem does not follow from 
Axioms A 1I...5. 


40. If O,, P and Desargues' Theorem hold in some plane 
we can introduce coordinates so that a point is represented by 
an ordered couple of elements (%, y) of a quasi-field K, and 
three collinear points P,, P,, P,; are connected by a relation 
P,=P,+(P,—P,) A. But we can also build up a Geometry of 
Space satisfying O, P, by taking as a ‘point’ an ordered triad 
of elements of K. If in this space Geometry we consider 
points which have z=0, we get a plane Geometry abstractly 
identical with the plane Geometry we started from. Hence, 
in this sense, if O,, P and Desargues’ Theorem hold in a plane, 


* Hence Pappus’ Theorem cannot be deduced from O,, P and Des- 
argues Theorem. 
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that plane may without contradiction be considered to lie in 
a space whose planes meet it in lines. But if Desargues’ 
Theorem be false in the plane we may not do this, for if the 
plane were immersed in a space in which O, P held, and its 
lines were lines in that space, then Desargues’ Theorem could 
be shewn as in Chapter VI. 

In short, it is only special planes satisfying O,, P which can 
be considered as immersed in space. On the other hand any 
space satisfying O, P can be considered as immersed in a 
hyper-space of any number of dimensions (finite or infinite). 

The same results hold in Projective Geometry and for the 
same reasons. 


The Cartesian Frame 


§ 8. Basis O C P, or, if all points are in the same plane, 
O, C, P;. Hence Desargues’ and Pappus’ Theorems hold. 


41. With constructions of § 1, if X, Y be on [OU then 
X+Y=Z ifand only if OX + wOY =yOZ. If A be on [OU, 
then X.A=Y if and only if OA|OU~OY|OX, that is, if 
OX.OA=OY.OU. This shews the relation between the 
algebra of this chapter and that of Chapter VII. 


42. Def. and Thes. If we take three lines through O mutually 
perpendicular and on them unit-points U,, U,, U; resp. with 


OU,~ OU,~ OU, 


then the frame OU,U,U, is a ‘Cartesian rectangular Gerth 
In it planes and lines have equations as in § 1, while the 
sphere, centre (@, 6, ¢) and radius of measure 7, has the 
equation | 
@w—afvt+(y—bf+e—h=7, 

If (, y, 2) be the coordinates of P and the points A, B, C be 
as in 14, then wOA can be identified with ++ or —x according | 
as A is on [OU or OU], provided A+0. Similarly for I, Ze 
If P, on [OU, and P, on [OU, have the same coordinate in, 
their respective scales then OP, ~ OP, (13). 

Similarly a rectangular Cartesian frame can be introduced! 
in a plane. 
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The Argand Diagram 


$9. Basis O,C,P,. All figures are in one plane and Desar- 
gues’ and Pappus’ Theorems are true (VI 35, VII 30). 


43. The reader is doubtless familiar with the representation 
of ordinary complex numbers on a plane. We are now going 
to define addition and multiplication of points on a plane 
(satisfying the Axioms of our basis) so that these operations 
obey the same formal laws as the corresponding ones for 
complex numbers. 

We define addition of points as in 1, but multiplication 
as follows :— 

‘1. Def. If O be the zero-point and any point U+O be 
taken as ‘unzt-poznt, then if A be on OU we y 
define (X.A)|OU as in 6, where X is any 
point of the plane. But if A be not on OU 
and X be any point +O of the plane, then 
(X.A)|OU shall be the point Y, if and only 
if OUA~OXY and OU,OA and OX;OY 
have the same sense. If X =O then A 

(X.A)|OU 
shall be O, for all points A on the plane. 9 UY 
Cf. 6, 66. ecg 

We keep O, U fixed throughout the discussion, and so omit 
mention of them. 

2. Henceif Y= X.A and X,A+0O, then OA| OU~OY|OX, 
that is, OA. OX=OY.OU, and ether UOA™ XOY and OU,0A 
and One OY have the same sense oy O, U, A colline and 
OVX colline: 

GeeeA.. UU) X= KX; XO=0; X SO; 

es A aN 

Dem. Let A,X +Oand Y=X.A. Then OA|OU~OY|OX 
and (80 OX |OU~OY|0A (VII 3, 1°3). Alse UOA™ XOY, and 
OU, “OA and On OY . have the same sense, hence UOX™ AOY 
and OU, OX and OA. OY have the same sense (IV 78'1), unless 
indeed O, U, X colline and then O, A, Y colline. 

FEG 14 
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44. Let OI LOU, and OI= OU then [?=—U. 

‘1. Def. If X be any point +0, then mod X=P where 
OX ~= OP, P on [OU. Also mod O=0. 

‘2, mod U=U. 

3. Def. If 0, @ be signed angular measures (IV 57'9) then 

0 = > (mod 277) 

means 0—¢ is a multiple of + 27 or o*. 

‘4. Def. If X be any point +0, then 

are X= pUOX or 27 — pUOX or O or 7, 

according as X is in {OU, I} or on the opposite side of OU or 
on [OU or on OU]. 

‘5. mod (X.A)=mod X.modA (43:2). 

‘6. arg (X.A)=arg X + arg A (mod 2m) (IV 57, III 17°86). 

‘7, arg X"=narg X (mod 27), z being any natural number. 


45. The points on OU form a field #. This enables us to 
set up coordinates in the Cartesian frame 
OUI. If the point A have coordinates (a,0) 7, P=A+IB 
then I.A has coordinates (0, a). Hence if 
P have coordinates (a, 6), then P=A+I.B 
where B has coordinates (4,0). Hence all JZ 
points of our plane are of form P=A+J.B ZL) 
where A, B are on OU. Further Q AB 
(mod Py =A? +B? > 
since A*, B? have coordinates (a, 0) and (6%, 0) resp. (VII 23). 

1. Def. If P=A+I.B+0, and 6=arg P, then 

cos @=A/mod P, sin@=B/mod P. 

(Here / is the usual symbol of division in the field F.) 

‘2, P=modP.(cos@+J.sin 6). 

*3. And if é6=argQ then 

P.Q=mod P. mod Q. (cos (@ + ¢)+I.sin (+ 4)) (44°5°6). 

‘4. O<> or=cos@ according as P is in {OJ, U} or on the 
opposite half-plane or on OJ (20°r). 

5. O<> or=sin@ according as P is in {OU, I} or on the 
opposite half-plane or on OU. 


* The reader should note the two distinct meanings of the sign 
‘mod.’ 
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45°6. cos? @ + sin? @ =(A?+ B?)/(mod PY =1. 

7 XAY.Z)=(X.Y).Z (-3 or directly), 

8. X.Y 4+Z)=X.Y+X.Z (congruence and similar tri- 
angles), 

‘9. Lhe points of our plane form a field F, wherein O,U play 
the part of 0 and i. 


46. (X+Z.Y).(P+1.Q) 
=X.P+LY.P+X.1.04+LY.1.Q (45°78) 
= (X.P—Y.Q)4+JI.(Y.P + X.Q) (43°43, 44). 

‘I. Thus all the formal laws of I 28:1:2 hold, noting I 
28°4°31, but as F is not necessarily the real field, we cannot 
identify our algebra with the ordinary algebra of complex 
numbers. 

In view, however, of the identity of the formal laws we shall 
now use small letters for the elements of our fields F and F,, 
and the point whose Cartesian coordinates are (a, 4) will be de- 
noted by the ‘affix’ a+b (cf. 45). We shall also write o, 1 for 
O,U and the general affix (or point) will be written z =x + zy. 


47. If mod g=1, then mod e”=1 for all natural numbers ~, 
and arg 2" =x arg z (mod 27). 
Thus if arg z*=0(mod 277) then arg z= 2rm/n for some 
natural number 7<~z. 
‘1, Hence the points 2 (+1) which satisfy 2" =1 are the points 
2 with mod z=1 and for which arg z has the following values: 
2/2, 41/#,..., (#—1). 27/2. 
These points, uf extstent, are 
cos@+2zsin@ where 0=2rn/n (r=1, 2,...,%—1). 
‘2. The points other than U which satisfy 2" =1 are given, of 
existent, by the roots of the ‘cyclotomic equation’ 
al 
tae 
-3, If mod z=1, argz=6 then z=cos0+7sin @, and by 
he a cos @—7sin 6 
f ~ (cos @ +2 sin 8) (cos @ — 7zsin @) 


thus s+s7=2c0s0, 2*+2-"=2c08 20 (45°3, 44'7). 
14-2 


=cos@—zsin 6, 
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Linear Transformations in the Inversion Plane 


48. We will now make our plane an inversion plane by 
adjoining one ideal point (VII 37°5). To this point shall 
correspond an ideal number denoted by o, and this shall 
be adjoined to our field F,; if a be an element of Fee 
define 


a 
otra=at+w=0,n+o=O, sen tat 
; a 
and if a+o ZO0'= 00 Oe, 100 002 0 = 00. Thus —o=0. 
co oO 
We do not define sar Die and = 


Our field F, with oo adjoined will be denoted by Fy’. This 
is not a field. 

In the following z and z 
shall be elements of F. 

‘I. The transformations 2’ =cz, 2’ =z+d turn cycles into 
cycles; that is, if ¢ describes a cycle so does 2’ (VII 35 and 
congruence). A cross between cycles is turned into a con- 
gruent cross, 


, 


shall traverse F,’, while a, 0, c,d 


: pie ae 
‘2, The transformation 2’ = 7 is the pro- 


duct of inversions in the cycles mod z= 1 

and #=0 (44°56). Thus it turns cycles 

into cycles (VII 37°7), and since the trans- 

formation is a product of ¢wo inversions, a Fig. 104 

cross between cycles is turned into a congruent cross (VII 38). 

°3. The transformation 

 ae+b 
ON EEES 

is the product of the transformations 


(bc — ad + 0) 


&=C8, %=A4t+d, 256%, 24=24, 2,=(bc—ad) %, 


and hence it ¢urns cycles into cycles and a cross between cycles 
into a congruent cross (‘1'2). 


‘4. The ratios of a, b, c,d in *3 can be so chosen that three 
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arbitrary given points are turned into three arbitrary given 
points, and then the transformation is fully fixed. 

48°5. Transformations of the type in °3 exist which leave 
a given cycle unchanged (°4°3). 


§ 10. The Independence of Axiom P,! 


49. We will now construct a Geometry * (Hyperbolic plane 
Geometry) in which O, C, hold, but such that through a given 
point not on a given line, an infinity of ‘parallels’ can be drawn 
to this line, parallel lines being lines which do not meet. Takea 
fixed circle K in our inversion plane. A 
‘point’ shall be a point inside K, a ‘line’ 
shall be the set of points inside K on 
a cycle which meets K orthogonally. 
‘Points’ A,B,C shall be in ‘order ABC’ 
when the cycle ABC meets K ortho- 
gonally in D,E say and B,D separate 
A,C (V 24). Our Axioms O, can now 
be shewn for our ‘points’ and ‘order’ and 
we can define ‘ray.’ The ‘point’-couples 
(A, B) and (X, Y) will be defined to be ‘congruent’ when 
A, B can be transformed into (X, Y) or into (Y, X) by a trans- 
formation of the kind in 48°3 which leaves K unchanged. We 
can now define ‘congruent angles.’ We find that two ‘angles’ 
between ‘rays’ in our Geometry are ‘congruent’ when the 
corresponding crosses in the basic inversion plane are con- 
gruent or when one cross is congruent to the cross opposite to 
the other. It is now a simple matter to verify Axioms C, in 
our Geometry. Axiom P,’, however, is false, since given a cycle 
K, which meets K orthogonally, and a point & not on it, we 
can draw an infinity of cycles through R orthogonal to K and 
meeting A, in points outside K. 

‘1. Axiom P zs independent of Oy, Cy in-so-far as tt asserts 
the uniqueness of the parallel (cf. IV 591). Using ordinary 
complex numbers the same argument shews that P zs znde- 


pendent of Op, Cy and Axiom K of Chapter XIII below. 


* Pointed out by Poincaré, Acta Mathematica, 1 (1882). 
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492. A similar investigation using circles and lines ortho- 


gonal to a fixed sphere shews that P,’ zs 
independent of O,C. NO 
3. The sum of the angular measures of 7 a 


the angles of certain ‘triangles’ in the 
Geometry of 49 is less than z. 
Dem. Consider a ‘triangle’ two of whose 
‘side-lines’ are along radii of K and use 
the fact on ‘congruent angles’ in 49. We Fig. 106 
shall see later (XV 5) that it follows that the sum of the 
angular measures is less than 7 for a// triangles. 


Hessenberg’s Theorem* 


§ 11. Basis A,’ P or O, P. 


50. Since the Theorems of Desargues and Pappus play such 
an important part in our work, it is interesting to note that 
the former though not deducible from A,', P can be shewn for 
triangles in the same plane from these Axioms and Pappus’ 
Theorem. 


Fig. 107 


Given that A,B,,A,B,,A;B;, meet in O, and that 4,4, ||B,B, 
and A,A,||B,B,, we wish to shew that A,A,||B,B,. Draw A,L 
parallel to OB, to meet B,B, in L and OA, in M, and let Che 
meet A,A, in N. 

Consider the points OA,B,, LB,N; we have A,N||B,B., 


A,L|\|OB,. Hence ON||LB, (Pappus’ Theorem) and hence 
ON |\A,As. 


* “Beweis des Desargueschen Satzes,” Math. Ann. LX1 (1904), p. 161. 
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Consider NA,A,, A,5MO; we have A,M||OA,, A,A,||ON ; 
hence NM ||A,A;. Consider OMB,, LB,N; we have OB, || LM, 
ON ||LB;; hence NM||B,B,, whence A,A,||B,B,. Whence 
Desargues’ Theorem follows as stated, since the rest of VI 
39°2°3 easily follows. 

501. Similarly in Projective Geometry on the basis of 
Axioms A, (which do not themselves suffice to shew Desargues’ 
Theorem in its projective form) we can shew the projective 
form of Desargues’ Theorem from the projective form of 
Pappus’ Theorem (VI 41°5) but not vice versa (p. 207 f. n.). 
This follows as in 50, by introducing the idea of ‘ pseudo- 
parallel.’ 

‘2. All graphical Theorems (V1 416) of Plane Euclidean 
Geometry can be shewn from A,',P and Pappus Theorem. All 
graphical Theorems of Euclidean Geometry of space can be 
shewn from A’, P and Pappus Theorem. 

Dem. For on these bases we can erect a complete coordinate 
geometry of lines, or of lines and planes in the spatial case. 

3. Similarly in Projective Geometry, all graphical Theorems 
follow from A and the projective form of Pappus’ Theorem. 

The results of ‘2°3 are among the most important of modern 
Geometrical criticism. 


CHAPTER IX 
CONSTRUCTIONS 


Introductory Remarks 


We have seen in Chapter IV that certain elementary con- 
structions can be performed by a, b, c, d,. Our first object 
now is to shew that when we adjoin P, to O,, C,, we can 
replace d, by a much weaker ‘gauge-construction’: ‘On any 
ray from a certain fixed point to cut off a certain fixed length, 
the gauge, from that point.’ 

We next consider constructions possible by ruler and com- 
passes; we shew that these can be performed if we know the 
intersections of a certain fixed circle and any line which meets 
it, and also that they can be performed by compasses only. 
The ruler must only be used as a straight edge, neither it: nor 
the compasses may be used for transferring lengths; that is, we 
only use the compasses to draw a circle whose centre is given, 
to go through a given point. The same investigation shews 
that Axiom Q, in the presence of O, P, can be replaced by a 
much weaker Axiom concerning the meets of a line and a 
certain fixed circle, but that this Axiom cannot be shewn 
from OCP. 

We next take up the question of the range of constructions 
possible with ruler and compasses and shew that two famous 
problems, that of the duplication of the cube (24'1) and that 
of trisecting an angle (29'1) are insoluble by these means; but 
that regular polygons of z sides can be so constructed if and 
only if z is a product of different primes of the form 27"+ 1, 
multiplied by a power of 2. In fact, gauge constructions 
suffice for this. Here we shall need I 209 ff. 

Hilbert* has investigated the conditions that a problem 

* Grundlagen, §§ 37 ff. Also Landau, “Uber die Darstellung definiter 


bindren Formen durch Quadrate,” Math. Ann. Lvi1 (1903); Siegel, 
“Additive Theorie der Zahlkérper,” 11, Math. Ann. LXXXVIII (1922). 
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should be soluble by gauge constructions, but the investigation 
is incomplete and depends on deep questions of the Theory 
of Numbers, 

We have made great use of Enriques, Fragen der Elementar- 
seometrie, vol, 11, in this chapter. 


Gauge Constructions 
§1. Basis O,C,P.,. 


1. If we have dF ~ FB and [AFB] then by means of a, b,c 
we can draw through any point E the parallel to AB. 

Dem. Find C so that [AEC] (c). Then B-E, C-F meet in 
O, say, and O can be found (a, b). Then BC, AO 
meet in D say, and this point, and hence the © ¢ 
line ED can be found (a), and ED || AB (VII aa AING: 
28°3). Se 

2. Construction d. /fAB be a certain fixed 
interval which we will call the ‘gauge’ and M 
a certain fixed point, then on any ray from M 
can be found a point C such that MC= AB. 

This is much weaker than d, (IV 46). 

By means of abcd in the presence of O,C,P, we can per- 
form the following constructions. 

3. To draw a parallel to any given line l from any point not 
on ¢. (Construction p of VIII 27.) 

Dem. Vf the line goes through M, then on the two rays 
from M can be found points A, B with rc 
MA™MB™ gauge (d) and the construction 
follows by 1. If Z does not go through M, 
let P, X be distinct points on it. On MP 
take A, B and on MX take C, D with x 
MA, MB, MC, MD™ gauge and [AMB], 
[CMD] (da). Through C, D draw parallels B 
to AB by 1, they meet Zin E, F say. Then 
CM~ MD gives EP™ PF (V1 611). And now, by 1,a parallel 
can be drawn to EF from any point not on it. 


4. To perform construction dy, that ts, to cut off from any ray 
AB an interval AC congruent to a given interval XY. 


P B 
Fig. 108 


Fig. 109 
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Dem. If AB||XY draw YC, XC’||XA, YA resp. (3). Then 
YC, XC’ meet AB in C, C’ say and 
AGZACZXY, AlscoyCAcy) for 
C=C’ is impossible since X-C meets Le Db’ Pp 
A-Y (VI 3°3). Thus either C or C’ E 
is on[AB. If AB is not parallel to \/ 
XY, draw AF||XY, AF=XY, by M 
3 and first part. Also make MD’, “ A 
ME’||AB, AF resp. (3) and ME’, eee 
MD’™ gauge (d). By the first part find D, E on [AB, [AF 
resp. with AD™ MD’, AE= ME’. Draw FC||DE to meet 
[AB in C (VI 3). Then since AE~ AD, we have AC™ AF 
(VI 84) and hence AC= XY. 

Whence follows our first important Theorem :— 


SSE 


5. In the presence of O,C,P, all constructions possible by 
abcd, can be performed by abcd. (Cf. IV 46—49, 53.) 

‘I. Since d is a special case of q, (V 18), al/ constructions 
possible in the presence of O,C,P, by abcd,q, can be performed 
dy abcq,. 


6. Lf one point of meeting of a given line and a circle whose 
centre 1s known be given, the other point of meeting (tf the line 
be not a tangent) can be found by abcd (V 4°4 Dem.). 


7. By means of abcd we can draw the radical axis of two 
non-concentric circles when their centres and one point on each are 
known. 

Dem. First \et one of the circles, K, have the centre M of con- 
struction d and radius con- “ 


i 
gruent tothe gauge. Letthe °* =a 
other circle K’ have centre Bie ote 


M’ (+M) and let N’ be a <s 
point on it. If M, M’, N’ emt 
colline, we can find another Bee 

point on K’ by drawing any line +M’N’ through M’ and 
finding the inverse of N’ with respect to it*. Thus we may 
assume M, M’, N’ non-collinear. Let MN||M'N’ and N be 


* The inverse of a point with respect to a line is what is usually called 
the image or reflection of the point on a line. Cf. VII 37 ff. 
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on K (3 and d). If MM’||NN’ then MN™M’N’ and the 
radical axis is the right bisector of MM’ (VII 40°62). If 
MM’, NN’ be not parallel, let them meet in S. Let SN meet 
K again in L (6). (If SN touches K, take L=N.) Let P(+N, 
L) be on K (d) and let SP meet K again in Q (6). (If SP 
touches K, take P=Q.) The homothety (S, MM’) transforms 
M, N into M’, N’ and hence K into K’, and ON Tinto, les 
say, on K’ (VII 35). Then with respect to the lines SN, SP 
we have NPALOQ (see VI 29 ff). But LQ||L’Q’, hence 
NP AL’Q’ and thus NPL’Q’ lie on a circle K”, say. But NP, 
L’Q’ are radical axes of (K, K”) and (K’, K") resp. (VII 40). 
Hence NP, L’Q’ and the radical axis of (K, K’) either concur 
or are parallel (VII 40°7). In the first case, since the radical 
axis of (K, K’) is perpendicular to MM’, it can now be drawn. 
If NP|\L’Q’ then NP || LQ and it is easily shewn that SP= SN. 
If then another point P, be taken on K, distinct from N, L, P 
and the corresponding construction be performed, then 
NP, || LQ, is now false by V 4. 

Next, let the two circles be K,, K, with centres O,, O, resp. 
By the first part we can find the radical axis of K, and our 
circle K of centre M, and also that of K, and K. The radical 
axes of (K, K,), (K, K,), and (K,, K,) concur in X, say, or are 
parallel. In the first case the perpendicular from X on O,0O, is 
the radical axis of (K,, K,). In the second case M, O,, O, 
colline (VII 40°7); then take any circle K,, centre O; not on 
MO,; the radical axes of (K,, K;) and of (K,, K,) can be found 
and these do meet in X’, say, and the radical axis of (Ky, Ke) 
is the perpendicular from X’ on O,0,. 


The Poncelet-Stetner Theorem 
§ 2. Basis O,C,P, (as before). 


We now consider the following construction, which includes 
d as a special case. 


Construction q,. A certain fixed circle k is given in the 
plane and its centre M is known; if any coplanar line meets 
this circle, the points of meeting can be found. 
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8. Let N be aknown point on any circle with a known centre O; 
if any coplanar line 1, two points of which are known, meet this 
circle, then the points of meeting can be found by abcqp. 

Dem. Let M+0, MN’||ON where N’ is on the circle £ of con- 
struction q.. If M, N,O (" 
colline or if ON, Z do not a 
meet, we can find another =] 
point on the circle centre § (4) 

O, by drawing any line 

distinct from MO, through 

O, and finding the inverse Set 

of N with respect to it. Hence we may assume that M, N,O 
are non-collinear and that ON, / meet in H say. 

First, let MO,NN’ meet in S, say, then the homothety 
(S,OM) transforms lines into lines, and a circle and its centre 
into a circle and its centre (VII 33, 35). Hence / becomes 7 
say, the circle centre O becomes the circle 4, and N becomes 
N’ on & Also Z’ can be constructed by parallels since two 
points on Z’ are known, and if /’ meets & the points of meeting 
can be found (q,), and then the inverse homothety (S, MO) 
transforms these points into the points of meeting of 7 and the 
circle, centre O. 

Next, if MO || NN’, the homothety (S,OM) is replaced by 
the translation OM, and the argument is as before. 

If M =O, the construction is clear. 

9. (Poncelet-Steiner.) lx the presence of OC, P, all construc- 
tions which can be performed by abcq or by abcq, can be per- 
formed by abcq, (V 9, 18). 

Dem. q, can be performed by abcq, (8). If the centres of 
two circles be given and one point on each, their radical axis 
can be constructed by abed (7) and so by abeq,. But if the 
circles meet, they do so on their radical axis and hence the 
points of meeting can be found by abcq, (8). 

10. Axioms O,C,P,Q, imply Q. . 

11. Axioms O,C, P,Q, cmply Q where Q, zs the following :— 


Axiom Q,. For a certain fixed circle a coplanar line 


through a point inside it, meets the circle in at least 
one point. 
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Dems. 10, 11. Clearly we need only shew that if [ABCD], 
the radical axis of circles on AC, BD as diameters meets AB 
in a point X inside both circles. By VII 4off, X is either 
inside both or outside both or on both circles. It cannot be 
on both since [ABCD]; if it be outside both, let [ABCDX] 
then XA.XC=XB.XD. But pXA>pXB, pXC> pxD, 
whence 


XA.XC>XB.XC>XB.XD (VII 20'5) 
contrary to aa AG AD. ALD. 


The Axiom of Archimedes 
§3. Basis 0,C,P,Q,K, or what is equivalent O,C,P,QK, 


where K, is as follows :— 


Axiom K,. (Archimedes.) If AP, XY be any intervals 
then there is a natural number x such that if A,, A,, 
..., A,, are on [AP and 


faaeeA and AA~AA™~. =A A ~xY¥ 
then [APA, |. 


12. Lf this Axiom hold, then the measures of intervals form 
an Archimedean system of magnitudes (I 20°6). 

Dem. Ifa=pXY and 6=pAP, then pAA, =~xa, and since 
[APA,], we have wAA,>pAP. Whence for any measures 
a, 6, there is a natural number z such that za > 6. 


Mascheront’s Theorem 


We now treat constructions from a slightly different stand- 
point, inasmuch as the given things and the things required 
shall be points. Let X (Y) mean the circle X, radius X Y, and 
consider the following constructions. 

zven two pairs of points A, B and C,D. 

(i) To find the point (if any) where the ines AB, CD meet. 

(ii) Zo find the points (if any) where AB and C (D) meet. 

(iii) To find the points (if any) where A (B) and C (D) meet. 
(Construction q of V 9.) 
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13. (Mascheroni.) Constructions (i) and (ii) can be performed 
by (iii) provided that a point can be found not on grven lines or 
circles. 

Dem. Let us assume that only (iii) can be performed, then: 

‘1, If A, B be given points, a point C can be found such that 
[ABC], AB= BC. For find the meet D of 
B(A) and A (B), the meet E+A of D(A) oe 
and B(A) and the meet X+D of E(B) 
and B(D). The triangles BAD,BDE,BEX , 2 As 
are equilateral, and hence wABD, DBE, 4 8 x 
EBX= a/3. But A,£E are on opposite sides mc 
of BD and D, X on opposite sides of BE (IV 31). Hence 
wABD +pDBE + pEBX =r. Hence [ABX], and thus X 
satisfies conditions on C. 

‘2. Hence given two points A, B and any natural number 
nm, we can find C with [ABC], phAC =x. uAB. 

*3. The inverse of any point O with respect to any line AB 
(not through Q) can be found, for it is the meet + O of A (O) 
and B (OQ). 

‘4. If k=O(D) we can find the inverse M’ of any point 
M with respect to & For first, if A 
pOM >OD/2,then M (O) meets & in A,B 
say, and A (O), B(O) meet again in X 
say; for if not, OM would touch A (0), x 
B(Q), and thus A, O, B would colline, 


contrary to V 41. Then O, X being 8 

meets of A (QO), B(O), lie on opposite Fig. 114 

sides of AB. Hence X is on[OM. Also 
MAO~ MOA~ AOX ~ AXO 

whence 


MOA~AOX, OM|OA~OA|OX, OM.OX =OA? 
Thus X is the inverse of VM. 

Next, if wOM =OD/2, we can find N on [OM so that 
wON =n.0M >OD/2 (2, K,), and N’, M’ on [OM so that 
ON .ON'=OA*, OM'=n.ON' (first part and -2). Hence 
OM .OM'=n.0M.ON'=ON .ON' =OA? (VII 21). 

‘5. If A, B, O do not colline, we can find the centre of the 
inverse of AB with respect to any circle O (C). 
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For find the inverse P of O with respect to AB (3), and 
the inverse Q of P in O(C) (-4), then Q is the point required 
(VII 39'1). 

136. We can find the centre of the inverse of a circle # with 
respect to O (A), where & does not go through 0. 

For find the inverse M of O in &, and the inverse M’ of M 
in O (A), then M’ is the point required (VII 39'1). 

‘7. We can now shew Mascheront’s Theorem. To perform 
construction (i), invert A, B,C, D in any circle whose centre 
is not on AB or CD; and to perform (ii), invert in any circle 
whose centre is not on AB or C(D). The line AB and the 
line CD or circle C (D), in the respective cases, become circles 
whose centres are known ('5, 6), and some points on them are 
known (4), hence their meets can be found by (iii). The 
inverse points of these meets can be found (4), and they are 
the points in which the given figures meet. 

‘°8. Particular constructions can be shortened; there is no 
need to follow the process in ‘7. For instance, to find the 
centre of the circle through ABC; take A (B) for circle &. Let 
C’ be the inverse of C in 4, then BC’ is the inverse of circle 
ABC in &. Let M’ be the inverse of A in BC’ and M that of 
M’ in &, then M is the centre of the circle ABC (VII 39'1). 


§ 4. Basis O,C,P,Q,K, and construction q, or O,C,P,Q, 


and constructions abcq,. 


14. To find a point of contact of tangents from a given 
point P to a circle A (B):— 

(i) Consider the circle on AP as diameter; if P be outside 
the circle A (B), this meets A (B) in two points R, S which are 
the required points (Q, V 6, VI 13). 

Or (ii) By construction of VII 39'7. This illustrates the 
Poncelet-Steiner Theorem, taking A (B) as the fixed circle. 

‘1, There are two, one, or no solutions according as P is 
outside, on, or inside A (B). 

‘2. To find the points of contact of a tangent to two given 
circles A (B), C(D). Let AB||CD; if BD meet AC in X,a 
tangent from X to A(B) touches C(D) (VII 35, 35°1). Ge 
BD|j|AC, the construction is evident. 
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§ 5. Application of Coordinates. Ruler and Compass 
Constructions 


15. Wotation. If a, ..., a, be elements of any field, the 
rational functions of a, ..., @, form a field which we denote 
by R(q, ..., @n). Thus R (1) is the ordinary field of rationals. 

By 2, (a, .--, @n) we shall mean the field whose elements 
are derived from those of R(q, ..., @n) by a finite number of 
additions, subtractions, multiplications, divisions and of opera- 


tions V1 +2? where x is an element already constructed. 

By 2 (qa, ..., @n) we shall mean the field whose elements 
are derived from those of R (a, ..., @n) by a finite number of 
additions, subtractions, multiplications, divisions and of opera- 
tions ./x where x is an element already constructed. 

Def. If an expression E involve square roots the expressions 
‘conjugate’ to E are those found by altering the signs in front 
of the square roots. Thus the conjugates to /2—//3 are 
— 2 — 3, V¥2+73, —V2+ 173. 

‘I, If d, ..., dp are in Q, so is VO2+ 42+... +b,_2 

‘2. If a, 6,c are in © so are the roots of az?+ dx+c=0. 

*3. The expressions conjugate to an expression in Q, are 
all in QO). Similarly for Q. 

‘4. Def. A point is ‘zx a field’ when all its coordinates are; 
a polynomial when all its coefficients are. 

5. Def. If the elements of a field whose squares are posi- 
tive or zero, constitute a fully ordered field, we call those 
elements the ‘veal’ elements of the field. Cf. I 24, 25. 


16. By means of abcq, in the presence of O,C,P,Q., we 
can construct two perpendicular lines through the centre 
M of the fixed circle & to meet the circle in A, B, say (5). 
Take Cartesian coordinates in the frame MAB (VIII 42). Then 
by abcq, we can construct from given points all points whose 
coordinates are tn O(a, ..., Qn) and which involve only real 
square roots, and those points only, where a,, ..., Am, ave the 
coordinates of the given points (and therefore real. Cf. VIII 
21, 22, 22°1). Note that MWA, MB are unit intervals (VII 15). 

Dem. By abcp we can construct on MA any point 
whose coordinate is a rational function of a, ..., @, and those 


IX 15,16,17] APPLICATION OF COORDINATES 225 


points only (VIII 27). By means of q, we can find on MA a 
point whose coordinate is ./, where £ >0 is a coordinate of a 
given point. For if [CMA], »CM =4, and the circle on CA 
as diameter meets MB in D, then MD? =MC.MA (VII 22). 
Hence p»MD=,/. Thus we can construct all points in the field 
Q (@, ..., a), whose coordinates are both real, from known 
points by means of abcq,. No other points can be so got, for 
if the line vy + my =1 be constructed from the given points by 
abcp then Z m are rational functions of a, ..., a, (VIII 26:1), 
and the coordinates of its meets with & are in O (a, ..., an), 
and are real if these meets exist (15°2'5). 

161. The necessary and sufficient condition that a problem 
can be solved by abcq and so by abcqs, in the presence of 
0,C,P,Q., zs that each equation which gives new points from 
old (when the problem is formulated analytically) can be re- 
placed by a sequence of quadratic and linear equations whose 
coefficients are coordinates of points previously found, the quad- 
ratic equations all having real roots (152, 16). 

-2, Vote. This is thus the condition that a problem can be solved 
by ruler and compasses, the ruler being supposed ungraduated and 
merely a straight edge, the compasses being supposed to shut up 
when removed from the paper. Thus the compasses need not be 
used for transferring lengths, but only to draw a circle of which the 
centre and a point on it are given. We have also seen that if a fixed 
circle with its centre is given once for all, it is sufficient to use the 
straight edge to perform all ruler and compass constructions, as far 
as they are concerned with determining points and lines (Poncelet- 
- Steiner), and that with free use of collapsing compasses, the straight 
edge may be dispensed with (Mascheroni). 


§ 6. Gauge Constructions 

17. By abcd ix the presence of O,C,P, we can construct axes 
as in 16 with the untt interval MA = gauge, and then from given 
points we can construct all points of (a, ..-) An), and those 
points only, where a, ..., Gn are coordinates of the given points. 

Dem. Whenvzisa coordinate of a known point of Q, (a@,...,@n) 
we can construct the point (1,7), and then the point (V1 +22, 0) 
cVII 23). Further, abcp give us only those points whose 
(oordinates are rational functions of coordinates of known 


FEG 15 
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points, while d allows us to cut off the gauge from a point 


(a, 6) on the line y —b=m (« —a), where a, 6, mare known. If 
(x,y) be the end of the interval cut off, then 


I=(x-—a)+(y—bP =@-aO (1+). 


—— I 
Hence Vi+m= : 
x—a 


and x, y are still in Q) (a, ..., an). 

I7°I. Oy (GQ, «+, Qn) 2s a@ smaller field than O (a, ..., An) Or 
even than the real part of the latter, the a; being real. 

Dem. Vi —@* is real and in QO, if ais in Q and -—1Sa@St. 
But if V1 — a equalled an expression in 0,, the two expres- 
sions would be equal for an infinite number of values of a4 and 
so for all, This can be shewn as in ordinary Algebra. But 
when a >1, V1 —a? is not real and hence not in Q,. 


18. Construction q. cannot be performed by abcd only. 

‘1. Metther Q nor Q, nor Q, can be deduced from OCP,. 

Dems. Asin VIII 29 ff. we can construct a Geometry from 
the field ©, (1) where O, C, Q, (VIII 28) hold and also, since 
Q, (1) is a field, where Pappus’ Theorem holds. But in this 
Geometry Q, Q,, Q. do not hold, since the coordinates of the 
points of meeting mentioned in these Axioms are not always in 
our field. Consider for instance, the meets of 27+ y*=1 and 
x=a(o<a<1). Wehave y=+ V1 —@ which are not in 0, (1) 
even if @ is (17°1). 

‘2. Thus though we can deduce Q, from OCP, (VIII 35:1) 
yet Axiom Q ts an additional assumption, which may however 
be replaced by the weaker Axiom Q, (11). 


§ 7. Mascheront Constructions and Axiom K, 


19. Mascheroni constructions are of the following type: we 
have a given set of points S in the plane, and we draw a finite 
number of circles each of which has its centre in a point of S 
and goes through a point of S; these circles meet in a set S,; 
next we draw circles each of which has its centre in a point of 
S or S, and goes through a point of S or S,. These give a set 
S, and so on. In the construction of 13°7 we must consider 
the centre of the auxiliary circle of inversion, and a point on 
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it, to be in S. If z is the number of circles finally drawn, and r 
the measure of the greatest interval between points of S, the 
measure of the greatest interval between the whole set of given 
and constructed points is clearly not greater than 2”. 7. Hence 
if K, is false, some points cannot be reached by this method, 
but lines joining pairs of given points may well meet in such 
unattained points. In this sense therefore these constructions 


depend on Ky. 


§ 8. Constructions by Ruler and Compasses (continuation) 


20. We saw in 16 that, if @,...,@, be coordinates of given 
points, we can construct from these by ruler and compasses 
the points whose coordinates are elements of the field 


Q, (a, ...,@), involving only real square roots, and those points 
only. 
An expression E, real or not, in 0 (@,..., @) involves only 


a finite number of square roots, and the ‘vadicands’ (i.e. the 
expressions under a single square root) are rational functions 
Ol. Gis 2 .-52n: 

Def. A term will be called of ‘order’ h when it involves 
#4 — 1 square roots under a principal square root. Thus 

Vlx+vy +a 
is of order 4. 

Any square roots which can be extracted will be supposed 
extracted. Thus ./a? will be replaced bya. If, in an expression 
E, a term of order m appears which is a rational function of 
other terms of orders = m, we express that term in that form. 

Then the unequal terms under the square root signs will 


become independent. Thus we write Me + Vy +NVaVy in- 
= eae Nn Oh 
stead of V Vxe+Vy+Vay and Va+Vb+ hijomany: instead of 


Va+ 7b +Va— 6, when a?— 6 happens to be a perfect square. 
Let /X be a term of highest order % in E£, then E is a 

rational function of X whose coefficients are rational in the 

other terms of order £; and 

prgvX _@+gVvX)0—SVA)_ 4 Bx 

r+sf¥X p— siX 


15-2 
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where A, B depend on terms +/X of orders <h. Similarly 
A=A,+A.,/Y, and so on. Finally, E becomes a polynomial 
in the terms of order %, viz. /X,/Y,..., with coefficients 
rational in terms of orders less than %, and each /X,/Y,... is 
to the first power only, though products of these may occur. 

Repeat this process for terms of orders #—1, 4—2,... and 
we finally get the ‘zormal’ form of E, which can be built up 
from R(a, ..., 2) by square root extraction, addition and 
multiplication, and where no term of order 4 is a rational 
function of other terms of order % and less. 

If E in its normal form involve 7 square roots, it has #= 27 
conjugate values X,,..., Xm. Then 


f= @-») 


has all its coefficients in R(a,,..., @,). For if the sign of a 
radical be changed, the x; are merely permuted, f(#) is un- 
changed, and its coefficients are thus not altered. Hence, if a 
coefficient written in normal form involve a square root, say 
VX of order 4, it must equal both P+Q 7X and P—QW7X 
where neither P nor Q involve /X. Hence, Q=o0. Thus the 
coefficient can involve no term of order 4; and so for lower 
orders. Hence, 


201. E satisfies an equation /(r)=0 of degree 2’, with 
coefficients in R (a, ..., an). 


21. If an algebraic equation ¢ (x) =o, ¢ being a polynomial 
with coefficients in R (a, ..., @,), be satisfied by E, it is satisfied 
by all values conjugate to E. 

Dem. Take E in its normal form, E = A + B./X, where /X 
is a term of highest order 4. Then ¢(E)=L+M /X where 
L, M are independent of /X. Hence, if ¢(£)=0, then 
L=M =o, otherwise VX would equal — L/M, and E would not 
be in normal form. Again if L=L,+L,,/Y, M=M,+M.,V/VY 
and ¢ (E)=0, then L, =L,= M,=M,=0,and soon. Finally we 
get expressions equal to zero in which appear only terms of 
orders = 4—1, and we proceed with these as before. Hence 


if E is replaced by any conjugate expression, ¢ (E) remains 
zero, 
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22. Of all equations with coefficients in R (a, ..., a) which 
are satisfied by E, let (#7) =0 be one of lowest degree / and 
with its coefficient of 27 unity. This equation is unique. For 
if 4, (*) =o were another such equation, then (x) — vn) =0 
would be an equation of degree = /—1 satisfied by E. 

‘I. @() of 21 is divisible by (x) of 22, in the field 

TORS, eile): 

Dem. 6@) =v (4) 7(%)+r(@ where g, 7 are polynomials 
in R(q@, ..., @), and the degree of r is <Z This follows by 
dividing out (x) by ~(@). But ¢(Z)=0, w(E)=0. Hence 
y(£)=0. Hence r(%) must vanish identically, otherwise 
vr (~) =0 would not be the equation of lowest degree satisfied 
by &. 

‘2. Def. and The. The polynomial yf (2) of 22 is ‘zrreducible’ 
in R (a, ..., a), that is, it cannot be factored into two poly- 
nomials in R(q, ...,@,) since one factor would vanish when +=E. 
We say also that (7) =0 is an ‘ zvveduczble equation. 

*3. Consider f(7)=0, the equation in 201 of degree 2” 
satisfied by E. We shew that f= cy* where c is some constant, 
5 a natural number, and wy as in 22. 

Dem. Let <2", then f=W.y where y (#) is a polynomial 
in R(aq, ..., @) (22'1). Since some conjugate of E satisfies 
x =0, so does EF (21), whence again y =. x, where y, (%) is a 
polynomial in R (a, ...,@). Similarly y=. x2, and so on. 
Finally we reach a ‘polynomial’ , which is a constant in 

Ni Cie, eg eee 


‘4. Since f=cy* and JZ, 2” are degrees of w, f respectively, 
we have Zs = 2", whence / zs a power of 2. Therefore 


23. If % (x) =0, and (x) be an irreducible polynomial in 
R (a, ...,4p), and one and hence all (21) its roots be in Q (ay, .-+,&n); 
then its degree is a power of 2. 

-t, This condition for the roots to be in 2 (a, ..., a), though 
necessary, is not sufficient, since it is known that equations of degrees 
higher than four cannot in general be solved by radicals. 


24. Fundamental Theorem. A construction is certainly not 
possible by abcq, (by ‘ruler and compasses’) 7% the presence of 
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0,C,P,Q., 7 any one of the coordinates of a point to be con- 
structed satisfies an irreducible equation tn the field 0 (ay, --.) Qn) 
whose degree is not a power of 2, where a, ».., &m are the 
coordinates of the given points (161, 23). 

241. Thus we cannot find a point X from O, U on OU, such 
that OX*=2.OU (the ‘duplication of the cube’). 

Dem. The coordinate x of X would satisfy #7-2=0. But 


a*— 2 is irreducible in R (1), for if x5 were a factor with in 
R (1), then would (3) = 2, which is impossible (I 164). 


Regular Polygons. Preliminary Theorems 


25. Def. A (plane) polygon is ‘vegudar’ when each pair of 
its sides is congruent and also each pair of its angles. 

‘1. Def. A polynomial in one variable, whose coefficients 
are integers, is ‘przmitzve’ if these integers have no common 
divisor save I. 

‘2. If A(x), B(@) be primitive polynomials then so is 
Ala yeo 

Dem. lf A (QO =a2"+4,2"°+..258 @=6,2°+627 "3 
be primitive and 

A). B@=C@=qzr™" + 42" +..., 
then 
f= Abp, 
4=a4b,+a,b), 


Co = Ay bg + 4,0, + AO; 


Cy = Aby + A by + APyot ... + %10,+a,0) (v=0,1, ..., M+) 
where a,=o if r>m, and b,=0 if >. Now suppose 
€oy Gs +++) mtn Were divisible by a prime g. By hyp. g does not 
divide a// the a, nor all the 6. Suppose fp divides a, a, ..., 2-1, 
by, , ..., Og-, but neither a, nor 4,. Now 

Cr+s => arg 4. dyes Oen) + Be Oeie + eee + Gy iiU ged + 7 UY ope + eee 


and ¢,,; is not divisible by /, for a,d, is not, but the other 
terms are so divisible. This contradiction gives the Theorem 
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25°3. If A (x), B (@) be polynomials with integral coefficients 
whose H.C.F.’s are a, 3 resp., then the H.C.F. of the coefficients 
of the product A ().B (A) is ab. At once from 2. 

4 1h AG@=2* +4277 +.,, B@Q=2°+6,2°" +... be 
polynomials and the a; and 4; be all rational and 

A@. Bi=C Hee" + gant |. 
then the ¢ cannot all be integers unless all the a and 6 are. 

Dem, Let a, 6 be the H.C.F.’s of the denominators of the 
a;, 6; resp., then a. A(x) and 4. B(#) are primitive, hence so is 
abC (#) (2). But if the c be all integers, this polynomial cannot 
be primitive unless a= 6=1. 

5. If in a polynomial A(Z)=27"+a,4™"4+... +m, the a 
are integers all divisible by ~, and a,=+/, then A(x) is 
irreducible in F (1). 

Dem. Vf not, then 
4™ 4+ a2" 4 ..,4 p=@74+42 1 +...4 I+ Gr 14+... £9), 
where the 6 and ¢ are zztegers (4). The coefficient of x on the 
right hand side is +¢,_, + fO,, and since it is divisible by A, 
(hypothesis) so is c,_,. The coefficient of 2? is 

t lg ot Cy-1 07-1 + POp—e 
and since this and ¢,_, are divisible by Z, so is ¢_,. Similarly 
Cy—g, «++, & are divisible by ~. But the coefficient of 2% is 
FT HG Op H+ CD pne F oer FG Ops 
and is mot divisible by ~. (Clearly we are taking 4,=1, 0,=0 
if ¢<0). This contradiction shews the Theorem. 
26. If p is a prime then 
SF (#) = (eP" — 1) @P"* — 1) 
(when divided out) 1s trreducible in R (1). 
Dem. \fn=1, put r=y+1 then 
fit pa Piet a+ pe ea Gain wtp 
is irreducible by 25°5. 

If z>1 set p* =¢, then, f/@)=14+29+24%+...+ 20-18 
Let y denote a polynomial, mot necessarily always the same, 
with integral coefficients. Put r= y+ 1, then 


aP=yPtitpy(y), cP? =(4?)P= P+ I t+PxX (I); os 
xei=yl+1+pyx(y). 
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Hence £4 = (t+ 1% + PX); 
=x, x1 = (1 + I + PX), 

and so on: therefore 

F(ey=1t+ (44+ D4+Q24+ P+... $+ IP 7+ 2X) 

q oo 
=e + 2x0) = ye + py (y)=$ (), Say- 

Put y=o then x=1, f(#)=p. Hence the constant term in 
(4) is pg, and since all the other coefficients of ¢ (y) (save the 
highest, which is unity) are divisible by Z, therefore ¢ (y), and 
so f (2), is irreducible in R (1) by 25°5*. 


The Gaussian Theory of the Regular Polygons 
$9. Basis O,C,P,Q.. 

We investigate the question whether a regular -gon (i.e. a polygon 
with z sides) can be constructed by ruler and compasses when the 
end points 4, B of one of its sides are given. C 
Take axes and scale so that 4, B are (0, 0) 
and (—1, 0). If AC be a side of a regular 
polygon so constructible, the coordinates 
(x, y) of C must be real, and they must -- 
involve only rational numbers and operations 
and real square roots (16). Hence =x + zy 
is in Q(1), that is, s involves only rational 
numbers and operations and real or imagin- 


ary square roots. But Fig. 115 


e=cos—+isin=, g*= 1 (VIII 47°21). 


The first question is therefore, whether this z is in Q(z). If it is not, 
we cannot even be sure, on our present basis, that it exists. 

27. If p is a prime and a regular p-gon be constructible by 
abcqp, given the end points of a side, then since the cyclotomic 
equation (2? —1)/(s—1)=0 ¢@s irreducible (26), and of degree 
4—1, we must have p= 2" +1 (23). 


28. Conversely if p=2"+1 and p is prime, then a regular 
p-gon ts constructible by abcq, when the end points of a side are 
given, 

* We have used the binomial Theorem for a positive integral index. 


This case is easily shewn by induction. It is also quite easy to avoid 
using this Theorem. 
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Dem. Vf e+1 is a root of z?=1 we shew that e is in (1). 
Let g be a primitive root of f (I 29:21), then 9, €9, ..., «97 
are the roots e, e%, ..., e?—! in some order, since if g” =5 (mod P) 
then e"=e% Let 


Mm =e9 +eP +e" 4... 4 69? * (2"> terms). 
N. =EP +e + eH 4... 4 IP} : 

nu =eF +e + oP 4... 4 9h * (2 terms). 
M2=EeP +e" +... +69? 53 

oy = EF + EF + EM 4. + HP is 
Noo = €% + eF +... + 691 n 


Continue this breaking-up process, getting sums of 2"-8, 2"-4,... 
terms and finally oneterm. Now, + 7,=e+@+...+€?7=—I. 
If we substitute & for e, then 7, and 7», are interchanged; (note 
that g? = ¢ (mod g) by I 2912). Multiply 7, by », and collect 
terms, then 7,7.=«e!" + re” +... where «, A, ... are integers. 
Now since this product is unchanged by substituting e9 for e¢, 
therefore if pe% appears in the product, so do pe%**, pe*®, ..., 
pe"? But these are merely pe9, pe”, «.., pe%”* in some 
order, and g is a primitive root of ~. Hence each e% occurs 
equally often for ¢=1, 2,...,—1. Hence 


mNa= pI +eP +... +6? “=pletert... +e?) =—p. 


Thus 1, Nz satisfy 2° + x — p=0 where p ts an integer. 

Next qn +72= 1, Na+ 12=2- The product mum. is not 
changed by substituting ¢% for e, hence (as before) if it contain 
one term of ,, p, times, it contains each term of 7, that number 
of times. Similarly for n,. Hence 


Mute = Pit + Pee With p,, p, integers. But 91+ 72=m.- 


Flence un, Ne satisfy x — 4+ (p.m + pots) =O, where pr, po 
are integers. 

Similarly 7, 2 satisfy a quadratic equation in R(m, 72). 
Wecan treat mn, Mu, ---, Similarly; and we find finally «, e, ..., 
€?-! by a chain of quadratics whose coefficients are rational in 
the roots of the preceding quadratics; hence these quantities 
are in 0 (1). 

Further all these roots, except the e” themselves, are real. 
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For the sums of two terms obtained in the last stage but one, 
are of the form 
—I 
e9 + 69", where k’ =-— +. 
But since g is a primitive root of ~, g?-*=1 (mod g) and 


g » =—1 (mod g). Hence these sums are of form e” +e? 


and so are real (VIII 47°3). The earlier sums of 4 terms, 
8 terms, etc. are sums of these and so also real. Taking k=0, 
this shews that the point x=e+e—, y=o can be constructed 
from the points (0, 0), (+1, 0) by means of abcq, (161). But 


e+e? =2 cos or for some r= I, ...,(f—1) (VIII 47°13), and 


by choice of the root ¢, we can make 7 assume any of these 
values. Whence, given points O, U, we can construct from 


them a point P by abcq,, so that pUOP = , and hence we 


can construct a regular g-gon on OU. 


281. Example. The regular pentagon =5. We have 7,=€+&, 
Mm=e+e, my2=—1. Hencen,=—-$+4,/5. Taking account of sign, 


this gives sin = =4(/5—1). Whence the following construction for 


the regular pentagon with a given side AB. Let C be mid AB, 
CD1AB, CD™AB. Find £, Fsothat[ADEZ], DE~ AC,[CDF], 
AF™ AZ£, which can be done by abcq,. Then Ff is the vertex of 
the pentagon opposite to AB. 

‘2. If 2"+1 is prime, then z= 2” for some natural number v; for 
if 7=2"m where m is odd, then 2™” + 1 is divisible by 2” +1, since 
x™+1 is divisible by x+1 when m is odd. 

‘3. 2°" + 1 is known to be prime for v=o, 1, 2, 3, 4 and not prime 
for v=5, 6, 7, 8, 9, 11, 12 and some others. 


29. A regular n-gon is constructible by abcq, if and only if 
nts of the form 2” (2° +1) (2™+1)... where v,, vo, ... are un- 
equal and all the 2"*+ 1 are primes. 

Dem. \f a regular vs-gon is constructible, so is a regular 
r-gon since we can obtain it by joining every sth vertex. And 
if v, s are coprime, and a regular 7-gon and a regular s-gon are 
constructible, so is a regular vs-gon, for we can find integers 


IX 29, 30] REGULAR POLYGONS 235 


a, 6 so that av — ds =1 (I 29°15) and then construct the angle 
of measure 
2 
y aa: 7 b 277 
Ss r 


2a 21 
(ar — bs) =—. 
rs rs 
Hence we need only consider #*-gons where # is prime. 
2 ere TT - 
Now z=cos F +zsin — satisfies z?*—1=0, but does not 


satisfy 2?*-’—1=0 (VIII 44:7). Hence it satisfies 
gp’ _y 


—__——— =0, 
ie | 


But the left hand side of this equation is irreducible (26) and 
hence if z is in 0 (1), its degree p*(p— 1) must, by 23, be a 
power of 2. Hence ifa>1, then must p=2. 

Since any angle can be bisected by abcq,, our Theorem 
now follows from 27, 28. 

z9'1. Angles cannot in general be trisected by abcqp. 

Dem. Consider an angle of measure 7/3. If this were 
trisected we should obtain an angle of measure 7/9, and a 
regular 9-gon would be constructible, contrary to 29. 

‘2. A construction for a regular polygon of 17 sides will be 
found in H. P. Hudson, Ruler and Compasses (1916), p. 34. 


30. Vote. It is easy to shew that all ruler and compass con- 
structions, so far as they relate to the determining of lines and 
points from given lines and points, can be performed if we use doth 
edges of a ruler, or ove edge of a ruler bent at anyangle. (Hudson, 
loc. cit. p. 74.) 


CHAPTER X 
THE ANALYSIS SITUS OF PLANE POLYGONS 
Introductory Remarks 


The main part of the present chapter is a continuation of 
Chapters II and III and is based accordingly on Axioms OF 
it is needed in the Theory of areas. 

The most obvious way to define the area of a polygon is to 
split it up into triangles and to take the area of the polygon 
as the sum of the areas of the constituent triangles. The 
question as to what is meant by the ‘area of a triangle’ and 
the ‘sum’ of such areas is taken up in the next chapter. In 
this chapter we consider the dissection of a polygon into 
triangles. 

A polygon # is dissected into a set of triangles [¢] when 
(i) no two of the triangles have a common inside point, 
(ii) every point inside ~ is on or inside a triangle of [¢], and 
(iii) every point inside a triangle of [¢] is inside ~. We have 
to shew that such a dissection is always possible. 

But clearly before we can do this, we must say what we 
mean by the ‘inside’ of a polygon or triangle. We accomplish 
this by shewing that a simple polygon p separates the other 
points of the plane into two regions whereof one is such that 
all rays from all points of it meet g. (Cf. III 11°2.) This last 
region is the inside of the polygon. In working through the 
proof the reader must be careful not to assume that the polygon 
is convex, and he is advised to draw figures of, for example, 
re-entrant polygons of a spiral form. In particular, it is not 
true that from a point outside a polygon a ray can always 
be drawn not meeting the polygon. 

It will be noted that the main difference between our treat- 
ment and the more usual one is that we do mot assume con- 
tenutty. Our Theorems are therefore true in other spaces 
besides continuous space. The proofs in this chapter are 
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mainly based on Hans Hahn, Monatshefte fiir Math. und 
Physik, 1908, XIX, p. 289; Lennes, American Journal of Math., 
PO oT eX XII, p37: 

Note that a ‘side’ of a triangle or polygon is an open interval. 


§1. Basis O,. All figures in this chapter are in one plane. 


The Inside and Outside of a Triangle 


1. Def. If [S] be a set of points, two points P, Q are 
‘accessible’ with respect to [S], if there is a way (III 1) from P 
to Q which does not meet [S], save perhaps in P or Q or both. 

‘Way’ here means of course a way in our plane. 

‘I. Two points accessible with respect to [S] are so accessible 
by a simple way (III 1). 


2. The. and Def. A triangle separates the other points of the 
plane into two regions, whereof one ts the set of inside points 
defined in Il 12:1. This ts a convex region. The points not 
inside and not on the triangle are ‘outside’ points. They form 
the other vegion. The inside and the outside are bounded by the 
triangle. 

Dem. (i) If X,, X, be inside the triangle ABC, then AX,, 
AX, meet B-C in points Y,, Y, with [A X,Y,] [AX.Y,] (II 12:2). 
Suppose [BY,Y.C]. If LX,ZX,], then Z will be inside AY,AY, 
(II 12:1) and hence inside ABAY, and hence inside ABAC 
(11 18). Hence the points inside A ABC form a convex region. 

(ii) If X, is inside AABC, and X,-X, does not meet the 
triangle, then X, is inside the triangle; for the line X,X, meets 
the triangle in two points Z,, Z, (II 16) and [Z,X,Z,] (II 12°4), 
and since X,-X, does not meet the triangle, both [X,Z,X,] 
and [X,Z,X.] are false. Hence [Z,X,X.] or [X,X,Z,], and 
[Z,X,X._] or [X,X,Z,]. These with [Z,X,2Z,] give [Z,X,X.Z,] 
or [Z,X.X,Z,] (II 89°91) and hence [2,X,2Z,] (II 8°38). Hence 
X, is inside the triangle. 

(iii) Hence a way from an outside to an inside point meets 
the triangle. 

(iv) It remains to shew that two points Y,, Y, outside the 
triangle are accessible with respect to the triangle. Since a 
point inside ABAC is inside BAC by the defs. (III 5, 18) 
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therefore Y, is either outside BAC, or it satisfies [ABY,] or 
[ACY,] or [ADY,] where [BDC]. If [AD,Y,] [AD.Y,], where 
[BD,C] or B=D,, and [BD,C] or C = D,, then Y,-Y, does not 
meet BAC and does not meet BC (III 2:2), and hence does 
not meet AABC. If Y, is outside BAC, and Y, satisfies 
[AD, Y,] [BD,C], let E, F satisfy [ABE] [Y,EF]; but if Y; 
satisfies [ABY,], let F satisfy [CY,F]. In both cases F is 
outside BAC (III 19'1), and the points outside BAC form a 
region (III 18), and hence Y,, F are accessible with respect to 
A ABC, since the points of B-C are inside BAC. Hence YG 
Y, are accessible with respect to AABC. If Y,, Y. be both 
outside BA C, it has been pointed out that they are accessible 
with respect to AABC. Hence the Theorem. 

21. Points inside AABC are inside ABC, BCA, CAB and 
on {AB, C}, {BC, A}, {CA, B}. 


3. If P, Q be outside AABC and PQ does not go through 
a vertex, then P-Q meets AABC in no point or in two points. 

Dem. Since PQ does not go through a vertex, this /ive 
meets AABC in no point or in two points (II 16). In the 
latter case let X, Y be the points, then [XPY] [XQY] are 
impossible, since P, Q are not inside the triangle. Hence, if X 
is on P-Q, so is Y; and conversely; and then P-Q, and not 
merely PQ, meets the triangle in X, Y. 

‘I. If P be inside AABC, and P-Q meet AABC in one 
point, then Q is outside A ABC (II 12°4). 

‘2, If P-Q meet AABC in two points X, Y not on the 
same side, then P, Q are both outside the triangle. 

Dem. If [XZY] then Z is inside the triangle (II 12°1°5). 
Hence by ‘1. 

‘3. If P be inside AABC and Q outside, then P-Q meets 
the triangle in one point only. 


4. If we have a finite set of intervals which do not meet 
A'B or BYD, there is a point C on B-D such that no point 
of the given intervals is inside or on NABC; 

Dem. There is a ray [AX i in BAD such that no end of any 
interval is inside or on BAX (III 15"1). [AX meets B-D in 
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C say. Then no end of any interval is inside or on AABC. 
Hence all are outside A ABC, but as no interval meets AB 
or BC none can meet AC (3), and hence since the ends of 
the intervals are outside AABC, all their points are, since an 
interval joining a point outside to a point inside the triangle 
meets the triangle (3'3). 


5. Def. and The. We can order the points of a simple way 
A,A,A;...A, which is not a polygon, thus: If X, Y be on 
A;-A;,, then X<Y whenever X<Y with respect to (Aj, Ai4:) 
(III 1601); all points of A;-A;,, shall precede all points of 
A;-Aj4,; if ¢< 7, and A; shall precede A; if << 7 If the points 
of a way are ordered in this manner, we call the way an 
‘ordered way’ and write it (A,A,A,°*°A,). The relation ~ 
between the points of an ordered way is asymmetrical, tran- 
sitive and aliorelative (I 9). To the way A,A,...A, corre- 
spond two ordered ways (A,A,°*' An) and (A,Ay_,°** A}). 


6. If points A,, ..., A, be given in a plane, there is a line 
in the plane such that all these z points lie on one side of the 
line. 


Dem. There is a line a not through any of A,, ..., An 
(II 11°4). If ail the A are not on the same side of a then a 
meets at least one A;-A;. There is a C 


point O on a@ such that one of the 
rays from O on a, say [OB, does 
not meet any A,‘"A, (II 112). Let 
B' satisfy [BOB'] and h#;=[O0A,. 
Through B’ there is a line CC’+a 
such that [CB’C’] and CC’ does 
not meet any 4; (II 11°3). Since O is inside ABCC’, each ray 
h; from O meets ABCC’ (II 17), these meets lie on B-C or 
B-C’ and each of these open intervals contains at least one 
such meet; otherwise, all 2; and hence all A; would lie on the 
same side of a, cont. hyp. Let £,, ..., E, be the meets on 
WaC ond, 7-7, those on B-C!; anddet [BE, ...E,C], 
[BE,’... E,'C’]. Let 4, 2 be the rays %; through £, and Ey’, 
then xo A zs outside hl. 

For B is not inside #2, for if it were, then [OB would 


Fig. 116 
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meet some A=Ay (Hencet lh. 4 Le eee Ey’ are all 
inside AZ (III 19'1), and hence all the A are inside ZZ or on 
hor 7. : 

Hence all points of the A jj A, are inside or on #Z Thus 
any | line through O and an inside point of an angle adjacent 
to hl, contains no inside points of hl (III 76) and hence 
meets no A,;7A,. 


The Inside and Outside of a Polygon 


7. If p=A,... An be a simple polygon* any point B, not on p, 
of its plane can be joined to any point C of p by a simple way 
meeting p in C only. 

We first shew 8 and 9. 


8. If B is not on g, and [A;CA,,,], and C be accessible from 
B by the ordered way (B’"'C), then A;, Ai, are accessible from 
B. (In 8 to 13, accessibility is always with respect to 7.) 

Dem. Let B’'C be the last interval of the ordered way 
(63°C). ‘The lines. A,A,, ..., Agi, meet. B Cringe ee 
number (which may be zero) of points F,, ..., E,. Let 
[B’E,...E,C] and let D satisfy [E,DC]. We shall shew that 
D-A;, does not meet g Then 8 follows. 

Now the vertices A, +A; of ~ lie outside AA;CD, for none 
lies on C“D, nor on A;“C, nor on A;—-D by construction, nor 
inside the triangle, otherwise a line A;A; would meet C-D 
(II 12:2) contrary to the choice of D. : 
Now a side Ay-Axz4, (A #2, 2-1) can- 5, poe 

= a a, 
not go through A; or C, since p is D 
simple, nor through D, since D is on — 
(B::'C). Hence it has no point or two a ‘ Ai+1 
points on AA;,DC (3), since Az, Aza, ecoaed 
are outside that triangle. But it cannot meet A;7C or C7D 
since # is simple and D is on (B:":C). Hence it cannot meet 
D-A;. Hence the Theorem. 


g. If Bis not on g, and A; be accessible from B by the ordered 
way (B::-A;), and [A;CA;,,], then C is accessible from B. 


* We often say ‘polygon’ instead of ‘simple polygon.’ The polygon 
A,A,...An can be written Ao...AnAy or A3...4,A;Ae or A Alyy etc. 
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Dem. Case 1. Suppose the last interval B’A; of the 
ordered way (B:°:A,) is in eee hae Let lines from C to the 
vertices of meet B’-A; in £,,..., E,, say, with Le Ey is Ay 
Let D satisfy [E,DA;]. We shew that 
C-D does not meet ~. For C-D does not 
meet A;-A;_,, since all points of C-D £78 
are inside BAA... and all points of Ey 
A;-A;_, are outside that angle (III 8°4). 
As in 8 all vertices,+A;,of f areoutside Az 
ACA;D,and hence nosideof meets C-D. Fig. 118 

Case 2. Suppose the last interval B’'" A; is not in AAAs 
Let F satisfy [FA;A;_,], and let FA; meet no side of g nor 
lines from C to the vertices (II 11°3). As gaat 
in 8 we shew that no side A,-Azy, 
(4+ 2,7—1) can meet C-F, whence C-F 
does not meet ~. Take D so that 
[B’DA,], and so that DA; is not met 
by any lines from F to the vertices 
(II 11°3). As before, D-F meets no side pe gi9 
Ay Ap (+2, 7—1), nor A;_,~A; since [A,,A;F], nor A;-Aj,, 
since D, F are outside Ce te and D-F does not meet 
A,_,-A; (III 19). Neither is any vertex of f on D-F. Hence 
DF, F-C do not meet 2. 

This completes the proof of 9. 

We can now shew 7. If P be any point on Z, such that BP 
is not a side-line of f, then [BP meets 7 in a finite number of 
points. Hence there is a point E on [BP and on 4, such that 
B-E does not meet f (I1 112). Hence £ is accessible from B. 
Then 7 follows by repeated application of 8, 9 and I'1. 


Ai+} 


10. A simple polygon p=A,...A, cannot separate the 
other points of the plane into more than two regions (III 1'1). 

Dem. If [A;CAj4,], there are points D, D’ on different sides 
of A;A jy, such that C7D and C“D’ are not met by g (II 11°3). 
Let B be any point not on g. By 7 there is an ordered way 
(B-*:C) not meeting p save in C; let BC be its last interval. 
Then B’ is either in {A;A;4,, D} or in {A;Aiu, D’}, say the 
former. There is a point F on B’-C such that PC meets no 


FEG 16 
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lines from D to vertices of p (II 11°3). Hence no vertices of p 
are inside or on AFCD (II 12:2), and no side of f, save 
AA ijs,, goes through a vertex of AFCD. Hence no side of p 
meets D'“F (3), for the only doubtful one, A;-A;4,, cannot meet 
DF since D, B’ and hence D, F are on the same side of 
A;Aj4,. Hence any point B of the plane, not on 4, is accessible 
from D or from D’. 

10'1. Temporary definition. A line or ray which does not 
go through a vertex of / will be called ‘suztable.” A way, not 
necessarily simple, is ‘saz¢abde’ if all its side-lines are. 


11. If B, C, not on Z, are mutually accessible, they are 
accessible by a suitable way. 

Dem. Let BB,...B,C be a way not meeting g. Join B to 
vertices of g. There is a point C, on B,-B, so that B,*C, does 
not meet any of these lines. Hence no vertex of # is inside 
or on ABB,C,, and since no side of # goes through B, B, or 
C, or meets B-B, or B,-C, therefore none meets B-C, (3). 
Hence B, C are accessible by BC, B,B,... C, and the line BC, is 
suitable. If C,B, is not suitable, we can in like manner replace 
the new way by BC,C,B,...C where C,B, is suitable; and in 
a finite number of steps we achieve the desired result. 

‘1. A line a which is suitable meets f in an even number of 
points [zero is regarded throughout as an even number]. 

Dem. If a meets A,;~A;,, then A;, Ai,, are on opposite 
sides of a, and conversely (III 2). Hence if the way 4,... A, 
meets a an odd number of times and has no vertex on a then 
A, must be distinct from A,. Hence the Theorem. 

‘2, Let #& be an angle whose vertex is not on ~ and whose 
sides are suitable, then #4 meets f in an even number of points. 

Dem. If kk meets A Ain i in one point then one of A;, Ays, 
is inside, the other outside £2 (III 19°1); but if in two or no 
points, then A;, A;,, are both outside or both inside hk (III 18, 
192). Hence the Theorem follows as in ‘1. 

3. If B,C, not on g, are mutually accessible and one suitable 
ray [BA from B meets g in an odd number of points, then each 
ray from B and each from C meets g, and in an odd number 
of points, if it is suitable. 
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Dem. A ray from B either goes through a vertex of f, or is 
suitable and then it meets /, by ‘2, in an odd number of points. 

To shew the Theorem for rays from C: there is a suitable 
way BC,...C,C (11). If A, B,C, colline then [BC, meets f in 
an odd number of points (‘1) since [BA does so and since AC, 
is suitable. If A, B, C, do not colline, consider ABC,: its sides 
are suitable rays, B is not on #, and [BA meets p in an odd 
number of points, hence so does [BC, (:2). Hence so does 
[C,X,, where [BC,X,], since B-C, does not meet ~. Similarly 
considering [C, X, and[C,C,, we find that [C,X., where[C,C, Xe], 
meets ~ in an odd number of points. And soon. Finally, so 
does [CX, where [C,CX]. Hence by the first part of proof, 
the Theorem follows for rays from C. 


12. Def. A point B, such that a suitable ray from B meets 
p in an odd number of points, is ‘zzszde’ p. Points not on or 
inside p are ‘outside’ p. (Cf. II 17.) 

‘yr. If B is inside p and C accessible from B, then C is inside 
p, and all suitable rays from B or from C meet p in an odd 
number of points (11°3). If A is outside Z, all suitable rays 
from A meet 7 in an even number of points. 

‘2. Points inside Z, points outside f exist, and the two sets 
are separated by 2. 

Dem. A suitable line can be drawn through a point on a 
side of p (II 11°4). This meets g in Xj, ..., Xm, say, in order 
i mo Liererare points, Y, A such that [YAX,....X,,}. 
Then [A Y does not meet # and hence A is outside 4, for if 
even one suitable ray from A met / in an odd number of 
points, then [A Y would meet / (11°3). There is a point B on 
X,-X,, and [BX, meets / in just one point. Hence B is inside 
p. Further A and B are not mutually accessible, for if they 
were, since B is inside g, A would also be inside (1). Similarly 
by ‘I, no point inside is accessible from any point outside. 


13. p separates the other points of the plane into at least 
two regions. 
Dem. By 12'1'2 and the fact that a// suitable rays from an 
inside (outside) point contain inside (outside) points since 
16-2 
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they meet ~ in an odd (even) number of points. Thus the 
inside (outside) points are not all on one line. 


14. A simple polygon p separates the other points of the plane 
into two regions whereof one, the inside, ts such that all rays 
from all points of it meet p (10, 13, 11°3). 


15. Every line through an inside point of p meets it in at 
least two points. 

‘1, Ifa ray does not meet , all its points are outside f. 

‘2, A suitable line which meets Z, contains both outside 
and inside points (12°2). 

3. If AB does not meet /, then A, B are both outside or 
both inside . 

‘4. If AB meets f in just one point of one side, then A is 
inside and B outside f or vice versa (10 Dem., 13). 


16. Given a finite set of polygons, there are lines whose points 
are all outside all the polygons (6). 


17. If the set of points inside p cotncides wrth the set inside q, 
then p= q. 

Dem. If C be ona side of g and not on g, there is an interval 
AB, with [ACB], which meets 7 in C only and does not meet 
g (II 11°3), and hence A, B are both inside or both outside g 
(15°3) while one is inside and one outside # (154), cont. hyp. 


Dissection of a Simple Polygon into Triangles 
18. Def. A vertex A; of a polygon is ‘projecting, if there is 
a line which meets the two sides of the polygon which have 
A; as end-point, and which meets no other side of the polygon. 


19. Every polygon has at least one projecting vertex. 

Dem, Through any point on a side of p=A,...An goes a 
suitable line a and it meets # in points, say, in order [X,... Xm]. 
There is a point O, with [OX,...X,,], such that all points 
where @ meets the lines A,A; (247; 2, 7=1°*'m) are on 
[OX,=” (II 11:2). Let [B] be the set of vertices of # on one 
side of a, [C] the set on the opposite side. We can name the 
rays [OB as %, %, ..., % (where 7, 74, need not go through 
adjacent vertices) so that 7; is in Ves (¢< ), if and only if 
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taj <k (47,4 =0-°7*s) (III 15), and we can name the rays [OC 
ast2;, fy, «..;2¢ SO that Z; is in 2; phe 
Gah) if afd only if 
L— pk (9, k=O ** 2), 

where 4,=”. Since no A,A; 
meets OX,] or contains O, all 
BC; will meet ~, and % is in 
rl; (@= 17+ 5, f= 1-2) (III 5). 
Taking z=s, 7=¢ we deduce 
that all x, 4 save r,,/, are in rly 
(III 8). Hence all vertices, and so all points on J, are inside 
or on vil (III 18). 

Let tOY =2% be in Veer; then % meets f; for, since there 
are vertices on r, and 7,_,, a way on p joining these vertices 
must meet OY (III 2), and hence if it does not meet [OY, it 
meets OY]. But [OY is in rile (III 8), hence OY] is not 
(III to'1). Hence if the way met O Y], some points on ~ would 
be outside rly contrary to the above. Hence / meets f. 

Since OY is a suitable line meeting /, it contains an inside 
point (15°2). Let A; be the vertex of gon 7,. Since there are 
no vertices inside YFea none is inside or (save A;)on rh (III 8). 
Hence all save A; are inside or on hh, (III 8:2). But Z is inside 
rile. Hence on one side of %, the only vertex is A;, the others 
are on the opposite side. Now OY meets g in at least two points 
(15). If OY meets A,-A,4, then A,, A,4, are on opposite 
sides of OY. Hence if OY meets the distinct sides A,-A,4, 
and A,-Agy, then either 7=v=s+1 or 2=7r+1=s (since 
7+s, and A; is the only vertex on one side of OY). Hence the 
sides A;_,-A; and A;-Aj,4,, and these only, are met by OY. 
Hence A; is a projecting vertex of f. 

20. Def. A set of polygons [f;] ‘dissect’ the polygon # if 
(i) no two of [f;] have a common inside point, (ii) every point 
inside ~ is inside or on a polygon of [fj], (iii) every point 
inside a polygon of [ Z;] is inside 7. 

‘ol. Thence every point ona polygon of [A] is inside or on p. 

‘1, If the set [A] @=1'''7) dissect f, and the set [fy] 
(j=1'''m) dissect 6;, then the [py] G=1'*2, 7= 1") dissect p. 


Fig. 120 
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21. Every polygon p can be dissected into triangles [Z] such 
that every vertex of every t ts a vertex of p. 

Dem. p has a projecting vertex A; (19). 

(i) If there are vertices of p inside AA;,AiAin or on 
A;_,-Ajy;, then there is a vertex A; 
inside the triangle or on that side, 
such that no points on # are inside 
AA;Aj4,A;, and no vertex save A;, / 
A;,,, A, on that triangle (3, III 15). 

If k=7+2 we have the polygons Fig. 121 
A;Ai,A; and AAs ove A;. 

If £+2+2 we have the polygons A;A4i4,Az,and Ai Aine... Ak 
and AyAgyy eee A;. 

A;-A; lies inside AA; A: Ag. 

(ii) If there are no vertices of p inside AA;,A;Aj4, or on 
A;_,-A;,,, then no point on g is inside that triangle, since 
p is simple (3°3), and thus we have the polygons A;,A;4in: 
and Aji Airs eee 5 Esl? 

In both cases (i) and (ii), if we have a triangle and but ove 
other polygon, we have one new side and that is common to 
both, and the number of the sides of the new polygon is 
one less than that for ~. But if we have a triangle and 
two other polygons, we have two new sides each common 
to the triangle and one of the new polygons, hence the two 
new polygons have together one more side than 7 has, and 
thus each has fewer sides than g. Continuing the process 
we ultimately reach a set of triangles. We shew that these 
dissect /. 

Let 7, 7, be the new polygons and A the triangle in the 
first stage of the process (7, may be absent). Since A; is 
projecting, there is a point J inside the triangle and outside 
™;, 72 (12, 15°4). From the def. of A, no points on / are 
inside A. Hence, since any point I’ inside A is accessible 
from J with respect to A, it is so with respect to m and 7. 
Hence I’ is outside 7, and 7,. Hence 

(z) All points inside A are outside 7, and 7. 

Since A; is projecting, there is a point J inside A and 
inside p (12, 15°4). 


L 


Z+f 


xe2T} DISSECTION OF POLYGONS 0, 247 


Any point I’ inside A is accessible from I with respect to 
A and hence, as before, with respect to . Hence 

(6) All points inside A are inside g. 

There are points O outside all A, 7, 7, and p (16). If O, 
is outside A, 7, 72, it is accessible from O with respect to 
A, 7, 7, and so with respect to ~. Hence points outside all 
A, 77, 7, are outside g. Hence 

(c) Points inside g are inside or on A or 7, or 7p. 

If I is inside 7,, a point X of the side common to A and 
™, is accessible by a way w from I with respect to 7, and 
hence with respect to ~. For all points of w are inside 7, 
hence if zw met ~,some points of f would be inside 7; but the 
sides of ~, not on 7,, do not meet 7, and they form a way, 
hence a// points on these sides of fg, and thus all points of 
A;-A;,, would be inside 7,, contrary to hyp.on A;. Hence XY 
is accessible from J with respect to ~. Hence also points 
inside A are accessible from J with respect to g. Hence (4) 
gives 

(dz) All points inside 7, are inside g. Similarly for 7». 

If any points inside 7, are inside 7, then all points inside 
am, are accessible from those with respect to m., for we have 
shewn above that a way inside 7, cannot meet 7,. Hence 
the set of points inside 7, would coincide with the set 
inside 7,, and so 7,= 77, (17). Hence, using (a), we have 

(e) The sets of points inside 7, m,, and A are mutually 
exclusive. 

By (2) (6) (2) (e), p is dissected into A and 7, and 7. 

Continuing the process and using 20'1 the Theorem follows. 

The Theorem can also be shewn from 24 below. 

211. Wotation. If a set of polygons 7, ..., J, be such that 


n 
no pair have a common inside point, we write the set as > pj or 
1 
n 
=p; or Xp;. If p be dissected into = f;, we write 
i 1 


P=Dithat-.-+hn, or pad pi. 


If the set > pi be dissected into = g; we write > 7; = ms Qj. 
1 1 1 
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Nn 
21°2. If the set of points inside or on & f; coincide with the 
1 


set inside or on = g;, then & p; = = g; (17), and conversely. 
1 1 if 


A Criterion for a Simple Polygon 


22. If p consists of a finite set of intervals, and tt separates 
the remaining points of the plane into various sets, while no 
proper sub-set of p separates any points of the plane, then p ts a 
simple polygon. 

Dem. If the intervals meet in any points which are not ends, 
we can divide the intervals into sub-intervals which meet in 
end-points only. Suppose this done. Then we first shew that 
each end of every interval of # is common to at least two 
intervals. 

For, if not, suppose B is an end of AB only; let g be the 
set of intervals #, omitting A“B. Let P, Q be separated by @, 
then by hyp. they are not separated by g. Hence there is a 
way (P'''Q) meeting ~# and not g and hence meeting AB. 
There is a point C, with [ABC], such that no point of any 
interval of g is on B“C (II 11°3). Let Y be the first meet of 
the ordered way (P°*'Q) and A™B, and let XY be the 
interval of (P*:'Q) such that X~ Y (5). Then since there are 
no points of g on CY or YX, there will be a point Z on 
XY such that no point of g is on A YCZ (4) and hence none 
on CZ. Similarly if Y, is the first meet of the ordered way 
(QP) and AB, and if X,""Y, is the interval of (Q°'-P) such 
that X,< Y,, then there is a point Z, on X,Y, such that no 
point of gis on C'Z,. Hence the way (P°**Z,CZ,*:Q) does not 
meet g or A'"B, that is, does not meet g. Hence P, Q are 
mutually accessible with respect to f, cont. hyp. Hence each 
end-point of an interval of f is common to at least two intervals. 

Hence we can trace a way ABB,B,... where AB, BYB,, 
B,"B,, etc. are distinct intervals of ~. Since their number is 
finite we must ultimately reach a point of the way already 
reached. Then we have a simple polygon 4. 

But this polygon separates the plane, while no proper sub- 
set of p does so. Hence p= fy. 
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Intersection of Simple Polygons 


23. Lhe points inside two polygons 6 and gq (tf any) are the 
set of all inside points of a finite set of polygons, no two of which 
have a common inside point. 

Dem. If a side of one of £, g meets the other polygon, the 
side is divided into intervals. Let [v] be the set of all intervals 
so got from all sides of and g. Let X be inside both ~ and 
g, and let [X] be the set of points accessible from X with 
respect to g and g. [X] does not include all the plane. Thus 
there is a finite set [v,] of intervals (a sub-set of [v]), which 
separates the other points of the plane into those accessible 
from X with respect to ~ and g, and those not. A sub-set [v,’] 
of [v,] with this property and such that no proper sub-set of 
[v,'] separates the plane, is a simple polygon A, (22). 

Now X is inside ,; for there is a point Y outside all /, ¢ 
and 7, (16). But Y, being outside / and g, is not accessible 
from X with respect to g and g, and hence is separated from 
X by [v,] and hence by f,. But since Y is outside f, and is 
separated from X by f,, therefore X is inside /,. 

Whence all points accessible from X, with respect to p and 
g, are inside or on f;. 

Again if X’ be a point inside both g and g and not accessible 
from X, then points accessible from X’ with respect to p and 
g are all the points inside or on a simple polygon ”. 

Next consider points inside both g and g, and not accessible 
from X or X’ with respect to g and g. And so on. 

If two of the polygons so got, say f, and f,, had a common 
inside point, then X and X’ would be mutually accessible with 
respect to ~ and g, cont. hyp. 

If Y is a point, not an end-point, of an interval of [v], there 
are points P, Q with [PYQ] such that P-Y, Y“Q meet no 2, 
whence if P is inside both f and g, then Q is not (15°4). Hence 
no v is part of two of our polygons, and since the number of 
intervals wv is finite, so must the number of polygons be. 

-t, All the points on f, above are accessible from X with 
respect to f and g, and hence are ezther on both p and g or on 
one and inside the other. All points ecther on both g and g or 
on one and inside the other, are on /, or f, or etc. (15°34). 
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232. If 3p and X¢ be sets of polygons as in 21°I, the points 
inside polygons of both sets are the inside points of a finite 
set of polygons, no two of which have a common inside point. 


24. If all points of a simple way w be inside a polygon p, 
save its ends, which lie on p and are distinct, then p ts dissected 
by w into two polygons. 

Dem. If p=A,...A, and w=W,...W, where W, is on 
A,A,4, and W, on A,A,,, (s 27) then 


pW Wee An Ae ae 


and ~,= W,...WmA;As1--- Ari: W; are simple polygons. (If 
s=~7 the last is J,.= W, ... Wn, W-) 

(a) If P is inside g and not on w, a suitable ray from P, not 
through a vertex of zw, meets f in an odd number of points (12), 
and hence meets one of the ways WmAgi... An Ai... A,W, 
and W,,A,As_,... Ap4,W, in an odd and the other in an even 
number of points. Hence a point inside 7 is either inside one 
and only one of p,, p2 or is on w. 

(0) A point outside / is outside f, and f,; for there are 
points O outside all 4, ~ and p (16). If O, is any point out- 
side , it is accessible from O by a way outside ~ and so 
outside 2,, 2., for if any point of the way were inside /, or fy, 
the way would meet p, or Z, (14). Hence O, is outside /, 
and f,. 

(c) Whence a point inside g, or Z, is inside f, since as is 
easily shewn, a point on / is not inside J, or fp. 

(2) A point inside J, is not inside ~, by (a) (8) (c). 

The Theorem now follows from (a) (c) (@). 

If W,=W,,, one of the sub-polygons would not be simple. 


25. If the polygon p= Xs,= Xtj, and if [s:t;] is the set o 
polygons of 23 whose inside points are inside both the polygons 
5; and t;, then p= & [s;2;). 

ay 

Dem. (a) All points inside any member of [5;Z)] are inside 

s; and hence inside /. 


(4) No point is inside two of [s;¢] (23), for no point is inside 
two s; or two Z. 
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(c) All points inside / are inside or on some sit; for they 
are inside or on some s; and inside or on some qeyinside 
both, they are inside a member of [s;Z]. If on one and inside 
or on the other, they are on a member of [5;4)] (2377). 

26. If 2p and Xq be sets of polygons as in 211, the points 
inside or on one set and outside or on the other, are all the points 
inside or on a finite set of polygons. 

Dem. Consider first the Theorem for two triangles ABC, 
XYZ, and we may suppose some of the points inside AABC 
are outside and some inside AX YZ. Then some side-line of 
AX YZ will meet A ABC in just two points. For if P be in- 
side and Q outside A XYZ and both inside AABC, then P-Q 
contains a point on AX YZ (3°3) and inside AABC. Whence 
the statement by II 17. 

If XY meet AABC, the points inside or on A ABC on each 
closed half-plane of XY are all the points inside or ona finite 
set of triangles (24,21). Ifthen YZ meet any of these triangles, 
the points inside or on them and on the 


closed half-plane of YZ opposite to X, me 

are all the points inside or on a finite set se 
of triangles. Similarly for ZX. Whence 

the points inside or on AABC and out- 

side or on AXYZ, are all the points 4 ae £ 


inside or on a finite set of triangles. 
(Note that AX YZ may be wholly inside A ABC.) 

Now dissect the sets of polygons &/, =¢ into sets of triangles 
[2], [¢’] resp. If the points inside a triangle of [¢] are some 
inside, some outside a triangle of [¢’] we apply the above. 

The following are needed in the Theory of Volumes. 

-t, Given a finite set of triangles [¢], there is a set of triangles [2’] 
such that no point on or inside any triangle of [7’] is inside any other, 
and the set of all points inside or on the [¢] is the set of all points 
inside or on the [7’]. 

Dem. For two triangles by 23, 26, 21. Then by induction. 

-2. If [P] be the set of points inside a given polygon and outside 
a finite set of polygons [/’] and not on a finite set of intervals [z], 
then there is a finite set of triangles whose inside points are all in 
[P] and such that each point of [/] is on or inside one of these 
triangles, no two of which have a common inside point. 
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Dem. There is a finite set of triangles [¢] such that the points 
inside ~ and outside [/’] are inside or on [¢], and that points inside 
[¢] are inside / and outside [’] (easily by 26, 21). The intervals of 
[v] are divided by the side-intervals of these triangles into sub- 
intervals [v']. Let X'*Y be one of these intervals [v’]. If the end 
X fall on a side AB of AABC, we have AABC SAXAC+AXBC 
(II 18) and X is a vertex of the sub-triangles. If X is at a vertex A 
of AABC and VY is on B-C, then X“ ¥ dissects the triangle ; while 
if Vis inside A ABC and XY meets B-C in Z, we have [A YZ] [BZC] 
and hence by II 18 


AABC=ABZ+ACZ=ABY+ BYZ+ ACYV+CYZ. 
Hence the Theorem by ‘tr. 


Lemmas Needed in the Theory of Areas 
27. If A is not on BC and [BX,... X,C] then 
AABC = ABX,+ AX, Xo4+...+ AXn Xn + AXAC. 


Dem. When »=1, this follows by II 18. Assume the Theorem 
for (z—1) points on B-C. An ath point Y is on some XXi4y 
(220-2; Aya A, X,=4) (et) Hence 

AAX;, Xj4, = AX; V+ AVX. 
Hence by 20°. 


28. If dCBD be a quadrilateral and C, D on opposite sides of 
AB, then ACBD=ACB+ ADB. 

Dem. A ray from a point of A~BZ, and not on the line 4B, lies in 
{AB, C} or in {AB, D} (III 6) and hence meets one and only one of 
AC, CB, AD, B-D (II 16, III 6-1). Hence every point of 
A-B is inside ACBD (12). Hence the Theorem by 24. 


29. If XAB be a triangle and [XZA] [XB], then [ZB is in 
AEH, and AXAB=XEH+ABHE=XEH+EHB+ EAB. 

Dem. Since [XEZA] [XHB] therefore 4-H x 
meets Z-B and so (ZB is in AFH, and ABHE 
is a quadrilateral (III 12°1), and H, A areon ¢ H 
opposite sides of HB. Hence 

ABHE = EHB + EAB (27). ee A 

Also all points of Z-H are inside AXAB Fig. 123 


(II 121). Hence XAB = XZEH+ ABHE (24). Whence the 
Theorem by 20°r. 
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30. If XAB be a triangle and [AZ, ... £,,X| (BH, ... H,X] then 
AXAB=ABH,E,+ E,H, H,E,+ see sy cha nit, Lo, + Epa te hs PG 
; Dem. For ~=1 Theorem is 29. And it follows generally by 

induction from 29 using 20°1. 


31. If ABE bea quadrilateral and Z, B on opposite sides of 
AF, and [FED], thn ABFD= ABFE+ ADE. 

Dem. Since [FED], D, B are on opposite sides of AF and 
hence 4B/D = ABL+ ADF (28). Also since [DEF] we have 
ADF=ADE+ AEF (27). Further ABFE= ABF+ AEF (28). 
Whence the Theorem. 


32. If ABFE be a quadrilateral with Z, B on opposite sides of 
A¥, and A, Fon opposite sides of BZ, and 
[ZXA] [FYB], then e 

ABFE=ABVX+XVYFE. 

em. by hyp..and III 12, X-Y, A-F 
meet in Z say. Hence[AZF][XZY]. Since A aa 
[AZF || BYF] therefore Z, B are on opposite Ei an4 
sides of A Y. Similarly Z, Z are on opposite sides of XF. 

These results give by 28, 29, 

ABFE = ABF+ AEF= ABYZ+ZVF+ XZFE + AZX, 


and AZX+ABYZ=ABVX and XZFE+ZVF=EXYFE (31). 
Hence the Theorem. 


fF 


33. If ABFE be a quadrilateral as in 32 and [ZX,X,... X,A] 
FY, ¥,... ¥,2] then 
Wee ABV, X, AUX, VX, + + Xn Van Vi Xnt Xun FE 


(32 and induction). 


34. Def. A ‘convex’ polygon is one whose inside points are all 
on the same side of any side-line of the polygon. 

‘rt. The inside points of a convex polygon form a convex region 
LiL 4). 

-2. If A-#, B-E meet, then ABE is a convex quadrilateral. 

-3. If A, B, C, D be four points in a plane, no three collinear, 
either one point is inside the triangle formed by the other three or 
the four points are vertices of a convex quadrilateral. 

Dem. If AB and C-D do not meet, but Ad~Z4 and CD do meet 
in Z say, then C, D are on the same side of 4Z, and C is inside 
AABD or D is inside AABC according as [DCZ] or [CD£]. 
Similarly if 4~B and CD do not meet, but 4B and C~D do meet. 
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If neither 4-B and CD, nor AB and C-D meet, ether A-C. 
meets B-D or A-D meets B-C (III 13) whence either ABCD ort 


ABDC is a convex quadrilateral (2). 
Finally if A-B and C-D meet, then ACBD is a convex quadri-- 


lateral. 
The Angle-Sum of a Polygon 


§ 2. Basis O, C,. 
35. If p, g be congruent polygons and g= 5 gi, then there 


are polygons 7; with p= Di, i= i (IV 67). 


36. Def. Ifa polygon ie dissected into triangles with their 
vertices at the vertices of the polygon (21), the sum of the 
angular measures (IV 57) of the angles of the triangles is the 
‘angle-sum’ of the polygon (which of course, need not be 
convex). 

§ 3. Basis O, C, P.. 
37. By VI 3°3, Theorem 33 holds when AAFZE is a parallelogram. 
‘1. If ABCD bea parallelogram and [4 4, ... 4,D], 
4A, AA™ = ALD and. 4,3 APA Ae 
be parallel to 48 where B,, ZB, ..., B, are on BC, then ABCD is 
dissected into congruent parallelograms 
ABB,A,, A, B,ByAy, «.-; A,B, CD. 

38. The angle-sum of a polygon of n sides ts (n — 2) 1. 

Dem. The number of triangles into which an z-gon is dis- 
sected by the method of 21 is x—2. For this is true when 
m= 4, Assume that the number in the case of an 7-gon, when 
r<n,isr—2. At the first stage of the dissection of an -gon, 
we get ezther a triangle, and two polygons whose total number 
of sides is +1, and then, by hyp., the total number of 
triangles in the final dissection is 1+%+1—4="—2; or we 
get one triangle and one (” — 1)-gon, and the total number of 
triangles is then finally 1+2—1—2=m% —2. Hence the state- 
ment follows by induction. The angle-sum of an m-gon is 
thus (7 —2)7, by 36. 

‘1. (Vote. The proof usually given, by joining the vertices of the 


polygon to a point inside it, is clearly invalid in general for non- 
convex polygons. 
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Euler's Theorem 
§ 4. Basis O,. 


The following is essentially a Theorem of Combinatorial Analysis 
Situs*, but as we are avoiding that subject in this book we deduce 
it from O,. 


39. Lf a polygon p is dissected into f(>1) polygons q, and 
the total number of all points which are vertices of the polygons 
zs v, and of the open intervals which are sides zs e, then 


v+f=rert+l. 


Dem. A line, not through a vertex, which goes through an 
inside point of Z, meets f and the g in points A, A,... An say, 
in that order. A point X, with [A,XA,], is inside p and so 
inside one of the g, but [X A, meets that g in A, only. Thus 
some sides of that g are on sides of g. The other sides of that 
g form a simple way from a point on g to another point on p 
and the way dissects f into two polygons (24). Treating these 
polygons like f, and so on, we can generate the dissection by 
dissecting by simple ways, polygons already formed. 

Suppose at a certain stagev+/=e+1 is true. In the next 
step we draw a simple way inside one of our polygons as in 24. 
Thus f becomes f+1. If the way is made up of intervals 
we have z, #+1 or z+2 extra sides according as both ends, 
one end, or neither end of the way are at vertices already got, 
and so in these cases we have x— 1, x or +1 extra vertices 
resp., the ends of the way being supposed distinct. Hence the 
formula is still true. 

But the formula is true when /=2, since the number of 
vertices common to the two polygons g is one more than the 
number of sides common. Hence it holds generally. 


* Veblen, “The Cambridge Colloquium” (1916), Amer. Math. Soc. 


CHAPTER XI 
THE AREAS OF POLYGONS 
Introductory Remarks 


There are two customary ways of shewing that two polygons 
p, p' are equivalent. 

(i) We may be able to dissect the polygons g and 7’ into 
polygons such that each polygon which dissects f is congruent 
toa corresponding one for 7’. 
or (ii) We may be able to adjoin congruent polygons to p 
and 7’ so that the total figures so obtained are related as in (i). 
This is done, for instance, in the usual proof of the equivalence 
of two parallelograms on the same base and between the same 
parallels. 

In case (i) we shall say the polygons are ‘equivalent by 
addition, in case (ii) we shall simply say they are ‘equivalent.’ 

In shewing equivalence by addition, the main difficulty is to 
shew that the polygons constructed really do dissect the figure, 
that is, that their inside points fill it without gaps. For these 
proofs the previous chapter is essential. 

If Axiom K, (IX § 3) be not assumed, the distinction 
between equivalence and equivalence by addition is a real one; 
two polygons may be equivalent without being equivalent by 
addition. But if that Axiom be assumed, then two equivalent 
polygons can always be dissected into triangles congruent in 
pairs ; they are thus equivalent by addition. 

Much of the present chapter is concerned with the Theory 
of areas. The area or measure of a triangle being defined as 
half the product of the measures of a base and the corre- 
sponding altitude, we naturally wish to define the measure of 
a polygon as the sum of the measures of any set of dissecting 
triangles. The difficulty here is to shew that the measure so 
obtained is independent of the set of dissecting triangles 
chosen. That triangles can always be found to dissect a 
polygon was shewn in the previous chapter. 
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We must also shew that equivalent polygons have the same 
measure and conversely. 

At first we do not assume the parallel Axiom, but as the 
Theory of Euclidean areas is very different from that of 
non-Euclidean areas we introduce that Axiom quite early. 
Later, when we come to consider non-Euclidean areas our 
earlier proofs will be found useful. 

In this chapter we have used Hilbert’s Grundlagen, and 
Finzel, “Die Lehre vom Flacheninhalt in der allgemeinen 
Geometrie,” Math. Ann. 1912, LXXII, p. 262. 


Preliminary Propositions 
§ 1. Basis O, C,. 


All polygons are supposed to be simple plane polygons. 
1. Def. Two polygons 7, g are ‘equivalent by addition, 
written 


P=9(+); 
if p can be dissected into = f,;, and g into = g;, where 7;, g; are 
1 EI 


polygons such that ~;~g; (¢@=1...z). The same definition 
applies if 2, g are sets of polygons. 


Speaking roughly, / and g are made up of sets of polygons, con- 
gruent in pairs, but perhaps fitted together differently. 


‘1. Def. Two polygons £, g are ‘eguzvalent’ (simply), written 
P= 
if there are sets of polygons s, s’, ~;, g; such that 
n n 4 mu 
S=pt+ pi S=g+ hh, Pi Gi (Z=1...2), SZS' (+). 
1 


The same definition applies if Z, g are sets of polygons. 


In this case we adjoin to f, g sets of polygons equivalent by 
addition so that the results are equivalent by addition. How far 
‘equivalence’ implies ‘equivalence by addition’ is considered in the 


sequel. , 
-r1. Vote. It is implicit in the notation (X 21°1) that no two of 
py Pry +++) fn have common inside points. Similarly for 7, 71) -++) Yn- 
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v2. If p&%g then p=g(+) (X 35). If p=g(+) then p=, 


but we do not assert the converse. Hence there are pairs of 
polygons satisfying each definition. 

-3, Both relations, ‘equivalent by addition’ and ‘equivalent’ 
are clearly reflexive and symmetrical. 

2. If p=%q(+) and p=r (4), then g=r(+). 

Dem. Since p=q (+), there are polygons g;’, g; with 


n n 
= > Ve * Gi, G~GQ G=1'n). 
Since p =r(+), there are polygons 7;’, 7; with 
ate m 
p= in, r=iH, GH=r G=rm). 
1 1 


The set of points inside both g,’ and 7;’, if any, coincide with 
the set of points inside a set of polygons, no two of which 
have a common inside point (X 23). Denote this set by [¢,'7;’]. 
No two of the [9,7] (¢= 1°”, 7=1°*'m) have a common 
inside point, and each point inside g,’ is inside f and hence 
inside or on some 7; and hence inside or on some [g;’7;’]. Hence 


G= = [9:77] (X 20). 
j= 


But ¢;~ ¢;. Therefore g; can be dissected into polygons con- 
gruent to the set [¢;’7;'] (7=1°*'m) (X 35), and hence g into 
the set congruent to [g¢;'7;'] (¢@=1°''z, 7=1°*'m). Similarly 
for ry, Hence g =r(+). 

I. Lf p=q and p=r, then g=r. 

Dem. By i't there are polygons s, 5, s’, 5’ such that 

Pt dsXq+Us(4); pt ds Srt+ dsr (4); sZs, ZS. 
Let &’s’ be the set of polygons such that points inside or on 
them are inside or on Ss’ and not inside Ys; and let S's be 
the polygons similarly related to 2s and Ss’ (X 26). 

Hence the set of points inside or on 2s +%’s’ is the set of 
points inside or on &s’+%’s. No two of the polygons of 
=s + 2's’ have a common inside point, and similarly for the 
polygons of Ss'+%’s. 

Hence ds+2/s's Xs’ + 2's (X 212) 
and 2S + B's’ SBS’ + D's (+) (2). 

(We have assumed for simplicity that 55 and S’s’ have no 
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common inside points and similarly for =5’ and 3's. If this is 
not the case, we replace >’s’ or &’s by congruent figures, such 
‘that the last formula holds.) But 

Pt 2s=q+=s(+). Hence p+ =s+/s'Zo + S54 B's’ (+). 

And 
Pt rs'=r+ X5'(+). Hence p+ Bs’ + B's Br 4 Ts’ 4+ D's (4). 
But 

2s+ 2's’ =Is'+ d's. Hence p+ Us+ d's’ = p+ Ss’ + B's (4). 
These give, by (2), g+ 254+ 's’=r+ 35’ + X's (+), which in 
turn gives g =r, since 5+ /s’ = XS’ + &’s (4). 

2:2. The relations ‘equivalent by addition’ and ‘equivalent’ 
are hence both equable. This fact will often be used without 
quotation: 

3. If AD~= BC, DE=CF, and ADE, BCF are right angles, 
fndea, Dine omthesame side fof C if Pp  C fF -F. 
or CD; and if C is on [FE 
when D is on EF], but C is 
on FE] when D is on [EF, 
then ABCD=ABFE. (Cf. A 8B A 
LIT 16.) Fig. 125 

Dem.* We first shew that £, B are on opposite sides of 
AF. For the hyp. gives ADE~ BCF. Let D be on EF}, then 
[DEF] and C is on [FE = [FD, and DE™ FC. Hence [FCD] 
(IV 6). Thus DEA™~ CFB =DFB and hence EA, FB do not 
meet (IV 36) and therefore F, B are on the same side of EA. 
But AF + AB; hence either [AF is in EAB or [AB in EAF 
(III 9), and the latter is false since it implies AB, EF (= DC) 
meet (III 7), whereas AB, DC do not meet, since DABC is an 
isosceles birectangle (IV 69'1'2). Hence E, B are on opposite 
sides of AF (III 7'1). 

But [DEF], Therefore ABFD=ABFE + ADE (X 31). 

Similarly C, A are on opposite sides of BD. But [FCD]. 
Therefore ABFD=ABCD+BCF. But ADE~=BCF. Hence 
ABFE =ABCD. 

If D is on [FE then C, D interchange réles, and so do E, F, 

* The difficulty here is to rove the dissection theorems which can be 
‘seen’ to be true. 


Fig. 126 
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4. Every triangle ts equivalent to an isosceles birectangle. 

Dem. Let XAB be a triangle; E, H mid-points of XA, XB 
resp. Let [EHF], #P=EH. Then x 

XEH=BFH. 
Since [XEA] [XHB] we have as fia = 
XAB=XEH+ABHE 
and [EB is in AEH (X 29). Hence H,A A B 
are on opposite sides of EB. Thus[EHF] Fig. 127 
gives ABFE=ABHE + BFH (X 31). Whence since 
XEH = BFH, we have XAB=ABFE (+). 

Let now ADLEF; D on EF; FC=ED with C on [FE or 
FE] according as D is on EF] or [EF. Suppose the first is 
the case. 

Then [DEF] [EHF]. Hence [DEH] [XEA] and so 

AED™= XEH = BFH= BFC 
(since C is on [FE and[EHF]). Also AE~> XE=BF. Hence 
ADE™BCF, whence BC1DF and AD=BC. Also [XEA] 
[X HB] shew that A, B are on the same side of CD. Thus all 
conditions of 3 hold and ABFE = ABCD. 

Similarly if D is on [EF. 

So far we have not used any parallel Axiom and accordingly these 
Theorems are true for areas in the Hyperbolic plane. 


Euclidean Areas 


§ 2. Basis O,C, P,. 


An isosceles birectangle is now a rectangle (VI 5°6). 
41. Def. If ABCD bea parallelogram and AX 1 BC, X on 


BC then AX is ‘the altitude of the parallelogram corresponding 
to the base BC, (Cf. VI 5°51.) 


5. Ifa parallelogram and a rectangle have a side a common 
and if the sides in each opposite to @ are in one line, then the 
parallelogram and rectangle are equivalent (3). 


6. Two parallelograms with congruent bases and corre- 
sponding altitudes congruent are equivalent. (Congruence and 5.) 
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7. A triangle is equivalent to a rectangle whose base is a 
base of the triangle and whose corresponding altitude is con- 
gruent to half the corresponding altitude of the triangle (4) 
eVierir), 


8. Zwo triangles with congruent bases and corresponding 
altitudes congruent are equivalent. (Congruence and 7.) 


9. A rectangle exists equivalent by addition to a given 
parallelogram or triangle. 

Dem. Let ABFE be the given parallelogram, then either 
HABZyUAE or pAEZpAB (IV 13). Suppose the first is 
true. Take the construction of 4 and suppose D is on EF], 
and hence C on [FE. Thence [FCE] or [FEC] or E=C. 
But if [FEC] or C=E then 

pAE =pBF > pFC (1V 63) =pFPE =pAB, 
that is, wAE >pwAB, cont. hyp. Hence [PCE] and so [DEC]. 
It is this that distinguishes the present situation from that in 
4, where [FEC] was possible. It is now easy to shew that 
ABFE = ABCD (+4) using X 31. 

Also, by the proof in 4 Dem. any triangle is equivalent by 
addition to a parallelogram. Hence the rest of the Theorem 


follows by 2. 


‘1. (Vote. We now proceed to define the area or measure of 
polygons, beginning with triangles. When a polygon is dissected 
into triangles, its measure is to be the sum of the measures of the 
triangles; it is thus clearly necessary to shew that this sum is 
independent of the particular way in which the polygon is dissected 
into triangles. It would be very easy to shew this if we assumed the 
following additional Axiom. ‘If all the inside points of a polygon 
P are inside points of a polygon Q, then the measure of P is not 
greater than the measure of Q.’ This corresponds to Euclid’s Axiom 
‘the whole is greater than the part,’ in so far as the latter statement 
is not merely verbal. We shall not find it necessary to introduce this 
additional Axiom; on the contrary we shall prove it. 


The Measure of a Triangle 


10. If ABC be a triangle, ADLBC, BEL AC, D on BC, 
E on AC, then AC.BE=BC.AD. 
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Dem. Omitting the trivial case when C =£ and using the 
cross, we have x ADC = CEB A A 
(IV 74, 51) x ACD=ECB 
(IV 71). Whence ADC and cE 
BEC are indirectly similar 
(VII 24) and so B Be CD 

AC|AD ~ BC|BE (VII to) ze 
ACOBE=BCCAD (VI 20) * 27? Fig. 129 

10'1. Def With this construction } AC. BE is the ‘measure’ 
of AABC, and is written wABC. 

‘2, pABC is by definition the measure of an interval (VII 15). 
Later on it will be identified with a real number. The factor 
4 in the definition is merely inserted for convenience and in 
accord with custom. 

*3. Congruent triangles have the same measure. 


11. If ABC bea triangle, and X,, ..., X» satisfy 


Bae. Ce ATE. § 
then 


(A BG pABX, + pA XyX oe. pANas Ge ee 


Dem. If AD1 BC, D on BC, then by IV 13°1, VII 1972 and 
[27 


pABC =1BC (AD =}(BX,+ X,X,4... + X,C AD 
SiG ADT XCD) 
=1BX DA perk Cea 
PAB Nee el 


12. Def. If ABC be a triangle and [BX, ... X,C], we know 
(X 27) that AABC= ABX, + AX, X,4+...4A Xn .Xn+AX,C. 
We call A-X,, ..., A~X,y ‘transversal dissectors’ of AABC 
and say that the triangle is ‘dissected transversally? If AABC 
be dissected transversally and any sub-triangles be also so 
dissected and the process be repeated a finite number of 
times, we say AABC is ‘szmply dissected.” [That it is dissected 
follows by X 20'1.] The sides (inside the triangle) of any set 
of polygons which dissect a triangle are called ‘dissectors’ The 
following Theorem is based on Axioms O, only. 
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13. If in a dissection of AABC into a finite number of 
triangles, no vertex of any sub-triangle is on a certain side of 
AABC or inside AABC, then the AABC is simply dissected. 

Dem. Note that a ‘side’ of a triangle does not include its 
ends (II 11°7). Suppose no vertex of any sub-triangle is on 
B-C. Then since there is no vertex 
inside AABC, either there is no dis- 8 
sector through B or none through C, for 
dissectors of these two kinds meet inside 
the triangle (II 11°6). Suppose none goes 
through B, then there is a vertex B, on 
B-A such that there is no vertex on B'B, 
(II 11°2). If also there were no dissector through C, there 
would be a vertex C, on C-A such that there is none on C'C,. 
But then AABC=AB,C,+BCC,B, (X_29) and then, since 
there are no vertices of sub-triangles inside AABC or on 
BC, Br B,, CC,, it follows that AABC contains an un- 
dissected quadrilateral, cont. hyp. Hence some dissectors do 
pass through C, and hence, by hypotheses made, CB, is a 
dissector. 

Similarly if AAB,C is dissected, there must be dissectors 
through B, or C (besides B,C) but not through both. 

(oelt they-go through ’C, fet CB, CB,, .:.., CB, (7 >1) be 
all the dissectors of A ABC through C, and let [BB,... B, A]. 
Since there are no vertices of sub-triangles inside A ABC or 
on B-C or B,~C, no dissectors of ABB, C, save those mentioned, 
go through any point of B'“B,. Hence ABB,C is dissected 
transversally. 

(ii) If they go through B, we proceed as for B, next. 

(iii) If AAB,C be dissected, some dissectors must go 
through B,, since none go through C, by (i), or through A. 
WeetebC 1) by, Ga... DaGg 9 > 1) be ali the dissectors of 
AAB,,C through B, (and hence all those of AABC through 
B,), and let [(CC,C,...C,A]. Then, as_in (i), AC, CB, 1s 
dissected transversally. 

Hence AABC=B,BC+C,,CB,+ ABgC» (X 29); this ts 
a sequence of transversal dissections, and ACCB, aie bape 
are dissected transversally. If AAB,C,, be dissected, we can 


Fig. 130 
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treat it like AABC. Since the number of sub-triangles is 
finite, the process terminates and the Theorem follows. 


14. If AABC be simply dissected, then ABC is the sum 
of the measures of the sub-triangles (12, 11, I 20°81). 


15. If ty, ..+) tn be triangles and AABCS=4+h+...+h 
then pABC = ph+...+ Men. 

Dem. Join A to all the vertices of the ¢; by rays 7 from A. 
These rays meet B-C, and the triangle ABC is dissected 
transversally by the portions of 7 between A and B-C into 
triangles, which we call T; (12); pA BC = ST; (11). 

Let AXYZ be any ¢;. Through each of X, Y, Z goes 
some @. 

(i) If two of X, Y, Z, say Y, Z, lie on the same ray Z and 
Y, Z+A (and hence X + A), and if other rays 7 meet X~Y in 
er eons Leg WIth [dake ae | ee news Tere 
AX>Z.in points ,, ..., M, with LXM,-.. MZ] 
(II 12°6). Hence AX YZ is dissected into a tri- 
angle and quadrilaterals whose vertices are on 
XY and XZ (X 30). The quadrilaterals can 
be dissected into triangles with the same vertices %M% Mp 2 
(X 21). When this is done, AX YZ is dissected Fig: 131 
into triangles none of whose vertices lie inside AX YZ or on 
Y-Z. Hence it is simply dissected (13). 

(ii) If Y=A, and some rays Z lie in XYZ, they dissect 
AX YZ transversally (III 7, X 27). 

(iii) If no two of X, Y, Z are on the same Z and all are 
distinct from A, then since all the Z are in ABC, one of those 
which pass through X, Y, Z is in the angle 
formed by the other two (III 85). Let this x 
be the / through X, say 4, then 4 meets Y-Z 
in W say (III 7). Hence AXYZ is dissected 
transversally by a portion of that ray, and if Lee. 
X-Y or X-Z is met by other rays 7 we can * = "3? 
proceed as in (i). Since there are no vertices of sub-triangles 
of AXYZ on X-W or inside AXYW, therefore AXYW is 
simply dissected. So is AXZW, hence so is AX YZ. 


4, 
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Hence we have simply dissected sa zt; av triangles ¢; say 
and AABC = z ty (X 20°1) and wt;= & pty (14). 
ris 


The ponices of the 4; are all on the rays /, therefore no 
vertex of any 2, is inside any T; nor on the side of T; opposite 
to A. (A side of a triangle does not include its ends.) Hence 
if any T; be dissected into any ty, say into the set ¢,, the 
dissection is simple (13) and wT y= & pte (t4), Since: the 77 


and the ¢; both dissect AABC, all points inside or on the 
T; are inside or on the ¢;, and conversely (X 20). Hence in 
dissecting ad/ the T;, a// the ¢; are used. Hence 


pABC= es Hah 


Also we get a// the ¢; by Hae heron of all the ¢;, hence 
Spe; > pti; and pBABC = Lpi;. 
i ij i 


Measures of Polygons 


16. [f a polygon p be dissected into triangles s; and in- 
dependently into triangles t;,, then 2 LS= > pe;. 


Dem. Let [uy] be the set of eB ivoenst as in X 23, whose in- 
side points are the points inside both s;and Z. Each polygon of 
[w,;] can be dissected into triangles (X 21), which we call wiz. 
Hence, since any point inside s; is inside fg and so inside or on 
some 4 and hence inside or on some uj, we have by X 23°2, 


SPS Jae = zs uwy=5;. Similarly => wp = = ui = t;. Hence 

jk 4k 
> s5= S MUiik and Lt = > Ae lize Bh Hence Eps; = ply. 
a ajk j uk a j 


‘tr. Def. The ‘measure’ of a polygon f, denoted by pf, is 
the sum of the measures of any set of dissecting triangles. 
That the measure of /, thus defined, is independent of the set 
of dissecting triangles chosen is shewn in 16. 

‘2. Def. The‘measure’ of a set of polygons, no two of which 
have a common inside point, is the sum of the measures of the 
polygons. Note that all these measures are the measures of 
certain intervals, and the defs. are consistent by IV 13. 

‘3. Congruent polygons have the same measure (10°3 and 


Xe2T) 35): 
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17. If ABCD be a rectangle then p»ABCD =AB.AD. | 
Dem. By X 28, VI 33 we have ABCD=ABD+CBD. 
Thence by to'1, 161 and VI 5, 5°7. 


18. Eguzvalent polygons have the same measure. ay 
Dem. If p™q, there are sets of polygons 7% and 7; with 


n n ; 
Der =o 4 Sr Cy Yo pe Hence p += 7% and g+2r can 
1 1 


be dissected into polygons congruent in pairs (11, 1). But 

congruent polygons have the same measure (16°3). Hence 
ue(ptinj=ngtin), win=pzr/ (162). 

Whence the Theorem follows by 16:2 and I 20°41. 


19. Two triangles with congruent bases and the same measure 
have congruent altitudes (1V 13, VII 16, I 21°51). 


20. Two equivalent triangles with congruent bases have 
congruent altitudes (18, 19). 
‘I. Theorems 19, 20 hold for rectangles and parallelograms. 


‘2. JVote. In shewing 20, Euclid assumes that a triangle cannot be 


equivalent to a part of itself. We have no need to use any such 
Axiom. 


21. By means of constructions abcd a triangle, equivalent 


to a given triangle ¢, can be constructed with a given side AB 
(EX5255). 


Dem. Make AADX ™¢, with D on [AB (IV 55), DW || BX 
(IX 3), then DW meets AX (VI 2:2) in Y x 
say. Either [ADB] or [ABD]. If [ADB] 
then [A YX] (VI 3) and, by II 18, 

AABY=ADY+DYB; 

AADX=ADY+DYX., A D B 
But since DY || BX, therefore ADYB and Fig. 133 
ADYX have altitudes corresponding to the base DY con- 
gruent (VI 5:4). Hence 

ADYB=DYX (8) and AABY 2=ADX =. 


If [ABD], then [AXY], and B, D interchange réles and so 
dorxcays 
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22. By means of abcd a rectangle, equivalent to a given 
triangle, can be constructed with one side given (21 and 7). 


23. By means of abcd a rectangle, equivalent to a given 
bolygon p, can be constructed with one side AB given. 

Dem. Dissect p into triangles 4, ..., 4, (X 21). Draw the 
rectangle AA,B,B ~z,(22), the rectangle A,A,B,B,™¢, with 
[AA,A,], ..., the rectangle 

ApinDabe 4%, with { A, A, 44a) 
Then AA, B,B is a rectangle and 
AA,B,B=AA,B,B+...+AnrAnBnBaa (X 371). 
Hence AA,B,B2=it,+...+tr=p. 
“eal If the given side-interval be congruent to the unit 
interval (VII 15), then the altitude of the rectangle con- 
structed has measure wf (17). 


24. Polygons with the same measure are equivalent. (Con- 
verse of 18.) 

Dem. If up=yg, let AA’B’B, AA”’B’B be rectangles equi- 
valent to 2, g resp. (23). Then pp=AA’. AB, pg= AA”. AB 
(17, 18), whence by VII 16 

pAA'=pAA", AA’=AA”, AA'B’B=AA'B'B. 
Hence f @ (1°2, 2°1). 

‘tr. (Vote. It is highly remarkable that two polygons with the same 
measure are equivalent. How far they are equivalent by addition 
will be seen soon. The corresponding Theorem on volumes is, as 
we shall see, false. It is for these reasons that a theory of measures 
of polygons can be constructed without continuity considerations, 
but that for anything like a complete theory of measures of polyhedra, 
continuity is essential. 

‘2. If ~, g be polygons the meanings of up< yg, pp > Mg 
are clear since wp, wg are merely the measures of intervals. 


28. The measures of polygons form a system of magnitudes 
for the operation +. This system is condensed (I 20°62). 

Dem. These follow from the corresponding properties of 
intervals when we shew that to each interval corresponds at 
least one polygon whose measure is the measure of the interval. 
Such a polygon we have when we draw a rectangle on the 
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interval as base whose altitude is congruent to the unit 
interval (17). 


26. If p,= pot fp, then pp. < pp, (25, 161 and I 20°31). 


‘1, Mote. This corresponds to Euclid’s Axiom ‘The whole is 
greater than the part’ when applied to the measures of polygons. 


The Influence of Archimedes Axiom K, (IX § 3) 


27. If K, zs false, two triangles may have the same measure 
and yet not be equivalent by addition. 

Dem. Let AC be perpendicular and congruent to AB, and 
let CX||AB, wCX >x.pAB for all ¢ x 
natural numbers zx. Now AABC, 

AABX have the same measure; sup- 

pose if possible, they are dissected into 

triangles ¢ congruent in pairs. Each 4 8 

side of a triangle ¢ has measure less iss 

than or equal to that of the longest side of AABC (IV 65°3) 
and hence this measure is S$ u.BC < pAB+pAC=2uAB. Now 
A'"X is dissected into sides of triangles ¢; suppose it dissected 
into 7 intervals, then prAX<r.2uAB. But pwCX < pwAX (IV 
63). Hence wCX <2r.yAB, cont. hyp. Hence the Theorem. 


28. If K, zs false, two rectangles may have equal measures 
and yet not be equivalent by addition. 

Dem. By 9 there are rectangles g, g equivalent by addition 
to the triangles ABC, ABX of 27. Whence if pg (+), then 
would ABC = ABX (+4) (2). 


29. If K, zs true, a rectangle can be drawn on a given side 
OA, equivalent by addition éo a given rectangle* HKK'H'. 


Dem, Let pHK=6, «OA =a then by y Z 
K, and IX 12, we have either (i) <a & R 
M 


or (il) Za and 6 S 2a or (ili) b> 2a. x al 

In case (i) there is a natural number Ss 
m~ such that) 2°02 a,.2% b= ail(K;). Eos 
Therefore 2"4<2a, and so 2"@ satisfies 0 A B 


conditions (ii) on 4. Fig. 135 


* W. H. Jackson, “On Wallace’s Theorem,” Amer. Jour. 1912, XXXIV. 
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Let HK, KX,’ 7’ be a rectangle with 
pt, K,=2"4HK, pH, H,' =~ pHH"’ (V1 6's). 
We can dissect HKK'H' and H,K,K,'H/ each into 2” rectangles, 
all congruent, with sides of measures 4 and = pit” (X34), Hence 
HKK'H' ™ H,K, KH (+). 


I 


i b> 2a. 


ees : . L 
In case (iii) there is a natural number z with — 4S 2a, 
2 


I I : a ‘ 
Therefore gn o> 4, and so an satisfies conditions (ii) on 4. Let 


HK, KH’ be a rectangle with 
pH, K,= = wHK and pH, y= 2"yHH". 


Then as before HKK'H' = H, KK,’ H, (+). 


Hence it suffices to treat case (ii), and we shall exclude the cases, 
easily treated separately, when 4=a or 2a. 

Let OBMX bea rectangle congruent to HKK'7’, with B on[OA. 
Then, by assumptions, [OAB] and pwOB<2n0A. Let BY || AX, 
Y on OX, then[OXY](VI3). Let AZIIOY, YLIOA, then OALY 
is a rectangle; AZ, XJ/ meet in &, say, and BY meets XM, AL in 
2 Say: 

Clearly all points of the figure not on OY are on the same side 
of OY. Now pOB<2n0A and [OAL] give pAB<pOA. But 
AB, OA~ XQ, XR (VI 5). Hence [XQ], hence [YQP]. Also 
[OAB] gives [ YP] and hence [ZP4]. 

Then since [ZPA], therefore O, P are on opposite sides of A Y 
(VI 3°6) and hence we have OAL Y= OAPY+YZP (X 31). Also 
A, Y are on opposite sides of OP (VI 3°6) and hence we have 
DAPY=OPAYOFY (X28). Since [YOP] and [OXY], all 
points of X~Q are inside AO/PY (II 12‘1) and hence inside 
OAPY (X 20). Hence OAPY =YXQ+ OAPQX (X 24). Hence 
OALV=YVLZLP+VXQ+ OAPQX. Similarly we can shew that 


OBMX =QMB+ PAB + OAPQX. 


But clearly VXYQ™= PAB, and by VI 7:2, YLP= QMS. 

The Theorem now follows. 

It is very clear here that the main part of a logical proof consists 
in shewing the dissection which can be ‘seen.’ This is always 
omitted in the usual texts. 
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30. If K, is true, two polygons p, q with the same measure 
are equivalent by addition. 

Dem. p,q can be dissected into triangles (X 21), rectangles 
can be drawn equivalent by addition to each triangle (9) and 
hence rectangles can be drawn on a given base so equivalent 
(29). These can be fitted together as in 23, giving rectangles 
ABB’A’ and XYY'X’ equivalent by addition to J, g resp. and 
with AB™ XY. These rectangles have the same measure (18). 
Hence AA’= XX’ (20'1). Thus the rectangles are congruent, 
and so equivalent by addition, whence the Theorem by 2. 

31. If K, ts true, ‘equivalence’ tmplies ‘equivalence by 
addition’ (18, 30), and K, 7s essential for this implication (24, 28). 
Thus tf we assume KK, two equivalent polygons can always be 
dissected into triangles congruent in pairs. Even in the absence 
of K,, equivalence (simply) and identity of measure imply 
each other (18, 24). 

Quadrature of a Polygon 

32. (See V 18.) If Ax. Q, be true, a square equivalent to a 
given polygon p can be constructed by abcq, (1X 9). 

Dem. By 22 we can find a rectangle ABB’A’ = (by abcd). 
Let BC= BB’, [ABC] and let O be D 
mid AC. Hence [OBC] or [OBA] yy 


(IV 14'1) and therefore wOB < wOA. a 
Thus BB’ meets the circle centre O, 
radius OC, in D say (Q,),and Dcan A Ones re 


be found by abcq,. Then ADC isa ig 739 
right angle (VI 13) and AB. BC=BD? (VII 22). Hence the 
rectangle ABB’A’ and the square on BD have the same 
measure (17) and hence they are equivalent (24). 

33. If Q, be true, and m is the measure of any interval, there 
7s an interval whose measure x satisfies x°= m. 

34. If Q, and K, be both true, a square equivalent by addition 
to a given polygon can be constructed by abcq, (31, 32). 


Proportion and the Areas of Triangles 


35. Lf AOC, BOC be triangles, and p, q the measures of their 
altitudes with respect to the base OC, then tAOC|uBOC ~ Lig. 
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Dem. Note that, since ~AOC is the measure of an interval, 
the theory of Chapter VII can be used, Since 


HAOC =37p.0C and wBOC =4¢.0C 
the Theorem follows by VII 21°3. 


36. LFABC~ XYZ, then pABC|~XYZ ~ AB XY 
Dem. \f p, 7 be measures of the altitudes of the triangles 
with respect to bases BC, YZ then 


wABC|wXYZ~kp.BC\ig. YZ. 
But $p|4g~lg (VII 11:2) ~AB|XY ~BC|YZ (VIL 10). 
Fence by Vil 21-5. 


37- FQ, be true, we can construct by abcq, a triangle similar 
to a given triangle POR and of given measure AB». 

Dem. We can find C, D so that wCD?=uPQR (33) and 
X, Y,Z such that XY|PQ~AB|CD and XYZ ~PQR. Then 


pX YZ|~PQR ~ XY?|PQ?~ ABCD? (VII 21°6). 
Whence pX YZ =pAB? (VII 2°11). 


Projection of Areas 


§3. Basis OCP.,. 


38. Lf a polygon p ina plane « be prozected on to a plane B into a 
polygon p' (where B is not perpendicular to a) then pp'|pp~k|u, where 
h is the parameter of projection (VII 41°t). 

Dem. If al\B then p~Z', pp pp’. Let a be not parallel to £. 
Dissect Z into triangles and let 4BC be one of them. Let a, B meet 
in Z, and through 4 draw AX||4 then AX||B (VI 36'5). Either 
AX\| BC, or AX meets BC in X, say. In the first case BC || B and 
so #BC= measure of projection of BC, but by the projection, the 
altitude of ABC with respect to base BC is multiplied by the para- 
meter, &, of the projection (VII 41°r), and hence pA BC is multiplied 
by & (35). In the second case in the same way, pABX, pACX are 
each multiplied by 4 and hence so is pA BC, since that is either the 
sum or the difference of »4 BX and »ACX. The Theorem, being 
true for each triangle, holds for f. 

‘rt, The measure of the projection of a polygon is less than or 
equal to the measure of the polygon. 


CHAPTER XII 
THE VOLUMES OF POLYHEDRA 
Introductory Remarks 


The Theory in this chapter is largely of the nature of an 
apology, inasmuch as we explain why it is not possible to 
construct a Theory of volumes analogous to that of areas in 
the last chapter. The difference begins with the question of 
the dissection of polyhedra; whereas any polygon can be 
dissected into triangles whose vertices are at the vertices of 
the polygon, in the case of polyhedra we are only able to say 
that they can be dissected into tetrahedra without specifying 
where the vertices must be. In fact polyhedra exist which 
cannot be dissected into tetrahedra with vertices at the vertices 
of the polyhedron. 

Next if we define equivalence and equivalence by addition 
for polyhedra as we did for polygons (using congruent poly- 
hedra), and define measure by means of the measures of 
tetrahedra, we are held up by the fact, shewn by Dehn, that 
two polyhedra of the same measure need not be equivalent. 

The Theory of equivalence thus takes us but little way and 
we have to be satisfied with that of measure. 

If when defining equivalent polyhedra we take as our basic 
figures, not congruent tetrahedra, but tetrahedra with bases of 
equal area and of congruent heights, we can indeed shew that 
two polyhedra of the same measure are, in the new sense, 
equivalent ; but tetrahedra such as those just mentioned cannot 
always be split up into tetrahedra congruent in pairs, nor can 
they always be obtained by adjunction and omission of such 
pairs. 

As a prerequisite to the study of volumes we consider with 
shortened proofs the Analysis Situs of Polyhedra on the basis 
of Axioms O. Our definition of polyhedra is chosen so as to 
simplify the proofs of theorems on the dissection of polyhedra. 
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The Theory in this chapter is based on the following 
memoirs :— 

Lennes, “On the simple finite polygon and polyhedron,” 
Amer. Jour. Math, 1911, XXXIU, p. 37. 

Schatunowsky, “Uber den Rauminhalt,” Math. Ann. 1903, 
LVII, p. 496. 

Dehn, “Uber den Rauminhalt,” Math. Ann. 1902, LV, 
p. 465. ‘ 

Kagan, “Uber die Transformation der Polyeder,” Math, 
Ann. 1903, LVII, p. 421. 

Suss, “Begriindung der Lehre von Polyederinhalt,” Math. 
Ann, 1920, LXXXU, p. 297. 


Preliminaries 
§1. Basis O. 


1. The. and Def. lf a={AB, X} and B={AB, Y} be two 
half-planes with the same edge AB, the points Z such that 
{AB, Z} is in a8 Ci 254) are ‘inside’ a3. The points of space 
not inside or on a3 are ‘outside’ a. The points inside form a 
convex region; the points outside, a region; af separates the 
inside and the outside points of 03 and bounds the inside and 
the outside regions (Dem. as in III 18). 

ae he. and Def li O. ABC be a trihedral angle (III 25'3) 
the points Z, such that OZ meets ABC in points inside AABC, 
are ‘zmside’ the angle. The points of space not inside or on 
the angle are ‘outside’ it. The points inside form a convex 
region; the points outside, a region; and the angle separates 
the regions and bounds them. 

mem lteAce> | Caibeqon. rays OA; OB).0C resp. and’ X 
be inside 0. ABC, then [OX meets the inside of AA’B’C’. 
(By II 12-2, ITI 5, 7.) 

gomelt 0. ABC is a trihedral angle and D be inside AOB, and 
[CXD], then X is inside O. ABC. 

Dem. Take A,, B, on [OA, [OB resp. Then [OD meets 
A,B, in X,, say (III 7), and [OX meets C-X, (II 12), and 
hence meets the inside of AA,B,C (II 12'5). 


FEG 18 
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14. A plane through O and a point inside 0. ABC meets 
two faces, or one face and one edge of O. ABC (II 16, 29). 

5. A plane distinct from AOB and through a ray in AOB 
meets another face of O. ABC or goes through OC (II 16'1). 


Definition of Polyhedron 


2. Defs. A ‘polyhedron’ is a set of points consisting of a 
finite set of triangles [Z], not all coplanar, and their inside 
points such that (i) every side of a triangle of the set is 
common to an even number of the triangles of the set, and 
(ii) there is no sub-set [¢’] of [¢] such that (i) is true of a proper 
sub-set of [z’] (where [¢’] may coincide with [¢]). The ‘vertzces’ 
of the polyhedron are those of the triangles of [7]; its ‘edges,’ 
their sides; its ‘faces’ their insides; its ‘edge-zntervals’ their 
side-intervals. A ‘closed face’ is a face together with its sides 
and vertices. 

‘1. Vote. Comparing this definition with the more usual one, the 
fact that here the faces are triangles is clearly of no importance, since 
if they were polygons they could be dissected into triangles. A really 
important difference is that an edge of our polyhedron may be 
common to 4, 6, or any even number of faces. The definition, which 
is due to Lennes, simplifies the theory of dissection. The condition 
(ii) of the definition secures that the polyhedron is all of one piece 
and not e.g. two detached cubes. The complication in condition (ii) 
is needed, because the polyhedron need not be normal (3). 

As examples of polyhedra we have besides the usual ones, (@) two 
tetrahedra with a common edge and with a triangular hole on one 
face of each tetrahedron, these holes being connected by a tube, 


(4) a solid in the form of an anchor ring, but made of triangular 
plates. 
Note the definition of ‘face.’ 


‘2. If the triangles in our def. overlap in any way, they can 
be dissected into triangles so that no point on or inside any 
new triangle is inside any other, while the polyhedron consists 
of the same points as before (X 261). We can also secure by 
dissection that no face meets a vertex, edge, or other face. 

3. Def. When this is done the polyhedron is ‘xormal. 
Henceforth all polyhedra shall be normal. A normal poly- 
hedron will often be denoted by IT. 
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3. If [2], [¢’’] be complementary sub-sets of [], then there 
is at least one edge which is a side of an odd number of tri- 
angles of [z’] and of an odd number of triangles of [¢’’] (2 (ii)). 

4. A plane meets I in at most a finite set of triangles and 
thewr insides together with a finite set of intervals and a finite 
set of points. A plane, not through three non-collinear vertices of 
Il, meets it in a finite set of intervals and a finite set of points. 

5. A plane, not through a vertex of Il, meets it at most in a 
Jinite set of simple polygons whose vertices are on the edges of M1. 

Dem. Let the plane a meet I. Then it meets an edge of II. 
For if P be on a and inside a triangle ¢ of II, then since a 
cannot coincide with the plane of 4, a meets that plane in a 
line which must meet a side a of ¢ (for a goes through no 
vertex). Hence the inside of each other triangle of II which 
has a for a side meets a in an open interval. Hence a and II 
meet in a finite set of intervals whose ends are common to an 
even number of intervals of the set. Starting with an end of 
any of these intervals, and tracing a way along the intervals, 
we must ultimately reach an end-point already reached, for 
the number of intervals is finite. Omit the simple polygon so 
obtained, and repeat the process on the intervals left. A finite 
repetition of the process exhausts the intervals. 

‘rt, The simple polygons can only meet in vertices (2'2°3)*. 


The Inside and Outside of a Polyhedron 


6. Temporary Definition. A line or ray not through a vertex 
or edge of II is ‘suztadle. 

‘1. There are suitable rays from any point. There are 
suitable lines through any point which is not a vertex or on 
an edge (II 19°5). 

7. A suitable line 7 meets II in an even number of pointsT. 

Dem. There is a plane, through /, on which are no vertices 
of II (II 193). This meets II in a finite set of simple polygons 
whose vertices are on the edges of II, hence / meets each 
polygon in an even number of points (X 111). Hence by 5°. 

* Our simple polygons may now have three collinear consecutive 


vertices. 
+ Zero is always regarded as an even number. 
18-2 
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71. Anangle hk, each of whose sides is a suitable ray and 
whose vertex A is not on II, meets II in an even number of 
points. 

Dem. Vf no vertex of II be in the plane (42) this follows 
by 7. If vertices of II do lie in that plane, there are planes 
through 4%, & resp. which contain no vertices of I (II 19°3). 
These meet in Z say. If m be any ray of Z from A, then by the 
first part, jim and km each meet I in an even number of 
points. Hence so does hk. 

8. Defs. A point P, not on II, is ‘zzsde’ or ‘outside’ I 
according as one suitable ray from P meets IJ in an odd or 
an even number of points. Points both inside or both outside H 
are on the same ‘aspect’ of II. 

‘1. Any suitable ray from a point inside (outside) II meets 
II in an odd (even) number of points. 

‘2. A point not on II is either outside or inside II but not 
both. 

‘3. JVote. We now wish to shew that the set of points inside 
II and the set of points outside II form two regions separated 
by IT. 

9. There are points outside and points inside I (7). 


10. Any two points not on Il, which can be joined by a way 
not meeting II, are on the same aspect of Ul. 

Dem. Let AB be any interval of the way. If one at least 
of [AB and BA| is suitable, then by 8, all points of AB are 
on the same aspect of II. If neither ray be suitable there is a 
plane a through AB and through no vertex of II, save those 
(if any) on AB; hence on a there are not three non-collinear 
vertices, and hence a@ contains only a finite set of points on 
edge-intervals of II, save perhaps those on AB. Hence there 
is a point Q on a so that [AQ, [BQ are suitable and A7Q, B7Q 
do not meet ITI (III 15°5). Then A, Q are on the same aspect 
of II, and so are B, Q, and hence so are A, B. 

‘1. If AB meets II in one point C (+A, B) only and C is 
on a face of I, then all points of A'C are inside and all points 
of BYC are outside II, or vice versa. 

Dem. similar to last. 
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102. If A, B,C colline and all points of A~-C are inside IT 
and all points of B-C outside, then A~B meets II in C only 
(8, 10). 

"3. Def. If A, B be joined by a way all of whose points, 
save perhaps A and B, are inside (outside) I], then A is 
‘enternally (externally) accessible’ from B with respect to II. 


tr. If Bis a point inside a triangle ¢ of II, and all points 
of A-B, C-B are inside (outside) H, then A, C are mutually 
internally (externally) accessible with respect to II. 

Dem, The plane ABC=a meets II in at most a finite set 
of triangles [7] with their insides, together with a finite set of 
intervals and of points (4). Neither A~B nor B-C meets II (8) 
and B is not om any triangle of II (2°2). Hence there are 
points A’ on A~B, C’ on C-B such that A’'*C’ does not meet II, 
(by X 3, 4), save perhaps in the meet of II and the plane £ of ¢. 
We can take C’ so that A’—C’ does not contain a point ox Z£, 
then if A’™C’ met II in a point-inside ¢ and there only, A’, C’ 
would be on different aspects of II (10'1), cont. hyp. Hence 
the Theorem. 

‘rt. If B be not on an edge-interval of II and be internally 
(externally) accessible from both A and C, then A and C are 
mutually so accessible. Note that any of A, B,C may or may 
not be on II. 

‘2, If A be inside a triangle ¢ of II and B inside or on ¢, 
then B is both internally and externally accessible from A. 

Dem. Let a be the plane of 4 Through A goes a suitable 
line Z, and hence on / is a point C such that AC, BC do not 
meet II (X 4). Hence all points on ATC and BC are on the 
same aspect (10). Similarly there is a point D with [CAD] 
and such that all points of A*D and BD are on the same 
aspect while C'‘'D meets II in A only. Thus C, D are on 
different aspects (10°1). Hence the Theorem. 

‘3, Two points A, C on the same edge-interval are mutually 
internally and externally accessible (1:2). 

12. If Q be any point on an edge a of II and if any plane 


a, through Q and through no vertex, meet the faces of II with 
edge a in intervals ordered thus (7 ... Yn) (III 24), then there 
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is a triangle in a which has Q as an inside point, such that the 
points inside the triangle and inside the regions bounded by 
the rays from Q which contain the z, are alternately inside 
and outside II. 

Dem. a meets II in a finite set of simple polygons (5). 
Hence there is a triangle ¢ in a, with 
Q inside it, which does not meet 
these polygons save in points of v. 
(This can be shewn by a proof 
similar to III 15:2 Dem., using X 4.) 
The Theorem now follows from 
IO'I, 10 and X 24. 

1277. Ji the faces of II with “a 
common side a are divided into two 
sets, such that one and hence the 
other contains an odd number of Fig. 137 
faces, then there are two points, one in a face of each set, 
which are internally, and two such which are externally ac- 
cessible from each other. 

Dem. Let QO; 6, ty, <<; Ue, ¢. De aS in 325 In eacieceen 
the v, there must be an odd number of consecutive intervals. 
Let 7, Yizi1, ---, UY, be such a set. Points inside ¢ and inside 
the region bounded by those rays from Q which contain 7_, 
and v; are on the other aspect from those inside the region 
similarly related to 7 and v;4, (12). Thus two points inside ¢ 
and on v4, % resp. are mutually internally accessible, if two 
points inside ¢ and on vg, v4, are mutually externally ac- 
cessible; and vice versa (X 2, 24, 7). Hence the Theorem. 


13. Any two points on IT are both internally and externally 
accessible from each other. 

Dem. Let X be any point on II. Ifa single point B inside 
a face of IT is internally accessible from X by the way X...AB, 
say, then since any other point Y of the closed face is so 
accessible (11'2) from B by Y...CB, say, and since C, A are so 
accessible (11) from each other, therefore any point on that 
closed face is so accessible from X. If some points on II are 
not internally accessible from X, let [¢’] be the set of triangles 
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whose inside points are so accessible and [¢’’] the other set 
of triangles of II. There is at least one edge which is a side 
of an odd number of triangles of [¢’] and of an odd number 
of triangles of [¢’’] (3). Hence there are points, one inside a 
triangle of each set, which are mutually internally accessible 
(12'1). Hence a point inside a triangle of [¢’’] is so accessible 
from X (111), cont. hyp. Similarly for external accessibility. 
Hence the Theorem. 


14. Any two inside (outside) points A, B of Il are accessible 
Srom each other. 

Dem. There are suitable lines through A, B which meet II, 
and on them intervals AC, BD which meet II in C, D only. 
By 13, C, D are mutually accessible, hence so are A, B (11°1). 


15. Il separates the remaining points of space into two regions 
viz. the set of outside and the set of inside points (9, 10, 14, 8'2). 


16. Ln every plane there ts a line whose points are all outside 
I, but no line or ray whose points are all inside II (X 15, 16). 

‘tr. If a point P inside II is inside a dihedral angle, then 
some point on II is also inside that angle. 

Dem. Let / be the edge of the dihedral angle, A a point 
on Z outside II (16). Then the points of A~P are inside the 
angle (1) and A~P meets II (15). 


Convex Polyhedra and their Dissection 


17. Def. A polyhedron is ‘convex’ if all its inside points lie 
on one side of each of the planes of its faces. 

‘1. Def. We define the ‘dissection’ of polyhedra as for 
polygons (X 20) and use the notation of X 21°12. 


18. The inside points of a convex polyhedron constitute a 
convex region. 

‘1. No line not on a face-plane of a convex polyhedron can 
meet it in more than two points. [Consider in particular a 
line through a vertex or an edge.] 

‘2, If a plane, not a face-plane, meet a convex polyhedron, 
it does so in one point or one edge or in a convex polygon. 

-3, A tetrahedron is a convex polyhedron. 
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19. Any convex polyhedron VY can be dissected into a set of 
tetrahedra with vertices at the vertices of V. 

Dem. Let A be a vertex of I’, and let [7] be the set of 
triangles of I whose planes do not contain A. The vertices 
of each one of these triangles together with A are the vertices 
of a tetrahedron, and this set of tetrahedra [7] dissects T. For 
(i) No two of the [J] have a common inside point P; for if 
so, then [AP would meet I in two different faces g, v at Q, R, 
say, and Q+R since no two triangles of I’ have a common 
inside point. This is contrary to I8'I. 

(ii) Every point P inside T is inside or on some 7, for 
[AP meets T in a point Q inside or on some ¢, and hence 
inside or ona face of some T; and [A PQ], since [AQP] would 
imply that [AP met I again, contrary to 18°1. 

(iii) Any point P inside some T is inside I, for [AP meets 
a face of [in a point Q with [A PQ] and there only. 


Dissection of Polyhedra in General 


20. If an inside point P of a polyhedron II is in a plane a, 
then there is a set of triangles [4] in a, no two of which have 
a common inside point, such that all points on a inside I are 
inside or on some 4, while no points outside II are so situate. 


Yi 


Fig. 138. Meets of a polyhedron and a plane. 


Dem. Let [v] be the set of all edge-intervals of II in a and 
of all meets of a with those closed faces of II which do not 
lie in a, when these meets are intervals (and not merely 
points). 

Let P be a point on a inside II, and [P] the set of all points 
accessible from P with respect to [v] by ways in @; then [P] 
is not the whole plane. Hence there is a sub-set p of [v] 
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satisfying the conditions of X 22, and hence p is a simple 
polygon. All points on gare on II, all points of [P] are inside 
or on f and inside or on II. 

If there are points inside / and outside I, let Q be one of 
them and let [Q] be the set accessible from Q with respect to 
[v] by ways in a. We find a polygon g whose points are on 
II and such that all points of [Q] are inside or on g and 
outside or on IT. Let [RA] be the set of points inside p and 
outside such polygons as g. If there is a point P, inside II 
and not in [A], we consider [P,] as before and find a polygon 
f, and perhaps a polygon g, and thus a set [R,]. And 
so on. 

If now in [R], [R,], ..., there be points of detached intervals 
of [v], not forming part of the polygons J, g, etc., we exclude 
points of these intervals and so obtain sets [R’], [R,’], .... 
Thus we can find a set of triangles [#,] such that all points of 
[R’], [2,’], ..., are inside or on them and all inside points of 
the triangles are in [R’] or [R,’], etc. (X 26:2). 


21. If an inside point P of II is in a plane a, then the 
triangles [Z,] of 20 and the triangles of II as dissected* by the 
meets of their planes and a, give a set of polyhedra which 
dissect II. 

Dem. Let [#,] be the set of triangles of II (as dissected by 
the meets of their planes and a) which lie on one half-space 
> of a, and [4,’] those in the other half-space >’. Let [4] be 
the set [4,] and [z,] together, and [7,’] be the set [4] and [4’]. 
Let o be a side of a triangle of [¢,]. If o is either not on a 
or not on II, it is certainly common to an even number of 
triangles. 

If o be both on a and on II but no triangle of II with side o 
be on a, then if there be an odd number of triangles of [¢,] with 
side a, there will be one triangle of [Z,] with that side, and if 
there be an even number of such triangles of [4], there will be 


o or 2 such triangles of [4] (12). 
If o be a side of a triangle both of [4] and of [4], and one 


* The meets of the planes dissect some of the triangles of II into 
figures which must be dissected into triangles. 
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or two triangles of II with that side lie in a, draw a plane B, 
not containing ¢, through a point Q of ¢, and draw a triangle 
7 in B with Q as an inside point as in 12. Adjoin a triangle 
of II on a with side ca, to [¢,] or to [¢,’] according as the region 
inside II and ¢ and bounded in part by meets of 8 and that 
triangle of I, lies in = or =’. When these triangles are adjoined, 
the sets [¢,], [4] become sets [¢,], [4], say. 

Then the number of triangles in [¢,] with a common edge 
is always even, and hence they constitute a set of polyhedra 
[II,]; no face is common to two or more of the [II,]; for the 
set [¢,] can be broken up into sets satisfying condition (ii) of 2. 
Similarly for polyhedra [II,’] constructed from the [¢,’]. 

The argument may be made clearer by the figures following, 
where the shaded portions denote regions inside I and Z, and 
we draw only the sections by ~. 


odd even odd even 
>> 
Ot F 0 ols Z ols ol; 
<4 Yu y 
evert odd odd ever 


Fig. 139. (The horizontal lines are the lines where a and B meet.) 


Now (i) no two polyhedra of [II,] have a common inside 
point. For every IJ, has at least one face on a, and that face 
and each triangle of [4] are used once only for the set [T1,]. 
From a point Q inside a triangle of [4,] draw a ray in = suitable 
with respect to HI. There is a point R on the ray such that 
no point on II is on Q-R, and hence all points of Q-R are 
inside just one polyhedron of [I],]. And hence no point on 
[QR is inside two polyhedra of [II], since each triangle of [4] 
is used once only. 

Next (ii) any point P of &, inside I, is inside some I],. For 
from P draw a ray not meeting a and suitable with respect to 
If and the [II,] (II 19°5). The ray meets II an odd number of 
times and hence at least one II, an odd number of times. 

(iii) Any point inside any II, is inside H, for the ray of 
(ii) meets only one of [Il] in an odd number of points by (i). 

Treat [II,’] similarly and the Theorem is shewn. 
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22. Any polyhedron can be dissected into tetrahedra. 

Dem. By 19 we can assume II not convex; then II has a 
face-plane a such that all inside points of II do not lie on the 
_ same side of a. Hence some inside points lie on a, and hence 
II is dissected by means of a into polyhedra whose inside 
points do lie on the same side of a (21). If some of these 
polyhedra be not convex, we proceed as before. A finite 
number of steps gives a finite set of convex polyhedra, since 
the number of face-planes of II is finite. 


*1. JVote. Had we adopted a more usual definition of a polyhedron, 
in which just two faces have one common edge, we should have had 
the difficulty that the dissecting plane a might have had on it an 
edge of the polyhedron, adjacent points on a being inside points. 
Consider e.g. a frustum of a square pyramid with a part shaped like 
a square wedge removed from the top. The dissecting plane might 
contain the sharp edge of the wedge. The definition adopted seems 
to lead to fewer complications than the usual one, and as it leads 
to 22 it serves our purpose. 

A polygon can be dissected into triangles zwhose vertices are at the 
vertices of the polygon (X 21), but in the case of the polyhedron we 
have not asserted that the vertices of the tetrahedra are at those of 
the polyhedron. In fact Lennes has constructed an ordinary non- 
convex solid for which this is actually not the case. For this solid, 
if any two vertices not on the same edge be joined, the open interval 
between them is wholly or partly outside the solid. 


Lemmas 


23. Defs. If A,... A, be a plane polygon, B a point not in 
its plane, the ‘pyramid’ B, A,... A, with ‘apex’ B and ‘base’ 
A,... A, is the set of points inside and on A,... A, and the 
triangles BA,A,, BA,A;,...BA,A,. If OABC bea tetrahedron 
and A’, B’, C’ be on O-A, O-B, O-C resp., then the set of 
points inside and on AABC, AA’BC’, AA'B'B, BB'C'C, 
CC'A'A is a ‘trihedral frustum, 

‘t. The pyramid and the trihedral frustum are convex 


polyhedra. (Cf. X 21.) 
-2, A pyramid can be dissected into tetrahedra with the 


same apex (19). 
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233. A trihedral frustum can be dissected into tetrahedra 
with vertices at vertices of the frustum (19). The frustum of 
23 is dissected into tetrahedra ABB’C’, ABCC’, AATE Ge 

-4. The points inside two tetrahedra, if existent, constitute 
the inside of a convex polyhedron, which can therefore be 
dissected into tetrahedra (18, 19, 21, III 1:2. Cf. X 26). 


Volumes of Polyhedra 
§2. Basis OC P,. 

24. Defs. Polyhedra ‘equivalent by addition’ and ‘eguiva- 
lent’? can be defined as in XI 1, 11 replacing fj, gi, 5, s’ by 
polyhedra. 

‘1. Theorems corresponding to XI 1:2 to 2°2 can be shewn in a 
similar manner, and it is easy to shew from the Theorems of XI 
that two paradllelepipeds on the same base and with corresponding 
altitudes congruent are equivalent. But practically no further progress 
can be made in this direction on our present basis. 

[The definition of altitude of a parallelepiped with respect to a 
given face is like that in XI 4'r.] 

2. Def. If ABCD be a tetrahedron and AH1BCD,H on 
BCD, then AH is the ‘altitude’ of AABCD ‘corresponding to 
the base’ ABCD, 

3. Def. A ‘regular’ tetrahedron is one with all its edges 
congruent. 

‘4. Any two faces, any two dihedral angles, any two trihedral 
angles of a regular tetrahedron are congruent (IV 96). 

25. If ABCD be a tetrahedron and a, b, c,d be the measures 
of the faces opposite to A, B,C, D resp. and hg, In, Ic, ha be 
the measures of the corresponding A 
altitudes, then 


ty. = Iy.b =h,.c= hyd. 
Dem. Let A’ be the ‘foot’ of 
the perpendicular from A on I |-” 
BCD, A” that from A‘ on CD; LETS 
B’ that from B on ACD, B” B D 


that from B’ on CD. Then Fig. 140 
AA’A" | BCD (IV 86). But A’A”1CD. Hence AA” 1CD 


Be 
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(IV 83 (iv)). Similarly B’B”’, BB’ LCD. Hence 
AA" A'™ BBB’ (IV 84) and AAA’ ~ BB'B’. 
Whence AA”|AA’~ BB" |BB’ and AA’.BB”’=BB'.AA", 

AA’. BB" .CD=BB'.AA".CD. Hence the Theorem. 


251. Def. 4hga is the ‘volume’ or ‘measure’ of ABCD and 
is denoted by pABCD. 


26. If a tetrahedron ABCD=T be dissected into a set of 
tetrahedra |t]\, the volume of T is the sum of the volumes of 
the [t}. 

Dem. (i) If all the [¢] have one vertex at A and the others 
all on BCD, then ABCD is dissected into triangles, and the 
Theorem follows by XI 15, VII rg'1. 

(ii) In particular, the Theorem holds when T is dissected 
by just one plane through an edge. 

(iii) Let all the vertices of the [¢] lie on the three edges 
through one vertex, say on AB, AC, AD. Then no vertices 
of any ¢ lie inside ABCD. Hence the inside of this triangle 
is a face of some ¢, and the other vertex E of this ¢ lies on 
A-B, say, and hence easily AABCD= AEBCD+ AAECD. 
The Theorem holds for this dissection by (ii). Next treat 
AEBCD as we treated AABCD and after a finite number of 
steps the Theorem is proved. 

(iv) If T is first dissected by method (i), and the sub-tetra- 
hedra are then dissected by method (iii), the Theorem follows 
in this case by Assoc +. 

(v) Let O be a point outside 7, such that the rays from O 
through A, B, C, D meet a plane a, none of whose points are 
inside T,in A’, B’,C’, D’ say. These points do not all colline. 
Dissect the triangles whose vertices are A’, B’, C’, D’ into 
triangles in any way and join the vertices of these latter to O. 
Each join meets a closed face of T (1:2) and hence meets 1 
in two points or in only one point, if A’, B’, C’, D’ are distinct 
(181, 6, 8). If XYZ be a sub-triangle, and the rays from O 
to X, Y, Z each meet T in two points, we have a trihedral 
frustum; if one ray meets T in one point only, and the other 
two each meet T in two points, we have a pyramid on a 
quadrilateral base; if two rays each meet T in one point only 
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and the other meets T in two points, we have a tetrahedron; 
and the inside points of all these figures are inside T (18°1). 
(The last two cases may occur when X, ¥,Z arelat:Ayb Cae 
or on the intervals joining them.) The figures obtained can 
all be dissected into three tetrahedra, or fewer, whose vertices 
are at their vertices (23°2°3). Similarly if A’, B’,C’, D’ are not 
all distinct. We wish to shew that the measure of ABCD is 
the sum of the measures of its sub-tetrahedra so obtained. 
(va) First, let O be on DA, then A’=D’, and on a we have the 
triangle A’B’C’. Let g be any sub- 
triangle of AA’B'C’; Q, Q’ those 
corresponding on DBC and ABC, 


O 
A 
and) letsZ 2 ak ees, DEANS, SIE 
tetrahedra got by dissecting the 
corresponding figures inside T. & D 
Each tetrahedron Og gives at most 
four tetrahedra ¢, and their vertices / a 


are on edges through O. Hence, by 47 A 
(iii), wOQ = wOQ’ + wt’ + wt’ +.... Fige 14? 
By (i) the sum of the “OQ is w«OBCD, and the sum of the 
OQ’ is KOBCA. Hence WOBCD=pOBCA + © (ut + pi’ + ...). 
But by (ii) WOBCD =yOBCA+ ~ABCD. Hence the Theorem 
in this case. 

(v4) Next, let O be in the plane ABD. Then A’, B’, D’ 
colline. Let OA meet B-D in A,. 
(Gtolll 131) Lhen-by Gi) 


pABCD =AA,BC + uAA.CD, 


But O is on AA,; hence by (a) 
wAA,BC = sum of measures of 
its sub-tetrahedra. Similarly for 
#AA,CD, and the Theorem follows 
in this case. 4 
(vc) Lastly, let O be not on any 
face-plane, then no three of A’, B’, C’, D’ colline and (X 34°3) 
either one, say D”, is inside the triangle A’B’C’ formed by the 
others, and then AA’B'C’= A’'B'D'+ B’C'D'+C'A'D’, and 
when these triangles are dissected we have case (va). Or 


f 


Fig. 142 
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A’, BY, C’, D’ form a convex quadrilateral, say A’B’C'D’, and 
then A’-C’, B’-D’ meet. The plane OAC dissects T into two 
tetrahedra by method (ii), and if the triangles A’B’C’, A’D’C’ 
are dissected and the construction above be performed, then 
these two tetrahedra are dissected as in (v0). 

(vi) Finally let AABCD be dissected in any way into 
tetrahedra 4, ..., fm; join their vertices to A, the joining lines 
all meet BCD, and ABCD can be dissected into triangles 
whose vertices are these points of meeting (X 21, 23). Further, 
by means of these joins, the tetrahedra ¢; can be dissected into 
sub-tetrahedra as in methods (i) and (v). Let ¢; be dissected 
into ty, tig, ..., 4 then, by (i) or (v), wt; = Lpty, Dee = > pt. But 

J t Wy 


the joins from A to points inside ABCD give a dissection of 
T into tetrahedra T; by method (i), and these T, are dissected 
into the ¢; by method (iii), and each ¢; appears once and 
once only among the sub-tetrahedra of the 7,. Hence the 
Theorem now follows. 


27. When a polyhedron is dissected into tetrahedra in two 
different ways, say Q= Xt,=2T;, then Xpt,==pT;. (As in 
XI 16 using XII 23°4.) 

‘1. Similarly if Q is dissected into polyhedra in two different 
ways (22). 

28. Def. The ‘volume’ or ‘measure’ of a polyhedron II, 
denoted by wll, is the sum of the measures of any set of 
dissecting tetrahedra. 

‘1, The volume of any parallelepiped* is the measure a of 
any face, multiplied by the measure / of the altitude corre- 
sponding to that face. 

Dem. It can be dissected into six tetrahedra, each with a 
face of measure a/2 and corresponding altitude of measure . 

‘2. Defs. and Theorem. Vf those faces of a parallelepiped 
which meet in one vertex are mutually perpendicular, all 
faces which meet are perpendicular, and the parallelepiped is 
a ‘box. If two faces, not opposite, of a box are squares, all 
are squares, and the box is a ‘cade.’ 


* The def. of parallelepiped (VI 36°8) must be slightly modified so as 
to agree with 2. The meaning of ‘ measure of a face’ is clear. 
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Dehn’s Theorem 


29. Two polyhedra with the same measure need not be equt- 
valent by addition, that is, it may not be possible to dissect them 
into polyhedra congruent in pairs. Nor need they be equivalent 
simply, that ts, it may not be possible to adjoin to them polyhedra 
equivalent by addition, so that the completed figures are equt- 
valent by addition. 

This will be shewn in successive steps. 

‘1. If polyhedra P, P’ with dihedral angles of measure 
Q,, ..., A, and am’, ..., dm’ resp. be equivalent by addition, then 
there are positive integers M;, M,’, M, N, M’, N’ such that 


3 Mya;+(M+2N) r= > Mya +(M'+2N") 3...(1). 
at 1 


Dem. Let P= P,+ P,+...+P,. The vertices of the other 
sub-polyhedra which lie on an edge of P; divide it into intervals, 
which we call a-intervals of P;. To each a-interval ascribe the 
argument 7, 27 or a, according as the interval lies in a face of 
P, or inside P, or along an edge of P with dihedral angle a. 
Thus the argument is the sum of the measures of the dihedral 
angles of the sub-polyhedra along the a-interval (IV 84'1). 

Now by hypothesis P’= P,+ P,’+...+P,’ where P;= PY. 
We shall have, in the figure P,;’, intervals corresponding to the 
a-intervals of the P;. Such an interval in the figure P,’ may be 
divided by some vertices of the other P;’; if so, we divide the 
corresponding a-interval of P; into intervals correspondingly. 
These we call 8-intervals. Hence an a-interval, if on an edge 
of more than one P;, may be divided into 8-intervals in several 
ways, each way corresponding to ove P; of which the a-interval 
is a portion of an edge. To each #-interval we ascribe as 
argument the dihedral angle, along the interval, of that poly- 
hedron P; to which it belongs. To each f-interval we shall 
also ascribe a positive number (+0) which we shall call its 
‘weight’ and which is subject only to the condition following: 

If an a-interval be divided into §-intervals in more than one 
way, with weights m2,', 270,",70,'", ...; 2,13", ms", ...; ...; then shall 

DIM, = te = 4s a) nc eee (2); 


This sum we call the ‘weigh?’ of the a-interval. 
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For instance, if an a-interval be divided by a// the ends of 
its B-intervals into ” parts, we could take as the weight of 
each a-interval or 8-interval the number of parts that it con- 
tains. The weights would then be fosctive integers (+0). 

If an a-interval of weight M and argument T, be divided in 
several ways into @-intervals with arguments 7, 7)’, 7,/”, ...; 
T,) Tz) Tz ,...; ... and weights as above, then since 7,', 7,”,... 
refer to one edge of one polyhedron P;, we have, by definition 

TiVo Theos Te Ty Te SHE ees 
Hence Lm, 7,9 + Lm 7, +... + Dy 7 
= 7, 2m," + t2Dm +... +7, 5m, 
=M(144+74+...¢7)=Msr= MT 


by-¢2). Hence De UCR sa Vile ys ta Sein atncat eee (3), 
B a 


where >, > are sums over the a-intervals and #-intervals of 


a B 
the figure P. Let M,,...,M,, M, N be the sums of the weights 
of the a-intervals with arguments q,...,a,, 7, and 27 resp. 
Then (3) gives Swr= Mya, +...+ Myar,t+(M +2N)z. 
B 


Similarly considering the figure P’ we have 
Smt = Mya! +... + Min! mn’ + (M' + 2N’) 2. 
B 
In deducing this we have only assumed (2) and, by a remark 
above, we can take the weights to be positive integers. Hence 
the Theorem. 

29'2. Similarly, if a system of polyhedra Q,,...,Q; dissect 
P,, :.., Py, and a system of congruent polyhedra dissect 
PY,..., P;’, we have an equation like (1). If some of the P; be 
congruent tosome of the P;, we can take the weights of congruent 
edge-intervals as equal and these then drop out of equation (1). 

If now two polyhedra P,, P,’ are equivalent simply, we can 
adjoin polyhedra so that, say, the set P,, P,, ..., Py, is equivalent 
by addition to P,’, P,’, ..., P, where P,= Py, ..., P,.= P,. Thus 
the set P,,..., P, and the set P,’, ..., P;’ can be dissected into 
polyhedra Q,,..., Q; and Qy’,...,Q; congruent in pairs. Hence 
we have an equation like (1) between the angles of P,,..., Py 
and of P,’,..., P;’, and thus an equation like (1) between the 
angles of P, and of Py’. 


FEG 19 


290 THE VOLUMES OF POLYHEDRA [CHAP. 


29°3. With the aid of a little Trigonometry we can now shew 
that a regular tetrahedron* cannot be equivalent to a cube of 
the same measure. 

Dem. If this were the case then we should have an equation 
70 = sm, where r,s are some integers and @=cos™ 1/3 is the 
dihedral angle of a regular tetrahedron. 

We shew that such an equation is impossiblef. 


Let 6= 40, then tan ¢ = = , and if 6 were a rational part of 


m, we should have tan 2z@=0 for some integer z. 


Hence 
a 2 — pees = eee + (- 18 hie ($)"7 a ee = oO, 


that is 
2u(2u—1)(2%—2) . 2u(2u—1) (2n— 2) (2n—3) (2u— 4) 
2 TEESE AL 
2|3 = 
2n 
gos +(- ye oh 


(This could also be deduced by VIII § 9 from the fact that 
, on 
€ +75) would have zero imaginary part.) 

Let 2” be the highest power of 2 which divides x. Multiply 
the last equation by 2"-*-", The last term becomes half an 
integer, the last but one becomes 

grt 
gn-1 


2" times an integer 


and so is integral. The remaining terms also become integers 
and the equation is thus impossible. Hence our Theorem. 
Theorem 29 has thus been fully shewn. 


Suss Theorems 
§3. Basis OC P,Q,. 


So far we have considered whether polyhedra with the same 
measure can be split up into polyhedra congruent in pairs, and have 

* The existence of a regular tetrahedron will be shewn shortly from 
Axioms O, C. 

t I am indebted for this proof to Mr R. Cooper. Other proofs, not so 


simple, have been given by Dehn (Gé¢¢. Mach. 1900) and Sforza (Per. 
di Mat. 1897). 
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found that in general they cannot. We now take up the question 
whether they can be split up into corresponding tetrahedra, where 
two corresponding tetrahedra have two of their faces, one in each, of 
the same measure and corresponding altitudes congruent. 

30. Defs. Two tetrahedra are ‘eguivalent (T)’ when two of 
their faces (called ‘bases’ below) have the same measure, one 
face being in each tetrahedron, and when the corresponding 
altitudes are congruent. Two polyhedra or sets of polyhedra 
P, Q are ‘equivalent (T +), written P ~Q (T 4), when they can 
be dissected into tetrahedra equivalent (T) in pairs; they are 
‘equivalent (T —), written P=Q (T —), when by adjunction of 
polyhedra, which are equivalent (T +), we obtain polyhedra 
which themselves are equivalent (T +). 

That is, we are taking as fundamentally equivalent figures, 
not congruent polyhedra but tetrahedra equivalent (T). 

Equivalence (T +) is not transitive. (Cf. 32 (ii) below.) 

‘I, Polyhedra equivalent (T+) or equivalent (T —) have 
the same measure. 

31. Lf the set of measures of intervals ts non-Archimedean 
(that is if Axiom K, fails) there may be tetrahedra with the 
same measure which cannot be dissected into a finite number 
of tetrahedra equivalent (T) in pairs. 

Dem. Suppose the measures of intervals constitute the 
non-Archimedean field of I 27:2. Let 7, be a regular tetra- 
hedron, with faces of measure s greater than the unit measure. 
We can construct (using Q,, see XI 33, I 27:2) a tetrahedron 
T,=A,B,C,D, with the same measure as T,, and with A,B,, 
A.C», A,D, mutually perpendicular, where »A,B,=A,C,=* 24, 
where ¢ is greater than any multiple of the measure s*. Then 
Ages =z, 

Suppose, if possible, 7, ey (T +), ith is, there are tetra- 


hedra 7,;, Ty with T,= = bape ane and 7, =T2(T) 


(212) (CE X 211.) iw Cig» On der the measures. of the 
faces of greatest measure in 7,;, Ty resp. Project the edges 
of the 7,; on to A,B,C, then pAgbsC,=t< 420); (XI 38'1). 
Also it is easily shewn that 6,;<5. (Cf. 1V 65°3.) 


We consider two cases. 
19-2 
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(i) In corresponding tetrahedra T,;, T2; we have 62; = 54;. 
Suppose this is the case for pairs. 

(ii) In corresponding tetrahedra, 8,;> 6,;. Suppose this holds 
for m pairs. In this case 6,; cannot refer to the ‘base’ of T;,;, 
since the base of T,; has the same measure as the base of T);. 
Let T,; be P,Q,R,S, with base P,Q, R,, $ 
and let T,; be P,Q.R,S, with base P,Q,R., e 
and let S, P,Q, be the face of measure 6,;. 
By XI 37, we can find P,’, Q, on S,P,, SsQs 


resp. so that P,’Q,’|| P,Q. and B 

pS2Ps Qe = pS,P.0; 7 bP, 0,K;. 
Then »P,0.02 P26; Let. the plane 2 
through P,’Q,’, parallel to P.Q.R., be at & 2 


‘distance’ / from the latter plane. Draw 
a plane at the same distance # from 
iO; to meet, 4,55, 0, resp.1n 2G, 
Let %’ be the measure of the (congruent) altitudes of T,;, T4;. 
Then by XI 36 and similar triangles, we easily find 


825 | HS2Pa'Qa' ~ h’| (h'—h) ~ dy; | wS,PyQy 


Qe 
Fig. 143 


where ay; = pS, P,Q, = §,;. 
Hence: 'd,;|uP.0,0; 2, ~d,;|pPi0,0; PF, (Vee ae 
and 8:5. #P10,0)'P,’ = a,j. wP.0.02' Ps’ = 8,7 


by VII 20°5 and the inequalities above. 

By adjusting the unit of measure, we can secure that the 
smallest of the wP,Q,Q,'P,’ in the various T\; is at least the 
unit measure; for draw a square wholly inside the smallest 
figure and take its side for unit measure. After the change, 


sis still greater than the unit measure, and we have § 


2 
25 = 83; ’ 
BSS 


Thus in case (i) we have 6,;< 6,; and in case (ii) 6; S 8,37. 
Hence 


£< 428.5 S 4n6,; + 4d, 5 4ns + 4mst<4(nt Mm) Ss. 


But this is contrary to the definition of 4 Hence the 
Theorem. 
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32. Lwo polyhedra of the same measure are equivalent (T-). 

Dem. (i) For first, if T,, T, be tetrahedra with the same 
measure, we can dissect them into tetrahedra T,,, Ty, and 
T.,, I~ resp. such that there are tetrahedra Deh swith 
Pa=L (1), Tn =T (1) @=1, 2). For let 7,=A,A,4,4,, 
1,—5,5,B,B, Let D,=A,A,4s, 
D, = B,B,B, be faces of greatest 
measure in 7, and T,. Then if 
pD, = »D,, the corresponding alti- 
tudes have the same measure, and 
feel) lf pD,>pD,, then 
we can find B,’ with [B,B,B,’] 
and wB,B,B,=pD,. Through 
B, draw a plane parallel to 
, 5,1, to meet 6,6, in B/. Let 
ee), Pe 1, BBB, B= Tn, ae 
fp p.D,,—1.. lhen 7,,=7,,(1) since 6,5," BB, Hence 
follows T,=B,'B,B,B, (T+). Thus »7,=y7,=y4B,'B,B,B, 
and pD,= 2b, 5,B,. Hence 7,2 B,'B,5,Bj (T). 

Now by a suitable plane we can dissect T, into tetrahedra 
pe equivalent (1) to 1,,, f4resp.-Then Ty, 2s, Taare 
all equivalent (T), where T,, is merely 7;, regarded as part of 
Wier arid 2 yo, 1 512 are all equivalent (T). 

(ii) Next, if 7,=7,(T) and T,=T; (T) (where the ‘base’ 
of T, need not be the same face for both equivalences) then 
T,=T.,(T —); for (assuming 7,, T, have no common inside 
points, and similarly T,, T;) we have 7,+7;=T7;+ T,(T +). 

(ii) Thus if 27,=—p7,, then by (i) Gi), 7, =7,(T —). 

(iv) If w(TitT.t+...+Tn)=u (Ti +Ti+...+Tm') then 
eee ae) ee De + Det oe, + Ly (1), This can, be 
shewn like the following case: if w(7i:+7.)=mT7;, we can 
find tetrahedra 7,,, 73. such that 

T3=TatT 2, pli= HI x, HT, = pT yp. 


Hence 
T,=T,(1 —), Le2 le —), Pelee lat la (la) 
Hence T,+7,=T; (T —). 


(v) Hence finally, using 28, the Theorem follows. 
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32°1. Mote. Thus the whole difficulty of the Theory of volumes 
lies in the consideration of those tetrahedra whose bases have the 
same measures and whose corresponding altitudes are congruent. By 
Dehn’s Theorem these are not in general equivalent either simply or 
by addition (in the earlier sense of equivalence). It is for this reason 
that in the ordinary treatment—as for example in Euclid—‘infinitesi- 
mals’ occur; while they do not occur in the Theory of areas. Thus 
the Theory of volumes of polyhedra, no less than those of curved 
solids must, if it is to be complete, rest on the Theory of Integration. 


§5. Basis OC P, Q.. 


33. Def. An ‘£uler polyhedron’ P is a set of points consisting of 
a finite set of polygons, not all coplanar, and their insides, such that 
(i) each edge is common to just two polygons, (ii) each vertex can 
be reached from a given vertex (and therefore from each vertex) by 
a way made up of edges of P. (iii) Any simple polygon # made up . 
of edges of P, divides the polygons of P into two sets such that any 
way, whose points are on /, from any point inside a polygon of one 
set to a point inside a polygon of the other set, meets /. 


34. If A,.A,....A, be a convex plane polygon and V a point not in 
. A A A A 
its plane, then ».4,VA,+ wA.VA3+ ...+ pAn VA, + pA,VA,< er 
(IV 93, X 38). 


35. Def. A ‘regular polyhedron’ is a convex Euler polyhedron 
whose faces are congruent regular polygons and whose dihedral 
angles are congruent. 

‘1. The number of polygons with the same vertex is the same for 
each vertex. 

‘2. There cannot be more than five types of regular polyhedra. 

Dem. The sum of the measures of the angles at a vertex is less 
than 27 (34), while the measure of an angle of a regular #-gon 
is (~—2)a/n (X 38). Thus if 7 of these meet at a vertex then 
(1—2)a/n<2mn/r. Hence 1/n+1/r>4. But x>2, r>2. Thus the 
only possible values of # and ~ are 


Hoo et aS 

FS eet SS 
_ 36. There are just five types of regular polyhedra and they can be 
constructed by abceq,. 


Sketch of Dem. A cube (n=4, r=3) can be constructed, and a 
regular fetrahedron (n= 3, r=3) by drawing diagonals of faces of 
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a cube; a regular ‘octahedron’ (n= 3, r= 4) by joining mid-points of 
adjacent faces of a cube. A regular ‘zcosahedron’ (n= 3, r=5) can be 
constructed thus: hold a cube with a face horizontal and a vertical 
face in front. Draw an interval from the centre of the top face to 
the right, parallel to an edge, and a congruent interval from the centre 
of the right-hand face, parallel to an edge and from back to front. 
If 2a be the measure of an edge of the cube and x the measure of the 
intervals drawn, the interval joining their ends will have a measure 
whose square is (a—«x)?+x°+a@?=2(a*?—ax+x’). If we take x so 
that this equals (2x)*, we shall have «?+ax-—a?=o and hence 
«x =4(—a+an/s), and the interval can be constructed by abcq,. 
The joining interval last drawn will then have a measure double that 
of the intervals first drawn. The doubles of the intervals first drawn, 
and the joining interval give three edges of the icosahedron. This can 
now be constructed. Joining the mid-points of adjacent faces of the 
icosahedron we get the ‘dodecahedron’ (n= 5, r = 3). 


CHAPTER XIII 
CONTINUITY 


Introductory Remarks 


We now reach the climax of our investigation. So far we have 
not assumed that our lines are continua, that is, we have not 
assumed that there is a one-to-one correspondence, preserving 
order, between the points of a line and the real numbers. We — 
shall now secure this property by assuming a continuity Axiom, _ 
which roughly comes to this:—lIf all the points of a line are 
divided into two sets (not empty), and no point of one set is 
between two points of the other set, then there is a point of 
the line (which may be in either set) which is between any 
point of one set and any point of the other set. This, in a 
weakened form, is Axiom K. 

We have seen that from O, P, Q, and Pappus’ Theorem we 
can introduce congruence by definition. We shew in this 
chapter that from O, P, K we can deduce Q, and Pappus’ 
Theorem; we can indeed deduce the stronger Axiom Q and 
thence all the Theory of the preceding chapters. (We have 
seen that even Q, does not follow from O, P, Q, and Pappus’ 
Theorem alone.) Further this deduction is still possible if we 
weaken P to P,’ (see 11 below). Further K,, which is needed 
to complete the Theory of areas, follows from Kj; we can 
therefore say, all Euclidean Geometry follows from OP,’ K. 

If we omit P,’, we can still shew from O, K the existence of 
coplanar lines which do not meet, and our choice is between 
the Euclidean and the Hyperbolic Geometry. But if only 
Axioms O are assumed, it is possible for all lines in a plane 
to meet each other. 

Suppose now, instead of introducing congruence by defini- 
tion, we introduce it, as in Chapter IV, by Axioms. We find 
then that we can weaken P to P, (see 19 below) and of the 
Congruence Axioms we need only assume CI—V. AJ// Eu- 
clidean Geometry (including Q) follows from O, P,, K, C I—V. 
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At this stage it is easy to shew that both sets of Axioms 
which suffice for Euclidean Geometry, viz. OP,’K and 
OP, K CIV are consistent and complete. 


§ 1. Basis O, K or O K where Axiom K is: 


Ax. K. There is at least one interval AB such that, 
if all points of it be divided into any two sets of points 
[M4], [N] satisfying the following conditions : 

(i) each set contains at least two points, 

Gi) the sets have no common points, 

(iii) if X is in one set and Y,, Y,in the other, we 
cannot have [Y,XY,], 


then there is a point C satisfying [MCN] for every 
M, N+C. 

1. Such a division is possible, for if D satisfy [ADB] then 
[M]|=A'D and [N]=D"B satisfy the conditions. In K, 
we are not told in the hypothesis that the division is effected 
by such a point D, and of course the point C in the conclusion 
of K might be in either [M/] or [NV]. The point C is clearly 
unique. 

"1. Def. If AB or A-B is divided into sets satisfying the 
conditions of Ax. K, the sets are called ‘D-sets.’ 

2. Axiom K is still true when the interval AB of K 1s re- 
placed by any interval PQ, open or closed, or by any line or ray. 

Dem. (i) Let P= A, PQ + AB, [QBR]. If AQ be divided 
into D-sets, [1/7] and [NV], the joins of & to the points of [M], 
[N ] meet A'B in two sets [M’], [N’] 
which clearly satisfy conditions (i) 
and (i) of K. Further if N,’, N.’ be Ve, 
points of [N’],and M’ a point of [/’], B 
and RM’ meet AQ in M, and so on, 
then[NV,/W’N,’]wouldimply [V,MN,] 
(II 12:7), contrary to condition (iii) of 
Axiom K. Thus [/’], [N’] satisfy 
all conditions of Axiom K, and thus there is a point C’ on 
AB with [M’C'N’] for all M’, N’+C’. But RC’ meets A~Q 
in a point C, say, such that [MCN] for all M, N+C (II 12°7). 


A 
Fig. 145 
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(ii) Let P= A, and Q be any point on AB, and let R be not 
on AB. By (i) the Theorem holds for A'*R and thus, since 
AQ +AR, it holds by (i) for AQ. 

(iii) Let P+ A, Q+B then, by (i), (ii), the Theorem holds 
for AP, and so for PQ, and hence for any interval. 

Next let any open interval AB be divided into D-sets [M], 
[N]. If M;, N; be points of [1], [N], resp., then either [AM,N,] 
or [AN,M,], say the first. Then [AM,N;] for all N;, since 
[AN;M,][AM,N,] would give [N;M,N,]. Similarly [AM;N;], 
since [AN;M;] [AM,N;,] would give [M,N;Mj]. Hence also 
[M;N,B]. Now let [M] be [M ] together with A,and [N ]be [NV] 
together with B, then [M], [N ] are D-sets for A =B. Hence the 
Theorem for open intervals. 

As to the line AB, if A be in [M], B in [N], then AB is 
divided into D-sets. Similarly for rays. 


Sensed Lines 


3. Lake a fixed sense on a line (III 16), then tf there be two 
non-empty sets of points [P],[Q] on an interval AB of the line, 
and [P], [Q] ave no common points, and if each point of |P\ 
precedes each point of [Q], then there is a point C such that 
X<C FX (+C) zs in [P], and C<Y if Y (+C) zs cx [Q]. 

Dem. Let [M] be all points of A'“B preceding at least one 
point of [Q], and [N] the other points of that interval. The 
Theorem follows by Axiom K. 


Note that if [47] is the point 4 only, and [JV] the rest of the 
interval, then 4 = C, but the Theorem as stated still holds. 


I. Lhe Theorem holds for points on a line or open interval 
or ray. 


4. When a fixed sense has been taken on a line, we can 
define, with respect to that sense, a ‘dounded class’ of points on 
that line and the ‘maximum’ and ‘upper bound’ of a class of 
points on that line as in I 8°6, 8°7, 18. 


5. [fon aline with a fixed sense,[X ] be a bounded non-empty 
set of points, then |X ] has a unique upper bound. 

Dem. If [X] has a maximum point, that is its upper bound. 
In the contrary case, let [M/] be the set of points [X ] together 
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with all those which precede at least one X, and let [N ] be 
the set which succeed all the X. Then [M], [N] are not 
empty and each point of the line is in one or the other, and 
each M precedes each N. Hence there is a point C with 
M,<C, C<N, whenever M, (+C) is in [M], N, (+C) in [N] 
(31). But [X], and hence [M], has no maximum. Hence M,~<C, 
and all X precede C. Also if YC, then Y is in [M], and 
thus Y precedes some X, since [X ] has no maximum. Hence 
C is the upper bound of [X ], and it is unique (1). 

51. The set of points on a sensed line have Dedekind continuity 
weth respect to the relation < (I 18:2). 


Coplanar Rays and Continuity 

6. Lf there be two sets of coplanar rays [s], [¢| from a potnt 
C such that each set contains at least two rays, and no pair in 
[s] separate any pair in [Zt], then there are two rays 1, l, from C 
which separate every s (+1, 1) from every t (+ 0, 4) (cf. III 24'1). 

Dem. If there be only two rays in [s], the Theorem is 
trivial. Let then s,, s, be two rays in [s] not in the same line, 
and let A, B, be on 5, S, 
resp. Suppose a ray Z, of [Z] 
is in the angle between 5, 
and s,, then ¢, meets A~B in 
E say and all the ¢ meet A~B 
(III 24:4). 

Let [S], [7] be the set of 
points where AE is met by 
the s,Z resp. If there is an S 
and a ZT on A-E, the con- 
ditions of Theorem 2 hold 
and thus there is a point L on A-E with [SLT], and so[SLTE}], 
for all S, 7 (+L) on A-E. Similarly if there isan S and a T 
on B-E, there is L, on B-E with [S,L,7,], and so [ET,L,S,], 
for all S,, T,(+L,) on B-E. Hence [SLTL,S,] when S, T +L 
and 5,, 2 + 1). 

If there is no T on A~E, there is some T on B-E and we 
have [SLT,L,S,] for all T7,+Z and S, Lit+L, whee. l=, 
and S is on A-E and S,, T, on B-E. 


Fig. 146 
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The rays [CL and [CL, are the rays /, 4 required. 

If no ray of [¢] is in an angle formed by two rays of [s], and 
no ray of [s] is in an angle formed by two rays of [7], we join 
a point on an s to a point on any ¢ not opposite to that s, and 
proceed as above to find one of the rays 4. The other is then 
easily found. 

Or we may draw a triangle ABD with C inside and consider 
the meets of the triangle with the rays. 


Parallel Rays 


7. If a be any line, C any point not on it, and Ca=a, then two 
rays 7,7, go from C ina which do not meet a and which separate 
all other rays not meeting a from all rays which meet a. 

Dem. Vf a ray s meet a, its opposite ray s’ will not. Thus 
rays of both kinds exist. Let [s] be the set of meeting rays, 
[Z] those not meeting 2. Two ¢ cannot separate two s, for if 
t, ¢’ separated s, s’, one of them would be in ss’ (III 24°3) and 
so would meet a. The conditions of Theorem 6 thus hold 
and hence there are two rays 7, % which separate all s (+7, ~) 
from all ¢(+7, 7”). Suppose if possible that met a in R, say, 
and let S,, S, be on a with [S,RS,]. Let [CS;=s5;. Then since 
r, r, separate s, from ¢, and s, from 4 therefore 7, ~ do not 
separate s,, s, (III 24°5), and since 7 is in pes so must ™ be 
(III 24:4). Hence ~ meets S,-S, in R, say. But then since 
rv, r, separate s,, ¢4, and R, R, are in S,-S,, ¢ must meet R-R,, 
cont. hyp. (III 24°3). Hence neither 7 nor ~, can meet a. 


8. With hyp. of 7, at least one line through C in a does not 
meet a. 

Dem. If r, 7, be opposite, their line does not meet a. If 
they be not opposite, and »” be the ray opposite to 7, then 7” 
does not meet a; for if it did, then a ray s in rr, not being 
separated from 7’ by x, 7, (III 24°6), also meets a, and so does 
its opposite s’ since s’ is not separated from 7 by r, », (III 24°3). 
But this contradicts II 4:3. Hence the line of » does not 
meet a. 


"I. Def. The rays 7, % of 7 are ‘parallel’ to a. 


‘2, All rays in vr, meet a. For r’ does not meet a. 
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8°3. All points of @ lie in one of the four regions into which 
the lines of 7, ~ separate a (assuming these lines distinct) 
(III 20). 

‘4. If 7, ~ be opposite rays, all lines on a through C, save 
the line of 7, meet a. 

"5. Det. and The. The set of points X satisfying [CXQ], 
where Q is any point on a, is the convex region ‘between’ a 
and the parallel rays from C to @ (‘3, III 1°1, 2, 18). 

*6. Vote. Thus from O,, K or O, K we have shewn the existence 
of coplanar non-meeting lines. (We shall see later that K is essential 
for this proof.) The proof of VIII 49 shews that O, K do not 
suffice to shew there is dwt ome parallel to a given line through a given 
point. Thus these Axioms hold in Euclidean and in Hyperbolic 
Geometry, though not in the Elliptic Geometry where there are no 
parallel lines. See Chapter XV. 


The Non-Euclidean Case 
§ 2. Basis O K. 


9g. [Lf r, 7 be parallel rays to a from C, and be not opposite, 
and Ca=a, then any line 6 in a through X, a point in the region 
between r, 7, and a, meets Y OY Fr, OF A. 

Dem. Let O be any point not in a; let the plane Oa meet 
the half-planes* {OC, 7, {OC, ~} in 
¢, ¢ resp., then we shew first that X 
is inside the trihedral angle [' formed 
by OC, ¢,q. For c,q are coplanar 
with a and do not meet a (II 27) 
since 7,7, do not. But all rays in 


coy do meet a; for if sin cc, do not, 
then the half-plane {OC, s} meets a 
in a ray which does not meet a 
(II 27); but {OC, s} is in the dihedral angle with edge OC 
and faces {OC, 7}, {OC, ~}, and hence {OC, s} meets a in a ray 
in rr, (III 26°2°3) and hence in a ray which meets a (8:2). This 
contradiction shews that all rays in cc, meet a, and hence ¢, G 
are parallel to a. Hence any ray from O which meets a is 
in Cr, and hence X is inside I (8°5 and XII 1°3). 
* The half-plane {OC, 7} is that bounded by OC in which + lies. 


Fig. 147 


302 CONTINUITY [CHAP. 


Hence the plane 0d, which passes through X, meets two 
faces, or one face and an edge of I (XII 14). If then we 
shew that any ray from O ina face of I meets @ or vy or m, 
the Theorem follows by II 27. 

We know that any ray in cc, meets a. Also any ray s from 
O in the face Or meets », for joins to a point D on 7’, the 
ray opposite to “4, then the plane Ds meets the face Oa in a ray 
(X Tbr: 5) which ray must meet ain A, say; and since A is 
inside rr, and D outside, therefore A~D meets 7, and hence so 
does Ds and hence so does s. 

Similarly for the face O~,, and the Theorem follows. 


The Euclidean Case 


10. Lf in the plane a=Ca, the two rays from C, parallel to a, 
are in one line c, then any line in a which meets one of a, c meets 
the other. 

Dem. Let O be not in a and let 7 be the meet of Oc, Oa. 
First, any line m (+/) through 
O in Oa meets a. For Cm 
meets a in J, say, and 4 meets 
a, since 6+c (84). Hence m 
meets a (II 27). Next, any 
line z (+2) through O in Oc 
meets c. For take A on a and 
let [ACC’], then C’z meets Oa 
in a line which we have just 
shewn must meet a. Suppose 
it does so in A’, Then A’-C’ meets ¢ (III 11), and hence C’x 
meets ¢ and hence z meets ¢ (II 27). 

Hence finally, if 4 is any line in a through a point A on a, 
then Od meets Oc in a line which meets c, and hence 6 meets c. 
And if @ is any line through a point D on ¢, then Od meets Oa 
in a line which meets a, and hence d meets a. 


11. Axioms OK P,! imply P; Axiom P,' of Chapter VI is: 
P,’. Given any line on any plane, there is a point on the plane 
and not on the line, through which not more than one line can 


be drawn not meeting the given line, though coplanar with tt. 
(The point may be different for different lines.) 
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Dem. Let a be any line on any plane a, and let A be the 
point mentioned in P,’, and let 4 be the parallel to a through A. 
If C be not between a and 6 (III 1101), suppose, if possible, 
two rays 7, 7,, not opposite, go from C 
parallel to a; then they will be parallel to r 2 i 
6, for any line through C which meets one 


of a, 6 meets the other (10). Now either 4 + 
is in the region between 7, ”,, a, or a is in 
the region between 7, %, 0, as is easily A 6 


shewn; but this contradicts 9. Hence the Fig. 149 
rays from C, parallel to a, colline. 

If C’ be between a and 4, let C be on the opposite side of a 
from C’, then C is not between a and 4 (III 11), and hence 
there is but one parallel line d to a through C. But C’ is not 
between @ and @, and hence there is but one parallel line 
through C’ to a, by the first part of the proof. 

We now shew that we cannot replace P,’ by the weaker 
Axioms given in Chapter VI. 


12. Axioms O K with P, or P, or P,; or P,’ or P,’ do not 
suffice to shew P. 

Dem. Consider Euclidean Geometry but take as ‘points’ 
those Euclidean points on one side only of a fixed plane a. 
Then in at least one ‘plane,’ viz. any plane parallel to a, there 
is but one parallel through any ‘point’ to any ‘line’; and in 
any ‘plane’ there is at least one ‘line,’ viz. any line parallel 
to a, to which there is but one parallel through any ‘ point.’ 

© Hence P,, P,’ and so P,, P,, P,’ hold. But P is clearly false 
~ for our ‘ points.’ 


13. In the presence of O, Ax. K ts essential for the proof of 
the existence of non-meeting coplanar lines. (Cf. 8.) 

Dem. Construct the projective Geometry of the real field 
thus: A ‘projective point’ shall be the ratios of four real 
numbers +: y:2:w, not all zero. A ‘projective plane’ shall 
be the set of projective points satisfying 


Le +MY ANE PW =O. erccceccerenncees ‘eee 


for some fixed reals 7, m, 7, p, not all zero. A ‘projective line’ 
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shall be the meet of two projective planes. The properties 
of linear equations shew that all Axs. A of VI 4o hold. 

Now consider the ‘vational points, ie. those for which the 
ratios x :y:2: w are all rational, and the ‘vatzonal planes, ie. 
the sets of rational points satisfying (1) with 4, m, 2, p rational. 
A ‘rational line’ is the meet of two rational planes. The 
Axioms A still hold for these rational points, lines and planes. 

Let a be any transcendental number (I 28°6°8), then the 
projective plane o through the projective points (a, 0, 0, 1), 
(0, a2, 0, 1), (0, 0, a’, I) contains no rational points; and hence 
we can order the rational points with respect to the plane a, 
as we did in VIII 19'1 with respect to the plane a there. 

Then Axioms O hold for our rational points, while Ax. K 
clearly does not. And coplanar rational lines a/ways meet ina 
rational point. 


A Sufficient Basis for Euclidean Geometry 
Sagaubasis OP. is. 


14. On the basis of O, P.', K we can introduce congruence by 
definition, so that all the Theorems of this book that deal with 
Euclidean Geometry can be shewn without further assumptions. 

Dem. By 11 we have P. Further from O, P with the 
definition of +, x, in VIII 1, 6, it follows that the points of 
a line form a fully-ordered quasi-field (VIII 23) and that a 
coordinate frame can be set up in which a plane has am 
equation of the first degree (VIII 18:1). By Axiom K the 
quasi-field has Dedekind continuity with respect to the relation 
< (51). Hence the quasi-field is a field F and a continuum 
(I 26°5, 19°4). Hence 


a line ts a continuum, 


and since / is a field we have Pappus’ Theorem (VIII 1 Lie. 
Further if Y >0 is in F, we can find X in F with X2=Y 
(I 25°3). Hence our field F has at any rate the properties 
of Q, of VIII 28. Now in our coordinate frame a point exists 
whose coordinates are any given elements of F, hence Ax. os 
holds (VIII 28). Hence as in VIII 29 ff. we can define a con- 
gruence relation, and all the Theorems of Chapter IV hold for 
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- this relation. Further, Axiom K, is now true, since it follows 
from K (I 25:8), and the Theory of areas and constructions 
can now be completed (XI 30, IX 19). 

Consider now Axioms Q and Q, of Chapter V. By the defi- 
nitions of ‘distance’ and ‘sphere, the equation of a sphere, 
centre (a, J, ¢) and radius 7, is 

(wa + (y+ (2 of =r; 
any point (2’, 7’, 2’), on a line through (a, 6, c) with direction 
numbers (4 m, 7), has coordinates #’ =a’ +/s, y'=b'+ms, 
2 =c’+us where + m?+n?=1 and s=distance of (2’y'2’) 
from (xyz). This line meets the sphere, if at all, in points where 

(a’—at+dsP+(6'—b64+ ms) +(c'—c+nsP=Pr, 
that is, where 
#+2[1(a’—a)+m(b'—6)+n(c'—o)]s 
+ (a’—ay+(6'—6)P4+(c’—cY—-P=o, 

So far we have only assumed VIII 29, 30. Now bring in the 
fact that every positive element in our field F has a square 
root in the field. The discriminant of the quadratic above 
is certainly positive if 

(a’—apP+(0'— bP + (c'-—cP < 7, 
and then the quadratic has roots in the field F. Hence a line 
through any point inside a sphere meets the sphere. 

If now any circle be given and we take any point P on the 
perpendicular to its plane, through its centre, then P is equi- 
distant from all points on the circle (Thes. of Chapter IV), and 
hence all points on the circle are On a sphere, and all points 
inside the circle, inside that sphere. Hence Q, follows, and 
since Axioms O, C, P hold, therefore Q follows (1X 10). 


15. There ts a (1, 1) correspondence between the points of any 
sensed line OU and the real numbers, such that tf %,, £2 corre- 
spond to P,, P,, then 2, <x, if and only of P\(< OU)P,. 

Dem. We can construct on OU, by Chapter VIII, the points 
whose coordinates are rational in the scale OU, and the co- 
ordinates of the points satisfy the order condition stated 
(VIII § 2). Between any two points of OU lies a point with 
rational coordinate (K,, I 263). If x be any real number, let 


FEG 20 
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[7] be the set of rationals less than x, and [P] the set of points 
corresponding to them; [P] has a unique upper bound (5); we 
make this correspond to z. 

If Q be any point on OU, let [P] be the set of points with 
rational coordinates [vy] that precede Q in the sense OU; [r] 
defines a real number x, and to x corresponds Q. For Q is the 
upper bound of [P], since points with rational coordinates lie 
between Q and any other point Q’ on OU. 

The conditions on order now easily follow. 


Consistency and Completeness of the Axtoms 


16. Axtoms O, P,’, K are consistent. 

Dem. Let F be the real field and let a ‘point’ be an ordered 
triad (xyz) of elements of the real field. Just as in VIII 38 we 
can define ‘line’ and ‘order’ and then, as there, Axioms O, P, 
hold. But here, since F is the real field, Axiom K also holds. 
Thus O, P,’, K are consistent provided that the properties of 
the real field are consistent. But in Chapter I we constructed 
‘the real field from the natural numbers. Hence our Theorem is 
proved if we assume that the basic properties (e.g. the state- 
ments in I 12) of the natural numbers are consistent; and 
this we shall assume. 

Vote. Those who believe, with Russell, that the properties of the 
natural numbers can be deduced from logic by logic, need only assume 
the consistency of the principles of logic. Ter consistency of course 
cannot be froved. 


17. Axioms O,P,K,C, Q are consistent (16, 14). 


18. Axioms O, P,’, K are a complete set (1 7). 

Dem. If S and S, be two classes of ‘ points’ satisfying these 
Axioms, we can set up coordinates in each class so that to 
each point corresponds an ordered triad of real numbers (15) ; 
and if [P,P,P,] be true for three points in S, theny<1%<4, 
Or %, >4%,> %, Or 4=4%,=4%, and similarly for the y, z (by 15). 
Make each point in S correspond to that point in S, with the 
same coordinates; then we have a (1, 1) correspondence be- 
tween the points of S and S, such that, if P, corresponds to 


v 


Q;, then [P, P,P;] and [Q,Q.Q;] imply each other. 
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Thus any statement which involves only points and order 
is either inconsistent with O, P,’, K, or its denial is inconsistent 
with them. But if we drop Ax. K, for example, then O, P,’ is 
not a complete system, for neither Theorem 15 nor its denial 
is inconsistent with O, P,’. 


The Influence of the Axioms of Congruence 


§4. Basis O P, K CI_V. 


19. Lf instead of introducing congruence by definition, we take 
the congruence of point couples as undefined, and introduce 
Axioms O, K, C I—V, we may weaken the parallel Axiom to 
P,, and then from the total set will follow P, C, Q, K, and all 
Theorems of this book that deal with Euclidean Geometry can be 
Shewn without further assumptions. 

We shew this in successive steps. 


Axiom P, is: There is at least one line a and at least one 
point A, not on a, such that not more than one line can be drawn 
through A coplanar with but not meeting a. 

‘1. O, K, C I—IV imply that the measures of intervals 
form a continuous set of magnitudes (I 21-2, IV 13). 

‘2, O, K, C I—IV imply M, for if AB be any interval, an 
interval exists whose measure is 4~AB (I 21°5; cf. IV. 14°5). 

22-Q, K, C I—V imply C, (2 and V 13, 14). 

‘4. If AXB be a ‘semicircle’ centre O on AB, and 7/ the 
points + A,B of the semicircle be divided into two sets 
[P], [2] such that if P is in one set, Q in the other then 
pA OP< pA 00, then there is a point. L on the semicircle such 
that all points of [P], [Q] satisfy uA OP < pA OL < uwAOQ. 

Dem. Let Q be any point of [Q], 
then the lines joining O to points 
pf [| meet AQ in points [P’] 
say, and the lines joining O to points 
Q, of [Q] satisfying pAOQ, = »AOQ, 
also meet AQ in points [Q’] say. 
Axiom K applied to [P’], [Q’] gives 
the Theorem. 


20-2 
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1941. If L be on a circle centre O, we can find a point 
L’ on the circle and on a given side of OL, such that pL 
given measure o. . 

Dem. Let Q be on the given side of OL, : 
and on [LQ take P so that uwLP<3o. Let 
LR.OP, R on OP, and take L’ so that Q 
LR= RIL’, [ERL’}; then by C,, L’ is onthe ia r 
circle and on the given side of OL, and 0 
CPP, aL <p Le + pl Pee Fig. 151 

“5. O, K, C, imply Q. 

Dem. Suppose the circle C, centre O, goes through A inside 
and Boutside the circle C’, centre O’, where 


A, B are on OO’. Consider the points of : 
C on one side of OO’; divide them into /\ 
two sets; (i) the set [X] of points inside C’, ¢’ D 
(ii) the set [Y] of points outside or on C’ ; J 
then »AOX <pAOY (IV 661). Hence : 

(-4) there is a point L on the circle C, on Big. fae 


the chosen side of OO’, such that wA OX< pA OL wAOY for 
all X, Y in sets [X], [Y] resp. 

We shew that O’L is a radius of C’. For if / is the measure 
of the radius of C’, and wO’L </, let r* —nO’L=c. On the 
circle C and on the other side of OL from that in which O’ lies, 
we can find L’ so that wLL’ <o (-41); then wAOL' > wAOL, 
BOL’ s pO'L 4+ pLll’ <pO’L +c0=~r'. Hence L’ is inside C’, 
contrary to the above. Similarly ~O’L>~7 is impossible. 
Hence O’L is a radius of C’.. Hence C, C’ meet on each side 
of OO’. 

‘6. Thus O, K, C I—V imply C, and Q (-3,°5) and hence 
C (V 10). Also O, P,, C imply P,’ (VI 12), and O, K, P,’ 
imply P (11). Also K, C I—IV give K, (I 25'8). 

Whence 19 follows. 


20. O, P,, K, C I—V are consistent and complete. 

Dem. Consistency follows from 17, completeness as in 18, 
using a Cartesian rectangular frame (VIII 42). 

1. That K ds independent of the other Axioms follows from 
the work in VIII 28ff, taking Q, to be the field obtained 
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from the integers by the operations of addition, subtraction, 


multiplication, division and the fifth operation /i+a?, where 
@ is any number of the field already found. 


If we adjoin the operation Va, where a is any positive 
number already found, it follows that K zs a/so independent of Q. 
By VIII 40 ff, P, 2s cxdependent of the other Axioms. 


21. From O, P,, K, CI—V 2t follows that areas, volumes and 
angular measures form continuous systems of magnitude (19'1'4, 
noting that, by definition, areas and volumes are the measures 
of intervals). 

‘1. Lhe measures of intervals can be put into (1, 1) corre- 
spondence with the positive real numbers, in such a way that the 
unit enterval corresponds to the number 1, and if measures a, b 
correspond to the real numbers x, y then the measure a+ 6 corre- 
sponds to the number x+y, and the measure ab to the number xy. 
Using VII 21°8 this can be applied to the theory of proportion. 


22. It follows from the above work that, in the presence of 
O, K, C I—V, the two rays from any point parallel to any line 
colline or not, according as the two rays from a fixed given point 
parallel to a fixed given line colline or not. 


We have thus succeeded in erecting Euclidean Geometry 
on an excessively narrow basis. If we proceeded further we 
should have to define the length of an arc of a circle, and by 
means of it introduce the ordinary angular measure. This 
work depends essentially on Ax. K and is best left to Analysis. 

The main theme of the book is now ended. The remainder 
is of the nature of an appendix designed to illustrate one or 
two interesting points. 


CHAPTER XIV 


CONGRUENCE AS THE SOLE UNDEFINED 
RELATION BETWEEN POINTS 


Introductory Remarks 


We have seen that if we take as our undefined relation, the 
‘between’ relation for points, we are able to introduce a con- 
gruence relation by definition. Pieri* has shewn that Euclidean 
Geometry can also be erected, if we take, as our sole undefined 
relation, the three-termed relation between points A, B, C 
which has the properties of the relation expressed in our 
earlier theory by the phrase ‘(A, B) is congruent to (A, C)’ 
We shall see that it is possible to define the ‘between’ relation 
in terms of this relation, but that when this is done, we are com- 
pelled to assume Axioms on the ‘between’ relation analogous 
to those in Chapter II. These Axioms could of course now 
be expressed in terms of congruence only, but such statements 
would be excessively complicated. The reduction to the ‘con- 
gruence’ relation is thus not so complete as the reduction to 
the ‘between’ relation. 

When we have shewn that our earlier Axioms follow from 
those of Pieri+, we shall deal with the theory of motion, parti- 
cularly of Euclidean motions. In this chapter we shall often 
leave the details of the proofs to the reader. 


§ 1. Undefined Entities 


We take as undefined entities, a class of elements called 
‘points, denoted by Latin capitals and a certain three-termed 
relation between points, indicated by the phrase ‘AC is con- 
gruent to AB’ or by the symbol AC™ AB. It is not assumed 
in this relation that A, B, C are distinct. (Note that if D+ A, 
the relation AC ~ DB is not yet introduced.) 


* Pieri, “La Geometria Elementare,” Mem. di Mat. e di Fisica della 
Soc. Italiana delle Scienze, 1908, XV, p- 345. 


t+ The set of Axioms we give is not quite identical with Pieri’s set. 
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Ax. I. AB~ AB. 
Ax. II. If AB™ AC then AC™~ AB. 
Ax. III. If AB= AC and AC~ AD then AB~ AD. 
Ax. IV. If A+B then AA~ AB is false. 

1. If A bea point, then the relation AA™ AX is satisfied 
by X =A only. 

Dem. AA™AA (1), and if X+A, then AA™AX is false (IV). 


The Line and Plane 
2. Def. If A+B, the ‘line AB} denoted by AB simply, is 
the set of points X such that there is no point Y, distinct from 
A, satisfying AY AX, BY~ BX. 
3. If A+B, then A, B are on AB (1), and AB=BA. 
Ax. V. If C be on AB, then B is on AC. 
Ax. VI. There exist three points not on the same line. 


Ax. VII. If C be on AB and AX~ AY, BX~ BY, 
then CX~CY. (Cf Ax. CV) 


4. If C be on AB and C+A, then AB=AC. 

Dem. Vf X is on AC, but not on AB, there is a point Y+ X 
with AX ~AY,BX™=BY (2) and thenCX~CY (VII). Thus 
there is a point Y+X with AX= AY, CX™CY, contrary to 
the hypothesis that X is on AC. Hence if X is on AC, it is 
on AB. 

But since C is on AB, therefore B is on AC (V). Hence, as 
before, if X is on AB, it ison AC. Whence AB=AC. 

“1, If C be on AB, and C+ A, B, then AB=AC =BC (4, 3). 

5. Lf A+B, there is one and only one line on which both A 
and B lie. (Dem. as in II 4.) 

6. Def. If A, B,C be distinct and do not colline (IT 44), 
then the ‘plane ABC, denoted by ABC simply, is the set of 
points X such that there is no point Y, distinct from X, with 
AXZ AY, BX>BY,CX=CY. 

‘+, ABC=BCA =... (all arrangements of A, B, C permiss- 
ible). AB is on ABC (II 14'1). 
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7, If A, B,C do not colline, but A, B, D do colline, then 
CD is on ABC. 

Dem. Let X be on CD. Then there is no point Y +X with 
CX™CY,DX=DY. But if X is not on ABC, there is a point 
Y4+X with AX™ AY, BX™BY, CX™CY and then DX=DY 
(VII). This contradiction gives the Theorem. 


Ax. VIII. If A, B, C do not colline, and D is on ABC 
but not on BC, then A is on DBC. 


Ax. IX. If A, B, C do not colline and D is on ABC, 
and AX~ AY, BX= BY, CX=CY, then DX= DY. 

8. If Dis on ABC and not on BC, then ABC=DBC., (Cf. 
II 13-4.) 

Dem. lf X be on DBC there is no Y+X with DX, BX, 
CX™= DY, BY, CY; and if X is not on ABC, there is a point 
Y+X with AX, BX, CX=AY, BY, CY and hence with 
DX™ DY (IX), contrary to the first statement. Hence if X 
is on DBC, it is on ABC. But since D is on ABC and not on 
BC, therefore A is on DBC (VIII). Hence, as before, if X is 
on ABC, it is on DBC; whence ABC = DBC. 


g. If D, E, F be distinct non-collinear points of ABC, then 
ABC=DEF, (Dem. as in II 14.) 


10. Lf A, B be distinct points of DEF, then AB is on DEF 
(Dem. as in II 15). 


Circles and Spheres 
11. We can define ‘crcle’ and ‘sphere’ as in Chapter V. 
The sphere with centre A which goes through B is denoted by 
A (B). The ‘sphere A (A)’ is defined to be the point A. 


Ax. X. If A+B, there is a point M on AB with 
MA~ MB. 

12. Defs. This point is a ‘sid-point’ of (A, B). A is the 
‘mid-point’ of (A, A). 

‘I. If A+B, then A, B are not mid-points of (A, B). 


‘2, (A, B) has only one mid-point and this is the mid-point 
of (B, A). 
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Dem. \f MA™ MB, NA™NB, A+B, M+4N, then A, B 
are not on MN (2), and hence M, WN are not both on AB (5). 
12°3. We now know of the existence of three non-collinear 
points (VI) and of the mid-points of each pair. Given any line, 
there is a point not on it (VI). 


Ax. XI. There is one and only one point C+B on 
AB with AC~ AB. 


Reflections in Points and Lines 
13. Def. If C (+B) is on AB, and AC™= AB, then C is the 
‘reflection’ of B in A, and is denoted by B/A. If B=A, we 
define B/A to be A. 


Ax. XII. If A, B, C do not colline, there is one and 
only one point D+ B on ABC with AB= AD, CB=CD. 
nce CVI, VIL) 

1. Def. This point is the ‘reflection’ of B in AC, and is 
denoted by B/AC. If B be on AC, we define B/AC=B. 

gait A, Y beon AC and X+Y, then B/AC=B/XY (VII). 

3, lf B/AC =B, then B is on AC (XII). 

‘4. Defs. If a transformation of points into points (such as 
a reflection in a point or in a line) turns a point of a set [X] 
always into a point of that set, the set is ‘detent’ for the 
transformation. The operations of reflecting in A, AB are 


denoted by /A, /AB. 

14. A sphere with centre A is latent for /A; a sphere with 
centre on AB, and a plane through AB, are latent for /AB. 
Ax. XIII. A reflection in any line transforms a sphere 
and its centre into a sphere and its centre. 

15. If AB=AC and A’, B’,C’ are the reflections of A, B,C 
in a line, then A’B’= A'C’. 

16. By reflection in a line, collinear and coplanar points 
remain so (XIII and defs.). 

17. If C is not on the line 4, and D=C//, then the mid- 
point E of (C, D) is on 2. 
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Dem. Let F=E//, then F is on CD (16), and since EC? ED 
we have FD™ FC (15), and hence E = F (12°2). 


18. If the line s is distinct from the line ~ and is latent for 
reflection in 7, then s and 7 meet. 

Dem. Let A be on s and not on », and A’=A/s, then 
A=A'/r, s=AA’, and hence AA’ meets 7 (17). 


19. A sphere and a line cannot meet in three distinct points, 
that is, if AB™ AC and A, B,C do not colline and X (+B, C) 
is on BC, then AX = AB is false. (Cf. XI.) 

Dem. |BC leaves all points of BC latent (13°1). Let 
A'=A/BC, then since AB> AC, we have A’B=A’C (15), 
and therefore B is not on AA’ (2). If AX = AB and X is on 
BC, then A’X ~A’B (15). But since A, B, A’ do not colline, 
there is no point X (+.B,C) on ABC, and so none on BC such 
that AB™= AX, A’B= A’'X (XII). 


20. Def. If r,s be lines, then s+ (s is ‘perpendicular’ to r) 
means 7+ 5, s/r=s (that is, s is latent for /r Cf. 1374). 


aro lf sy, then, s meet (as) 


22. If A, B, C are distinct and C’=C/A, then AC1 AB, 
BC= BC’, C’=C/AB imply each other. 


Somilt gels. Chen wa 

Dem. Let AC1 AB; C’=C/A; B'=B/A; we shew then that 
bind C. Let Bo = B/AC, Me be 
mid-point of (B, B’’), then M is 
on AC (17) But BO=BC* (22%, 
hence B’C = B"C’ (15), and hence 
C’ = C/BB" and thus M is the mid- 
pointgot 7(C; .C") (17): aButy since 
C’=C/A, therefore A is the mid- 
point of (C, C’). Hence M=A Fig. 153 
(12:2), B’=B/M=B/A=B'. Thus B’=B/AC. But B= B/A 
whence AB1 AC (22), 


24. If C be not on 7, there is one and only one point A on 
ry such that CA 17. 
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Dem. Let C’=C/r, A= mid-point of (C, C’), then A is on + 
(17) and CA1y» If A, B be onz, and A+B, and CA, CBLy, 
then CA, CB are latent for /r, hence so is their sole common 
point C. Hence C is on r (13°3), cont. hyp. 


25. If A, B, C do not colline, and D(+C) is on ABC and 
not on AB, and if AC, AD1 AB, then A, C, D colline. 

Dem, Let B’=B/A, then CB=CB', DB™= DB’ (22, 23). 
Hence B, C, D do not colline. But B, B’ are on ABC=BCD. 
Hence B’= B/CD, and the mid-point A of (B, B’) is on CD. 


Ax. XIV. If A, B, C do not colline, there is a point 
A on ABC and not on AB such that XA™= XB. (Cf. X.) 


26. If A, B,C do not colline, there is a point D on ABC 


with DA 1 AB. 
Dem. Let B’=B/A. By XIV, there is a point D on ABC 


and not on AB, such that DB™ DB’. 
Ax. XV. Given any plane, there is a point not on it. 


27. IfAB, AC 1AM and A,B,C do not colline, and D(+A) 


is on ABC, then ADLAM. 
Dem. Let N=M/A, then BM, CM, AM=BN, CN, AN 


(22). Hence DM = DN (IX). 


Similitudes and Rotations 


28. Defs. If r be any line, a ‘votatzon round r’ is a product 
(i.e. a resultant) of two reflections in lines perpendicular to r 
at the same point; 7 is the ‘axzs’ of the rotation. A ‘szmzlitude’ 
is any (1, 1) transformation of points into points whereby each 
sphere and its centre corresponds to a sphere and its centre, 


29. A similitude transforms collinear points, coplanar points, 
mid-points, and perpendicular lines into such. A reflection in 
a line, and a rotation are simtilitudes. 


Ax. XVI. Asphere and a line through its centre meet. 


30. A sphere and a line through tts centre meet in just two 
points (XVI, XI). 
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31. Any point on the axis of a rotation is latent for the 
rotation, and so ts any sphere whose centre is on the axis. 
(XVI, XIII.) 


32. If A,B,C, D do not coplane (II 13), and AB, AC 1 AD, 
and AB™ AC, then DB= DC. 

Dem. Let E=D/A, and F be the mid-point of (B, C). Then 
PAP BC LAP bSC/AF. AlsoDA VAI 2z7 wg 
E=D/A. Hence E=D/AB=D/AF. Therefore 


(B,D EyjAB=(6, FE, D) A B 
and F 
(BG, HJAP =(C, B,D). 
Thus by /AB, the sphere D(B) becomes E (B) E| C 


(11, XIII), and by /AF the sphere E (B) becomes Fig. 154 
D(C). Hence by /AB./AF the sphere D(B) becomes D(C). 
But /AB./AF, being a rotation round AD, leaves this sphere 
with centre D latent (31). Hence DB= DC. 


33. If A, B, C, D do not coplane, and ADLABC; 
DE, DF | AD; and DE be on ABD, and DF B 
on ACD, then there is a line ~ such that 
(AB, AC)/r=DF, DE. a C 

Dem. Let O be the mid-point of (A, D); 
OH, OK 1 AD; OH on ABD; OK on ACD 9 us 
(26) and OH~ OK (XVI), and let M be the ie 
mid-point of (7, K). Then MO1AD,HK , 

(27). Hence /MO interchanges A with D, a 
and H with K, and so interchanges the Fig. 155 
planes ABD and ACD (29). Hence BA, being perpendicular 
to AD, becomes the line perpendicular to AD at D in the 
plane ACD (29), namely DF. Similarly AC becomes DE. 


Ax. XVII. Any two planes with a point common 
have another point common. 


"I. By 27, 32, 33 we cam now construct the theory of per- 
pendicular lines and planes as in Chapter IV. Thus eg. there 


is one and only one perpendicular line from a given point to 
a given plane. 
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34. Any plane perpendicular to the axis of a rotation ts latent 
for the rotation. 


35. Stmelitudes turn perpendicular lines and planes into such. 

36. If A, B,C do not colline, and AD, BD,CD™ AE, BE, CE 
and £ + D, then there is no point X (+ D, E) such that 

AX, BX, CX=AD, BD, CD. 

(Pieri takes this as an Axiom instead of XVII.) 

Dem. Let M be the mid-point of (E, D), then 

MA, MB, MC 1 MD. 

Hence A, B, C, M coplane*, and ED 1 ABC. Similarly, if 
there were such a point X, and N be the mid-point of (D, X), 
we should have A, B, C, N coplanar and XD 1 ABC. Hence 
M=N (331), whence X =E. 

‘1. If A, B,C, D do not coplane, then X is the only point 
common to A(X), B(X), C (X), D(X). 


Reflections in Planes 
37. Defs. If DM 1 ABC, M on ABC, and E=D/M, then E 
is the ‘ reflection’ of D in ABC, written E=D/ABC, and ABC 
is the ‘dzsector plane’ of (D, E). If D is on ABC, then we 
define D/ABC=D. The operation of reflecting in ABC is 
written /ABC. 


a8. If E=D/ABC, then AD™ AE (22). 
ciel? DU D/ABC, then.D ison ABC. 


39. If w be a given plane, and for any point X, X’ means 
X/p, then AB~ AC implies A’B'™ A'C’, Le. a re- y 
flection in a plane is a similitude. 

Dem. Let M, N be the mid-points of (A, A’) B 
and (B, B’) resp. If A is not on w, then A +A’, D 
AA'1 yp. The sphere A(B) meets AA’ in two M 
points D, E (32). First, let B be not on AA’ or - D 
p, then M+N; B+B’; MN | AA’, BB’. Hence 
Cape MN= (A, Bo Dyrand ABS AMD! 
(15). Similarly, if B is on p, then A’B’~A’D". 
Lastly, if B is on AA’, then B=D or E, hence 
B’=D' or E’,and A'B’ = A’D' (15); for since AA’ 1 p, therefore 

* This deduction needs Ax, XVII. Cf. IV 80. 


/ 
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D’ is the reflection of D, and E’ that of E in any line on p# 
through M. Thus always A’B’= A’D’. Similarly A’C’= A'D’. 
Hence the Theorem. 

4o. Any sphere with its centre on a plane yw, and any line 
perpendicular to p, are latent for /u (38). 

41. If M be a given point and for any point X, X’ means 
X/M, then AB™ AC implies A’B’= A'C’, ie. a reflection im a 
point ts a simtlitude. 

Dem. We may assume M + A, then MA meets A(B) in two 
points D, E say. If B be not on AM, let 7 be the line perpen- 
dicular to ABM at M, while if B be on AM, let r be any line 
perpendicular to AM at M. Then (A, B, D)/r=(A’', B’, D’) 
(17). Hence AB~AD implies A’B’™= A’D’ (15). Hence 
the Theorem follows as in 39. 

‘1, Def. Two spheres or points are ‘symmetric’ with 
respect to a point, line, or plane if each is the reflection of the 
other in the point, line, or plane. 

42. The following statements imply each other: Two spheres 
are symmetric (i) in M the mid-point of their centres, (ii) in 
some line through M perpendicular to the line of centres, 
(iii) in all such lines, (iv) in the plane through M perpendicular 
to the line of centres. Similarly for two points. 

‘1. Def. Two spheres are called ‘symmetric’ simply, when 
the statements in 42 are true for them. 


Definition of Congruence in General 
So far we do not know what AB ~CD means when A +C. 
This relation we now define. 
43. Def. If A+C, then ‘AB~CD’ means that the spheres 
A(B) and C(D) are symmetric. 
44. Always AB~CD, if and only if A(B) and C(D) are 
symmetric (14). 
45. AB~=CD implies CD™ AB. 
Definition and Properties of ‘Between’ 
46. Defs. A point A is ‘zzszde’ C(B) if and only if there are 
distinct points X, Y of C(B) with A the mid-point of (X, Y). A is 
‘outside’ C(B) if it is neither on nor inside. 
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401. Def X is ‘between’ A and B if and only if A+B, 
and X is on AZ and inside M(A) where M is the mid-point 
of (A, B). As before we assert this relation by [A XB]. 


‘2. [ABC] temples [CBA]. 

47. If [ABC], then A, B, C are distinct. 

Dem. Wehave only to shew that [A AB] isimpossible. Now 
if [AAB], then A +B, and A is inside M(A) where M is the 
mid-point of (A, B), and then (46) there are distinct points 
X, Y on M(A) with A the mid-point of (X, Y). Hence A+ X, Y 
(12'1), and A, X, Y are on M(A), contrary to 19. 

48. If M is the mid-point of (A, B), then [A MB], since A, B 
are on M(A). 

49. If A + B, there ts a point C with [ABC], namely A/B. 


50. We can now define interval, ray, triangle, side as in 
Chapter Il. We denote them as there. 


Ax. XVIII. If [ABC] is true, then [BCA] is false. 


Ax. XIX. A line which meets one side of a triangle 
and lies on the plane of the triangle meets the triangle 


again. 

We shall have all the Theorems of Chapter II, and the 
definitions of line and plane in that chapter will be satisfied by 
our lines and planes, if we shew: 


51. Lf A,B, C colline and are dtstinct, then [ABC] or [ACB] 
or [CAB]. 

Dem. Let [ABC], [ACB] be both false, and let E be any 
point not on AB. Let D satisfy [BED] D 
(49). Then CE meets B—D and not A-B, . 
and hence meets A~D in F say (XIX). f 
Then in triangle ADE, BF meets D-A Fi 
and not D-E (XVIII), and hence meets 
A-E inG, say; in triangle CAE, BF meets ¢ A 8B 
A-E and not A~C, and hence meets C~E. Big. 357 
In triangle CBF, DA meets C-E and not B-E (XVIII) and 
hence meets B-C. Thus we have [CAB]. 
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32. If A, B, C become A’, B', C’ by a similitude, then [ABC] 
implies [A’B’C’]. 

53. We can now define tetrahedron and space ABCD as in 
Chapter II, using Ax. XV as the existence Theorem. By 
XVII it follows that there is but one space. 

All Theorems of Chapters II and III now follow. 


The Congruence Axioms 


Ax. XX. Two spheres symmetric to the same sphere 
are symmetric to each other. 


54. If AB™ CD, CD~ EF, then AB™ EF (cf. Ax. C ID. 


55. Def. A similitude for which one pair (at least) of corre- 
sponding spheres are symmetric is an ‘zsomery. 


56. Lsomertes form a group (1 22). 


57. The product of any number of reflections is an isomery. 


Ax. XXI. If a similitude be such that one couple of 
distinct points is congruent to the corresponding couple, 
then any two corresponding couples are congruent. 


58. Anzsomery transforms any sphere into a symmetric sphere. 


59. A similitude, which leaves two points A, B of a line 
latent, 7s an tsomery leaving all points of the line latent. 

Dem. Vhe similitude is an isomery, since A(B) corresponds 
to itself and is self-symmetric. A point C on AB corresponds 
to a point C’ on AB, and AC AC’, BC™ BC’ (XXI). Hence 
C=C". 

60. A similitude with three latent non-collinear points A,B,C 
as etther a reflection in a plane or identity. 

Dem, Each point of AB, BC, CA is latent (59), hence so is 
each sphere with centre at A or B or C (30), and hence so is 
each point of ABC (6). If D is not on ABC, then the point D’, 
corresponding to D, is common to A(D), B(D), C(D) and so is 
either D or D/ABC (36, 38). 

In the first case, since if M be any point it is the only point 
common to A(M), BM), C(M), D(M) (36:1), therefore M is 
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latent, and the similitude leaves all points latent, ie. is identity. 
In the second case each point, not on ABC, is distinct from its 
corresponding point, and the Theorem follows by reflecting in 


ABC. 


61. A similitude with four latent non-coplanar points is 
zdentity. 

62. A ray from the centre of a sphere meets the sphere in but 
one point (32, 48). 

‘1. Ax. C I of Chapter IV now follows (44, 54). 

‘2... Ax. C IV, AB=BA, also holds, since reflection in the 
mid-point M of (A, B) interchanges A with B, and hence A(B) 
with B(A) (41). 

63. If UW, B be tsomeries which each transform A, [AB, 
{AB,C} zxto D, (DE, {DE,F} then either N=B or A=BP 
where = /DEF. 

Dem. Let % transform B and C into B’, C’. We express this 
Wact thuss B= BA, C= CAL. 

Then BS =B’ (62:1). Hence % transforms A(C), B(C) into 
the reflections of these spheres in the mid-points of (A, D) and 
of (B, B’) resp. (42), ie. into D(C’) and B’(C’). Hence the meet 
C, of A(C), B(C) and {AB,C}, is transformed by % into the 
meet of D(C’), B’(C’) and {DE, F}, i.e. into C’.. Hence both 2 
and % transform A, B, C into D, B’,C’. Hence 82 leaves 
D, B’, C’ latent, hence B2=9 or $$ (60), where J denotes 
the identical isomery. Note that if 2[, 8 be isomeries, then 1B 
is the isomery got by applying 2 first and then B. 


64. If A,B,C do not collineand D,E, F do not colline, there 1s an 
isomery which transforms A,|AB, {AB,C} into D, (DE, {DE,F}. 

Dem. Reflection in the mid-point of (A, D) transforms B,C 
into B’,C’ say. If B’ is not on [DE, let [DE meet D(B’) in B”. 
Then according as B’, B”, D are or are not 
collinear, the reflection in D or in the join C 


of D and the mid-point of (B’, B”), carries F 
B’ into B”’, leaves D fixed, and turns C’ 
into a point C” not on DE. ee 


If C” is not on DEF, let C’X 1. DE with dD 
X on DE and let [XY be in {DE, F} and 


FEG 21 
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perpendicular to DE, with XY = XC", The reflection in the 
plane through DE and the mid-point of (C”, Y) leaves DE 
latent and turns C” into Y, with DC” = DY. 

If C’” is in the half-plane opposite to {DE, F}, reflect in DE. 


6s. Every isomery is the product of reflections. 


66. From 63, 64, VII and XII we get C III, V, V1, VII of 
Chapter IV (see IV 54°1) and all the Theorems of Chapter IV 
now follow. In particular we can define the relations > Sts 
between the measures of intervals and shew their properties. 
From 46'1, 62 and XVIII it follows that, if C is outside A(B) 
then B is inside A(C). Further, if a plane and a sphere meet 
in two points, they meet in a circle whose centre is the foot of 
the perpendicular to the plane from the centre of the sphere. 


67. According as pAB<>=pAC will B be inside, outside 
or on A(C). Cf. 46 and Vr. 

Dem. lf pAB<pAC, there is a point B’ on A~C and A (B). 
Now [B’A meets A (B) in B” say (62), and[B”AB’C]. Hence 
[B’’B’C], and hence C is not inside A (B) (46:1), since C is not 
between B” and B’ (XVIII). Neither is C on A(B) (62). 
The Theorem now follows from 66. 


68. Any line through an inside point C of a sphere A(B) 
meets tt tn two distinct points. 

Dem, If the line goes through A this is 30. Let the line be 
perpendicular to CA; there is a line through C meeting the 
sphere in points X, Y of which C is the mid-point (46). The 
plane through C perpendicular to AC contains X, Y and the 
given line, the plane meets the sphere in a circle, centre C (66), 
and the given line meets the circle (XVI). 

If the given line is not through A or perpendicular to CA, 
let D be the foot of the perpendicular on the line from A, then 
MAD <pAC<wAB. Hence D is inside A (B) (67) and hence 


by the first part of the proof, DC meets the sphere in two 
points. 


69. Axiom Q, now follows. 


— — 
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Isomeries and Motions* 


The following Theorems can be deduced from the above or 
from Axioms O, C. 

70. A reflection in a line ts the product in either order of 
reflections in two planes, one plane a being any plane through 
the line, and the other being perpendicular toa. The product of 
reflections in two perpendicular planes taken in either order is 
a refiection tn their common line. (Cf. 82.) 

‘I. A rotation # round a line 7 is the product of reflections 
in two planes through +. 

Dem. R=/a./b where a, 6 are lines perpendicular to ¢ at 
the same point (28). Let a, 8, y be the planes va, 76, ab resp., 
then /a=/a./y and /6=/y./8 (70), Hence 

R= fa. fy. /y./B=/a.[8 
since /y./y is the identity S. 

‘2. A rotation round ¢ leaves no point C, not on ~», latent. 

Dem. TfCR=C and KR=/a./8,then C and C/a are symmetric 
for B, since C/a./8=C. Hence if C/a=C, then C would be 
on a and # and hence on », Hence C/a+C, and thus the join 
of C/a and C is perpendicular to both a and 8, which is 
impossible. 

3. If a rotation Mt round AB carry the ray (BG, perpen- 
dicular to AB, into [BF, then & is the product of reflections 
in planes ABX and ABP, where [BX bisects GBF. 

Dem. /ABX transforms A, B, G into A, B, F’, where F’ is 
on [BF, and BG= BF’; and so does %. Hence R=/ABX or 
/ABX ./ABF (63). But Xt cannot be a reflection in a plane, 
since then some points not on its axis would be latent (2, 37). 

71. A rotation ts the product of reflections in two planes 
through the axis, of which etther the first or the second may be 
any plane through the axts. 

‘1. A reflection in a line ts a rotation round the line. 

72. A rotation Rt is the product of reflections in two lines 
AB, AC, each perpendicular to the axts AX ata given point A, 
and either of which may be any such line. 

* For the following see Schur, Grundlagen der Geometrie (1909), § 3, 


and papers by Wiener in the Leipziger Berichte, 1890, 1891. 
21-2 
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Dem. R= /B./y where B, y are planes through AX, either 
arbitrary. Let a be perpendicular to AX at A, meeting 8, ¥ 
in AB, AC resp. Then /8./a=/AB, /a./y=/AC (70). Hence 

R=/B./y=/B./a./a./y=/AB./AC. 

72:1. The product of reflections in two planes which meet 

is a rotation round their common line. 


73. The product of two rotations 3, R, round the same 
axis 7, or round axes 7, s which meet, is a rotation or identity. 

Dem. In the first case, let d be any line perpendicular to 7 
at a point A on then R,=/a./b, R,=/b./e for some a, ¢ 
perpendicular to 7 at A, and thence ®,.R,.=/a./c. In the 
second case, let 6 be perpendicular to the plane of 7, s at the 
point A where 7, s meet, then again t,.R,=/a. /c, and this is 
a rotation round an axis perpendicular to the plane ac. 

‘I. The product of a reflection in, and a rotation round, a 
line is a rotation round that line. 


74. An tsomery I which ts not identity or a reflection in a 
plane, and which leaves a point A latent, ts either a rotation or 
the product of a rotation and a reflection in a plane. 

Dem. Let [AB, [AC be perpendicular rays which become 
[AB’, [AC’ (also perpendicular) by 2; omit the easy case when 
AB, AC, AB’, AC’ are all coplanar. Let U be a reflection in a 
line such that [AB.U=AB’]. Then if [AC.u=[AC,, let B 
be a reflection in a line such that [AC,.8=[AC’. We have 
AC,1AB’ since ACLAB. Also AC’ AB’. Hence the axis 
of ¥ is perpendicular to AB’, and hence AB’] B=[AB’. Hence 
UB carries A, [AC, [AB into A, [AC’, [AB’, and so does YI. 
Hence %= UB or UVP where $f is the reflection in the plane 
AB'C’ (63). 

75. Def. The ‘translation’ AB is the isomery which carries 
A into B, [AB into BA], and leaves latent some half-plane 
{AB, C} from AB and also a half-space of ABC. (Cf. 63.) 


76. Lhe translation AB is the product of reflections in two 
coplanar lines perpendicular to AB, either of which may be any 
such line; tt is also the product of reflections in two planes 
perpendicular to AB, either of which may be any such plane. 
Every half-plane from AB is latent. 
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Dem. By 63 the translation AB is /MX./BY, where M is 
the mid-point of (A, B) and MX, BY are perpendicular to 
AB and where X, Y lie on ABC; for this product has the 
properties mentioned in 75, and by 63 is the only isomery 
with these properties. Similarly, if C is any point of AB, and 
C becomes D by the translation, and N is the mid-point of 
(C,D), then the translation is /NX’./DY’ where NX', DY’ 1 AB 
and X’, Y’ lie on ABC. If a, 8 be planes through N, D per- 
pendicular to AB, then /VX’=/a./ABC and /DY’=/ABC. /g. 
Hence the translation is /a./8. Drawing any plane through 
AB, meeting a, 8 in 7, s, we have the same translation in the 
form /r./s. Hence the Theorem. 


77. The product of two translations along the same line is 
a translation along that line. 

‘1. If X is not on AB, and X, Y become Y, Z by the 
translation AB, then X, Y, Z do not colline unless the angle- 
sum of a triangle is two right angles; for, if X, Y, Z colline, 
it is easy to shew the existence of a quadrilateral with four 
right angles. (See XV 7.) 


78. Every tsomery U ts the product either of reflections in two 
lines or of reflections in two lines and a plane. 

Dem. If[AB, [AC be perpendicular rays which by 2 become 
[A’B’, [A’C’, also perpendicular, let T be the translation AA’. 
Then [AB, [AC become, say, [A’B,, [A’C, by ¥. The isomery 
inverse to 2 turns [A’B,, [A’C, into [A’B’, [A’C’ and hence 
is either a rotation R round A’D, say, or is R43, where {3 is the 
reflection in the plane A’B’C’, or is identity or a reflection in 
a plane through A’ (74). Consider the first two cases (the 
others are either obvious or similar). Then %=TR or TRIP. 
But J and are both products of reflections in two lines, 
whereof the second for J and the first for Jt can both be taken 
as the same line perpendicular to AA’D at A’. The Theorem 
then follows. 

79. Every isomery ts the product of reflections tn four planes 
or fewer. 

Dem. With the notation of 78, if &U=TMR, it is the product 
of reflections in four planes (71, 76). If U= TRY, it can be 
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represented by the product of reflections in five planes, four 
of which go through A’. If Uh, UL, Us, Uy, be the four last 
reflections, then 1,U, and U,U, are rotations (72'1) and so is 
their product (73). Hence U,U,1,1, can be replaced by the 
product of reflections in two planes. 


80. Def A ‘motion’ is an isomery which is either identity 
or a reflection in one line or the product of reflections in two 
lines. ; 

‘1, If R be a rotation round AB and XR=X,, YR=Y,, 
and XC, YD be perpendicular to AB, with C, D on AB, then 
XCX,=YVDY,. (Cf. 33.) 

‘2, Def. The ‘measure’ of ft is pXCxe 


81. /OA./OBis a rotation of measure 2uA OBor2 (7—pA OB). 


The Influence of the Parallel Axiom 
§ 2. Basis: Pieris Axioms I—XIX and Py’. 
We first shew that Ax. XX can be proved from this basis. 


82. If a, 8 be perpendicular planes through 7, then 
/a./B=/r. 

Dem. Let P,=P/a, P’=P,/8. The perpendiculars from P, 
P, to B are interchanged by /a./8, since P, P, interchange by 
/a, and since 8 is latent. Thus they also interchange by /7, 
since their feet are symmetric for a (35) and so are symmetric 
for (42). Similarly, perpendiculars from P,, P’ to a inter- 
change by /a./8 and by /7. Hence by /7, the perpendiculars 


from P to a, 8 interchange with those from P’ to a, 8. Hence 
ED), 


83. If u,v be perpendicular (meeting) lines, then /w. /v= /w, 
where w is perpendicular to « and v at the point where they 
meet. 


84. The product of reflections in two planes which meet is 
a rotation round their common line. 


Dem. Draw a plane perpendicular to the common line and 
use 82. 
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85. Two spheres, which correspond for a rotation 9, are 
symmetric in some plane through the axis of R. 

Dem. If one sphere has its centre on the axis, this follows 
by 31,40. In the contrary case, let B, B’ be the centres of the 
spheres and let M be the mid-point of (B, B’). Then B’ is on 
A (B), since A(B). R= A (B), where A is any point on the axis 
of %. Hence MA1BB’ and B’=B/AM. Let the sphere with 
centre B meet [BA in C (62, which follows from I—XIX). 
Now A (C).R=A (C), therefore CR is on A(C), and, if © = /AM, 
then CG is on A(C) (14). But R, S both turn [BA into [B’A. 
Hence C& and CS both lie on A(C) and on [B’A, and hence 
coincide in C’, say; whence ©, like R, turns B(C) into B’ (C’). 

86. Zwo coplanar lines perpendicular to the same line aré 
parallel (24), where parallel lines are defined as in VI 1. 

‘1. If x, s be parallel lines, a line perpendicular to 7 in the 
plane vs is also perpendicular to s (P,’ and 86). 

‘2. If A, B, C do not colline, the right bisectors of AB, BC 
in the plane ABC meet (‘1 and 24). 

‘87. We can now shew XX from I—XIX, P,’. To shew: 
if a, 8, y be spheres and yp, v planes with a/u=y, B/y=y, then 
a, 8 are symmetric. 

Dem. First, let the centres A, B,C of the spheres a, 8, y 
not colline, then there is a point X with XA™XB=XC (862, 
22). X lies on the bisector planes p, v of AB, BC, which planes 
therefore meet in a line 7, Also /u./v is a rotation ® round + 
(84), and ajt=8. Hence a, 8 are symmetric (85). 

If A,B,C colline and are distinct, take a sphere 6 symmetric 
to y with its centre not on AB, then since a, 6 are symmetric to 
yy, they are symmetric to each other by the first part. Similarly 
so are 8, 6 and hence so are a, 8. 


Euchdean Motions 
§3. Basis: Pieri’s Axioms I—XIX, XXI and P/. 
88. If ABCD bea rectangle then the translation A B= trans- 


lation DC. 

‘1, If A, B,C, D do not colline, then translation AB = trans- 
lation DC if, and only if, ABCD is a parallelogram. 

‘2, The product of reflections in two parallel lines AB, CD 
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is the translation AX, where AY 1CD, Y is on CD, and Y is 
the mid-point of (A, X). Similarly for the product of reflec- 
tions in two parallel planes. 


89. The product of rotations round two parallel lines r,s ts a 
translation or a rotation. 

Dem. The rotations can be written /8./aand /a. /y, where a 
is the plane vs. Hence the Theorem by 84, 38°2. 


90. Translations form an Abelian group (1 22°42). 


gt. Any translation can be expressed as the product of 
three translations along any three mutually perpendicular 
lines; and also as the product of a translation along a given 
line and one along some line perpendicular to the given line. 


92. A rotation R round XY ts a rotation round OP followed 
or preceded by a translation, where O ts a given point not on 
AY, and OP|| XY, ; 

Dem. Let a=OXY, and y be a plane through O parallel 
to 8 where R=/a,/8. Then R=/a./y./y./B8, and /a./yisa 
rotation round OP and /y./8 is a translation (88:2). 


93. A translation OA, followed or preceded by a rotation 
round OB 1 OA, results in a rotation round a line parallel to OB. 

Dem, Let OC LOAB, then the translation is /8./OBC where 
5 is some plane perpendicular to OA; and the rotation is 
/OBC ./& where € is some plane through OB, not OBC. The 
product being /8&./& is a rotation round the common line of 
5, €, and this is parallel to OB. 

"I. Defs. A ‘screw’ is the product of a translation T along a 
line AB, preceded or followed by a rotation R round AB. 
AB is the ‘axzs’ of the screw. 


94. The order of the factors T,K of the screw S is immaterial. 

Dem. Let r be any arbitrary line perpendicular to (and 
meeting) the axis AB of ©, then T=/a./8, where a, B are 
planes perpendicular to AB and a goes through + (76); while 
R=/y./8, where y, 8 are planes through AB and y goes 
through 7 (71). Now if @, p be perpendicular planes, then 
/=./p=/p./a (70). Hence TR=RT. 
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95. A screw GS=IR is the product of reflections in two 
Lines perpendicular to (and meeting) its axis, either of which may 
be any such perpendicular. 

Dem. With notation of 94, 7 being an arbitrary line per- 
pendicular to (and meeting) AB, we have 


G=/a./B./y./8=/a./y./B./8=/r./s (70), 
since a, y are perpendicular planes which meet in 7, and where 
s is the common line of 8 and 8. 


96. A motion (80) ts either identity or a translation or a 
rotation or a screw. Conversely, these ave motions. 

Dem, A motion, if not identity, is a reflection in two dis- 
tinct lines x, s (83). If these are coplanar we have a translation 
or rotation (88:2, 28). If not, then /7./s is a screw (95 Dem.). 

"Il. A reflection in a plane ts not a motion. 


97. Motions form a group. 

Dem, It suffices to shew that the product of two motions is 
a motion. If both be translations or reflections in lines, this 
follows by 80,90. For a translation and a rotation, we can 
‘resolve’ the translation into one along a line parallel to the 
axis of the rotation and another along a perpendicular line 
(91). Then 88'1, 93, 94, 96 give the Theorem, For rotations 
with coplanar axes we use 73, 89. Similarly for screws with 
such axes, using 94. 

For screws ©,, ©, with non-coplanar axes /, g; let ¢ be the 
line perpendicular to both g and g. Then there are lines s, 
perpendicular to Z, g respectively, such that 


Gi=/s./t, So=/t. /u (95). 


Hence ©, ©,=/s./u is a screw. 
Rotations are special cases of screws when the translation 


is identity. 


98. Assuming Axiom K,, Pieri (doc. cit.) has shewn that X XI 
follows from the remaining Axioms. 


CHAPTER XV 


THE ANGLE-SUM OF A TRIANGLE AND 
NON-EUCLIDEAN AREAS 


Introductory Remarks 


The investigations in this chapter are related to those from 
which the classical non-Euclidean Geometries arose. The 
Geometry on a sphere has clearly many analogies to that on’ 
a plane, great circles corresponding to lines. In particular 
most of the theory in Chapter IV holds on a sphere. We 
shew in this chapter why this is so and also why differences 
arise. This leads to the discussion of the angle-sum of a triangle, 
which is greater than 7 on a sphere. 

We shew that, assuming Axioms O,C,, the angle-sum of a 
triangle must be equal to or less than 7; we know already that 
both these cases can actually arise (VIII 49). If we assume 
Axiom K,, the first case gives the parallel Axiom P of Eucli- 
dean Geometry, while the second gives Hyperbolic Geometry, 
but for these deductions Axiom K, is essential. It has often 
been stated that experiment, being only approximate, cannot 
shew that the angle-sum of a triangle in the space of experience 
is exactly equal to 7, and hence cannot shew the truth of the 
Euclidean parallel Axiom ; but even if we knew this angle- 
sum was exactly 7, the truth of the Euclidean Axiom would 
only follow in the presence of K, which is equally inaccessible 
to experiment. Roughly speaking, K, can be regarded as 
an Axiom on the infinitely small, the parallel Axiom as an 
Axiom on the infinitely great. 

We next take up the question of non-Euclidean areas, and 
deduce results analogous to those of Chapter XI. 


Geometry on a Sphere 
$1. Basis OC. 


1. Defs. A ‘great circle AB’ on a sphere, centre O, is the set 
of points where the sphere is met by the plane OAB. If A,B 
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be points on the sphere, not collinear with O, then the ‘arc AB’ 
is the set of points where the sphere is met by rays in AOB. 
If A, B, C be points on the sphere, no two collinear with O, then 
the ‘spherical triangle ABC’ is the set of points A, B,C and 
the points of the arcs AB, BC, CA. These arcs are the ‘sides’ 
of the triangle, the ‘angle BAC’ of the triangle is the dihedral 
angle between the half-planes {OA, B} and {OA, C}. 

Arc XY™arc AB means XOY ~ AOB. | 

If A, B,C, D be points on a sphere and A, B be not collinear 
with the centre O, nor C, D collinear with O, then the ordered 
couples (A, B) and (C, D) ‘have the same sense’ if and only if 
they lie on the same great circle and OA “OB and OC, OD have 
the same sense (III 17). 

If A, B,C be on a sphere, then ‘[ABC]’ shall mean, ‘B is on 
the arc AC, A ‘szde’ of a great circle on a sphere is the set of 
points on the sphere and on one half-space of the plane, of the 
great circle. 


2. We shall now see how far our Axioms O,C, and our 
definitions of Chapter II hold, when ‘point’ means point on a 
certain sphere, ‘line’ means great circle, and ‘between’ refers 
to the relation above asserted by [ABC], and accordingly 
‘open interval’ means arc. 

-1, Ax. C I can be replaced by the following: If AB be any 
arc on a sphere, then on any great circle through a point A’ of 
the sphere there is one and only one point B’, such that 
AB™= A’B’ and (A’, B’) has a given sense on the great circle. 

‘2, Axs. C II, III, IV, VII hold unchanged, where of course 

angles between arcs on a sphere are congruent when the 
dihedral angles, which they ave, (1), are congruent. 

*3, Ax. C VI can be replaced by the following: If POR be 
any angle of a triangle, and AC any arc, then there are not 
more than two great circles through A such that there is a 
point B on them with CAB ~ POR. 

(All these statements easily follow from O, C in their original 
form.) 

‘4. If in two spherical triangles, two sides and the included 
angle, or three sides, or two angles and their common side, or 
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three angles of one be congruent to the corresponding parts of 
the other, then the angles and sides of the first are congruent 
to the corresponding parts of the other (IV 96). 

2'5. This shews C V, and secures agreement between our 
relation of congruence for our angles and the congruence of 
angles defined as in Chapter IV. 

‘6. Turning to Axioms O,, with the above definition of 
[ABC], and comparing lines and great circles, we find that the 
definition in II 3 does not give us the whole of the great circle 
through AB as the ‘line’ AB, and further we find that O III 
breaks down, with that definition of line. 

But though the Order Axioms thus fail, many Theorems 
in Chapter IV hold on the sphere when we define (spherical) 
triangles as above. The most important failures occur for IV 
36 and 59. Instead of the latter we now have: 

‘7, Any two great circles on a sphere meet in two points. 

*8. We can restore all our Axioms O,, if we consider as 
‘points’ only those points on the sphere which lie on one side 
of a great circle fixed once for all. But then Ax. C Ia some- 
times fails; but whenever we can perform the needed construc- 
tions without leaving our present set of ‘points’ the Theorems 
deduced in Chapter IV hold, with the same proofs. Thus the 
Theorems on congruence of triangles hold, except IV 37 (two 
angles and non-adjacent side). 


3. Def. A ‘pole’ of a great circle is a point where the 
perpendicular to the plane of the great circle, at the centre of 
the sphere, meets the sphere. 

‘I. If B’ is a pole of AC, and C’ of AB, then A is a pole 
OL Gs 

‘2. If ABC be any (spherical) triangle and A’ be that pole 
of BC which lies on the same side of BC as A, and similarly 
for BY, C’, then the triangle A’B’C’ is the ‘folar triangle’ of 
ABC. 

‘3. If A’B'C’ be the polar triangle of ABC, then ABC is the 
polar triangle of A’B’C’. 

Dem. Since A’ is a pole of BC, and A, A’ are on the same 
side of BC, therefore 1 AOA’ < m/2 (where O is the centre of 
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the sphere). But A is a pole of B’C’ (1), hence pAOA’ < 17/2 
shews that A, A’ are on the same side of B’C’. 

34. And pBAC= 7 — wD’ Ctr uB' A’ C=r— BOC, (By 
IV 84°3.) 

‘5. Lf ABC be a (spherical) triangle, then 

2 AOB + wBOC + COA < 2m. (XII 34) 

‘6. And »ACB+pCBA+ BAC >. 

Dem. Let A’B’C’ be the polar triangle of ABC, then 

pACB =7—pA'O'B, etc. (-4). 

But .4’0'B’ + pB’0'C' + wC’O'A’ < 20 (5). 

The Angle-sum of a Triangle 
§ 2. Basis O,C,. 

4. Def. If a polygon be dissected into triangles with their 
vertices at the vertices of the polygon, the sum of the angular 
measures of the angles of the triangles is the ‘angle-sum’ of the 
polygon (X 36). The ‘angle difference’ of the polygon is the 
difference between this sum and (x — 2) 7 (see X 38, where P, 
is assumed). 


5. The Theorem of Saccheri-Legendre. According as in one 
triangle, the angle-sum ts greater than, equal to or less than mr, 
it is so in all*. 

We first shew 5°1'2°3. 

‘1. If ABCD be a quadrilateral with A,B, C right angles, 
then w BC = wAD according as ue En/2. 

Dem. The right bisector of AB cannot meet B“C or AtD 
Al VEto 3 and: Ssouitameets C—D in N;say (X \11:1).) Let 
AC’™ BC with C’ on [AD, then NC’ LAC. Hence [AC’D] or 
[ADC’] or C’=D according as NDA, ie. CDA, has a measure 
less than, greater than or equal to 7/2 (IV 60). 

‘2, If ACC,A, be a quadrilateral, and A, C be right angles, 
and [A XC], and XL1AC, then XL meets Cryin xX, says (In 
this number and in °3 the subscript to a letter shall be used 


* Schur, Grundlagen der Geometrie (1909), § 6; Vahlen, Adstrakie 
Geometrie (1905), pp. 252 ff. 
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for this purpose always.) If X, Y,Z be on A-C, and [XYZ], 
then [X,Y,2,]. 

5°3. Considering quadrilaterals with three right angles, ac- 
EAS: as in one such quadrilateral the fourth angle has measure 
= 1/2, this is the case with every such quadrilateral. 

Dem. Vf ACC,A, be one such quadrilateral with AG A, 
right angles, we can make a quadrilateral ABX Y congruent 
to another such quadrilateral, with B on [AC, Y on [AA, and 
ABX, AYX right angles, and we may assume pAB < pAC. 
Thus BX meets A,-C, in B, say. If then the Theorem be 
shewn for two such quadrilaterals related like ACC,A, and 
ABB,A,, it will hold for 4A,B,B,and AYXB, and so for such 
quadrilaterals generally. 

To shew the Theorem for ACC,A, and ABB,A,, we 
must shew, by ‘1, that wCC, >< =ypAA, imply respectively 
(CO oe Ae 

First let CC,™ AA, then if BB’> AA, with B’ on [BB, we 
have L, BB and M,B’B right angles, where LL, and MM, 
are the right bisectors of AB, BC resp. (1, IV 69). Hence 
B,=B' and BB,= AA,. Similarly if BB,~ AA, thenCC,2A4A,. 

Next let uCC,>mAA,, then by the first part 4A,™ BB, is 
false, We shall shew that 


pBB, < pAA, 


is also false. For suppose it true, 
and let CA'= AA, and CB’~ BB,, 
with A’, B’ on [CC,, then A’ is on 
C-C,,.and. [CB'A’C,}. Let. NING 
MM, be the right bisectors of AC, 
BC resp., then N,A’Cisa right angle; but »M,B’C < m/2 since 
uM,B’ C=pM, B.B< m/2 (*1), since BB, <pAA,. But since 
[CBA], we have [CMN] and hence [C,M,N,] (2). But [B’A'Cy], 
and thus M, fb vant ye" meet in P; say. And [A’B'C]; 
hence uPB’C > PA’ Cri pM, BC > pN,A’ C =/2, contrary 
to the above. 

Hence wBB, < “AA, is also false, and thus BB, >pAA,.” 

Similarly ~CC,< AA, implies »BB,< wAA,, and the 
Theorem follows. 


Ay M8 MG 
a 
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Dem. of 5. Let ABC be any triangle and let F, D be the mid- 
points of AB, AC, and let KB, LC1 FD A 
with K,LZL on FD. Let MX be the right 
bisector of KL and so of BC (IV 69). Then KF D 
if AH | FD with H on FD, we have £ 

AH~BK™=~CL (IV 68), 
whence KBA ~ BAH, LCA™CAH. From 8 x ¢ 
these it easily follows, wherever H may be Figy269 
on KL, that wKBC +pLCB equals the angle-sum of triangle 
ABC. But KBC~LCB (IV 69). Hence according as the 
angle-sum of triangle ABC is >< =7, the fourth angle KBX 
of the quadrilateral KM XB (whose angles RK, mM ; X are right 
angles) will have measure >< =77/2, and this will be the case 
for each quadrilateral with three right angles (*3). Hence 5 is 
shewn. 

6. Two triangles ABC, A'BC, which are such that the mid- 
points of AB, AC, A’B, A'C colline, have equal angle-sums. 
(5 Dem.) 

7. If one quadrilateral exist with all its angles right angles, 
the angle-sum of any triangle is T. 


The Angle-sum of a Triangle and the Parallel Axiom 
8. If the angle-sum of a triangle is 7, and 
pB,BA+yBAA,=r, 5 tent: An 
and A,, B, are on the same side of 
AB, then AA, and BB, do not 


meet. 

9. If the angle-sum of a triangle p By, B’ 
is a, then through a given point A 7 
not on BB, can be drawn one, and ate 


only one, line in the plane ABB, 
which does not meet BB,, provided Axtom K, ts true 

Dem. Let AB1LBB,, AA, AB where A,, B, are on the 
same side of AB. Then AA, and BB, do not meet (8). Let 
A,B,1 BB,, then A,B, AA,. Let another line through A meet 
A,B, in C,. We shew that 4,C, meets Biba lia ©, are 
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points on [AA,, [AC, such that pAA,=7. AA,, pAC,=n2.AC, 
where z is any natural number, then by a series of congruent 
triangles, it follows that A,C,=%”.4,C,, AnC, L AA, and 
hence A,C, | BB,. If then we take so that x.A,C,>wAB 
(Ax. K,), then will 44,C,>pAB. But A,C, and BB, meet 
in B’, say,and AB™ A,B’ (5"1). Hence An, C, are on opposite 
sides of BB’, and so AC, meets BB’. The case of any other 
line through A is now easily treated. 


10. [f K, holds, the angle-sum of a triangle cannot be greater 
than wT. 
Dem. Suppose the angle-sum ofa triangle is greater than 7. 


Let AA,, BB, 1 AB, then AA,, BB, do not meet (IV 49°3). 
Let »BB,=.BB,, where B, is on [BB, and x is any natural 
number, and let B,X1BB, where X is on {BB,, A}. If 
AY=~BB,, with Y on [AA,, then A~Y, B-B, do not meet, 
and BB,Y = AYB, (IV 69), and hence »BB,Y >7/2 (the 
angle-sum of any triangle being >z). Thus [B,X is in BB,Y 
and so meets A~Y in Ay, say. Similarly the perpendicular 
to A,B, at A, meets A~B and A,B,] in A’ and A”, say. Now 
HAB > pA,B, >pA,B,>... (5:1); wA”B,=pA'B < pA,B,(5'1). 
Hence 
BAB —pA,B,< pAB—pA'B=pAA'; 

pA,A”’ = pA" B,— wA,B,< pA,B, — wA.B,. 

Hence if we can shew pA A’< wA,A”, we shall have 
LAB — wA,B,< pA,B,— pA.B,, 

and similarly we shall get »d,B,—pA,B,< LAB, — A,B, 
and so on. Now by K, there is a natural number , such that 
2 (AB — A,B,) > AB, and hence we shall have 


» (AB—A,B,) + (4,B,— A,B,) +...+(AnaBn1—AnBr) > pAB. 
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Hence »AB— A,B, > AB, contrary to IV 13. 

It remains to shew that 44 A’ < wA,A”. Now A,A'™ A, A", 
Let A,A,’™ A,A, where A,’ is on [A,A. Then since AAA seis 
a right angle, and A + A,’ (since A, A,B, is not a right angle), 
we have pA A’ < wA’A,’ while A’A,’™ A,A”; hence the result 
follows, 

The corresponding inequalities, which arise from the per- 
pendiculars through A, to A,B,, follow from the fact that 
always uB,A,A mus BBA 714A, >, and hence 

uB,A,A,, > PLY Wan pee 

101. Thus if C, K, hold, the angle-sum of a triangle can be 
greater than 7, only if the Axioms O break down somewhere. 
This is illustrated by the geometry on the sphere considered 
in § 1. 

‘2. Lhe Theorems in 9, 10 depend essentially on K,. In fact, 
there are Geometries in which K, is false, but O,C, hold, and 
in which an infinity of lines can be drawn through a given point 
not to meet a given coplanar line, and yet in which the angle- 
sum of a triangle is greater than or equal to 7*, (as well as 
such a Geometry in which K, may or may not hold, and in 
which the angle-sum of a triangle is less than mw (VIII 49)). 

We will briefly indicate a geometry—semi-Euclidean Geometry— 
in which the angle-sum is =, and yet an infinity of lines can be drawn 
through a given point so as not to meet a given coplanar line. Take 
the non-Archimedean field / of I 27°2, in which each element has a 
square root, and is of form 

A = Ag, E+ Ding £2 + «++ (Am, + 0) (110, < tg <...); 
the m being positive or negative rationals with finite greatest common 
denominator A (which may vary from element to element), and the @ 
being real. The ‘order’ of A is m. A is ‘proper’ or ‘improper’ 
according as #,>0 or m0. A ‘point’ P shall be a complex number 
x +ty=% where x, y are in /, and the laws of addition and multi- 
plication of the complex numbers are as in I 28. The*‘order’ of 
x +1y is the lower of the orders of x and y. The ‘Ze’ 22, shall be 
the set of points 2,= 2+ (g.—%) A, where X isin & Ifo<A<1r (see 
I 27), then 2; is ‘Zefween’ 2, and z,. A point of order >o is ‘proper,’ 

* Cf. Vahlen, /.c. The result is due to Dehn, Mazh. Ann. Lii1 (1900), 

p- 404. 
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a line is ‘Arvofer’ when it contains at least one proper point. Every line 
2,2, contains an infinity of improper points, €.g. 2+ (Z_— 2) 62, if Nm, 1S 
the order of z,, and 7, of z,, and ~,2,. Every proper line contains an 
infinity of proper points, for if z, and 2, are proper, so is 4 + (2,—4,) a 
if ~>0. All points between two proper points are proper. 

Two figures are ‘congruent’ when one is transformed into the other 
by a ‘translation’ 2’ =2+(u+ iv) or by a ‘rotation’ 
, artib 
== 3 

Ve+P 
where %, v, a, dare in F. A translation is ‘proper’ if it transforms at 
least one proper point into a proper point; then it transforms every 
proper point into a proper point; for if 2, 2, and 2,'=2, + (w+ 7z) are 
proper, so are w+7v and z,/=2,+(w+7v). Bya rotation every proper 


Z 


: F ; a+ib . 
point becomes a proper point, since the order of Jeak is always 
a+ 


zero. 

This geometry of proper and improper points is essentially identical 
with Euclidean coordinate plane geometry (cf. VIII § 9), and the 
order and congruence Axioms are true for the Jrofer points and lines, 
while P,’ is not, by the statement italicised above. From the analogy 
with the Euclidean Geometry we see that the angle-sum of a triangle 
is 7. Similarly a ‘semi-elliptic’ Geometry can be constructed in which 
the angle-sum of a triangle is greater than z, but yet an infinite number 
of lines can be drawn through a given point so as not to meet a given 
coplanar line. Thus from O,, C, alone, nothing can be deduced 
about the angle-sum of a triangle, though we can deduce the existence 
of at least one parallel from a given point to a given line (IV 59). 


Non-Euchidean Areas* 


The above results have a very direct bearing on the theory of 
non-Euclidean areas. As in XI §1 we only assumed our present 
basis O,C,, we may use the results shewn there. The work below 
also includes as a special case the theory of areas on a sphere, if we 
restrict ourselves to points on one side of a great circle and can 
perform our constructions without leaving that set of points (2°8). 


11. [f a triangle t be dissected into n triangles t; the angle- 
difference of t equals the sum of the angle-differences of the t;. 
Dem. First let no vertex of any sub-triangle fall on a side 


* Finzel, “Die Lehre vom Flacheninhalt in der allgemeinen Geo- 
metrie,” Math. Ann. LXXII (1912), p. 262. 
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of any sub-triangle. If a vertex common to some of the t; falls 
at a vertex of ¢, the sum of the measures of the angles of the 
¢; at that vertex equals that of the angle of ¢ there; if it falls 
inside Z, or on a side of 4, that sum is 2 or + resp. Let s be 


n 
the angle-sum of ¢, and s; of 4, then 5 s5;=5 + (2a + 6) 7 where 
1 


a, 6 are the numbers of the vertices of the ¢; which fall inside 
¢ or on a side of ¢ resp. If e denote the angle-differences, then 


n n n 
Xs;—nuw=Ze, s—m=e. Hence Ye;=et+(2a+b+1—-2)7; 
1 1 1 


we must shew 2¢@+6+1-—x=0. Now the total number 
of points which are vertices is a+4+3, of open intervals 
which are sides is e, say, and of sub-triangles is ~; hence 
a+b6+3+nu=e+1 (X 39). If we detach the sub-triangles 
from each other, the number of their vertices becomes 
3m = 2e—(b+ 3). 

The last two formulae give 2a+6+1—x=0. 

If a side of a sub-triangle contains a vertex of another we 
can dissect this sub-triangle further, so that this case no longer 
arises. This further dissection does not alter the sum of the 


angle-differences, by the first part of the proof. 
I1'I. The same result is true for a polygon dissected into 


triangles and is shewn in the same way. 


§ 3. Basis O,C, and the assumption (compatible with O,C, 
by 10°2) that the angle-difference of one triangle, and so of all 
(5), 28 ot Zero. 


12. Def. The ‘measure’ of a polygon f, denoted by wf, is 
its angle-difference. 

‘rt, Congruent polygons have the same measure. 

‘11. No polygon has measure zero. 

‘2, If a polygon be dissected into triangles, its measure is 
the sum of theirs (111). 


3, If p, =f, then pp, =ppo- 
‘4. Two triangles ABC, A’BC, such that the mid-points of 


AB, AC, A'B, A'C colline, have the same measure (6) and are 
also equivalent (XI 4 Dem., XI 1'1). 


22-2 
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12°5. Conversely two equivalent triangles ABC, A’BC with 
a common side BC, such that A’ is on {BC, A}, are such that 
the mid-points of AB, AC, A’B, A’C colline. 

Dem. Use the construction of 5 Dem. for both the triangles 
ABC and A’BC, and suppose F, D, F’, D’ do not colline 
(dashed letters refer to the triangle A’BC). Since the angle- 
sums of ABC and A’BC are equal (‘3), and that of AABC is 
wKBC + uLCB, and since KBC = LCB, we must have B, K, K’ 
collinear and C, L, L’ collinear (5 Dem.). Hence KLL’K’ has 
all its angles right angles, contrary to our assumption (7). 

: ‘6. The last still holds if we replace ‘equivalent triangles’ 
by ‘triangles of the same measure.’ 

‘7, Given a triangle ABC, and an interval s of measure 
greater than the measure of at least one of the sides BC of the 
triangle, we can on s make a triangle with the same measure 
as ABC, by means of constructions abcd,. 

Dem. Take D on [BC with BD™s, and let G be mid AC, 
gud. /sbesmid, CD; /G mects 
“75 in Kysay. “Lake £ so that 
KE~KA and [AKE}], then DBE 
is a triangle such as is required. 

For let 4,,.£,, C,; D,-be the 
feet of the perpendiculars from 
A, E,C,D onGJ. It follows at 
once by congruence that A-A,, 
E-E,, C-C,,_D-D. are; alk. con- 
gruent, and that hence GJ meets : 
E-D in its mid-point L, say. peo 
Hence the triangles ADC, ADE are such that the mid-points 
of CA, CD, EA, ED colline, hence tADC =pADE (a). It is 
easily shewn from O,C, that E is on A~B; hence 


AABD=ABC+ADC=DBE+ ADE, 
and HABC = pDBE. 


'8. We can construct by abcd, an ‘isosceles’ triangle on 
BD with the same measure as a given triangle DBE. 

Dem. Let BDLK be the isosceles birectangle, equivalent to 
DBE, constructed as in XI 4, and let XY be the right bisector 
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of BD, KL (IV 69), with X, Y on BD, KL resp., and let Z, W 
be the mid-points of KY, LY. Then BZ, DW meet XY in 
the same point F, and BDF is the isosceles triangle required, 
for Z, W are also the mid-points of BF, DF, and BF= DF. 


13. Two triangles with the same measure are equivalent. 

Dem, Take an interval of measure greater than those of all 
the sides of both triangles, and on it make triangles lying on 
the same half-plane and whose measures are the same as those 
of the given triangles; these triangles are thus related like 
those of 12°6, and hence they are equivalent (12°4). 

‘I. Given z triangles, we can find 2" mutually congruent 
triangles, the sum of whose measures equals the sum of the 
measures of the z triangles and which form a set equivalent 
to the given set. 

Dem. Given two triangles 4, 4 we can construct on'a 
sufficiently large base AB, two triangles ABC, ABD with 
AC= BC, AD~= BD, pABC = ph, pABD = pt,, and with C, D 
on opposite sides of AB (12°8). Then ACD~ BCD and 
ACD + BCD =i,+4(13). Given three triangles 4, 4, 4, we 
can construct two congruent triangles d, = ACD, ad’ = BCD as 
before, and also an isosceles triangle of the same measure as 
t, and this can be dissected into two congruent triangles d, d,’. 
Then 72 (4, ae hae ts) =p (d, + a, ny a 5 dy), 

LZ+4+424,+a,4+d/ +d, (13). 
Then by the first part of the proof we can find two congruent 
triangles d with » (d,+d,)=y(d+d), 4+a,=d+a. 

Thus w(4+4+4)=4ud, 4+44+42d+d+dt+d. 

The Theorem can now be shewn by induction. 


14. Two polygons p,, p, with the same measure are equivalent. 

Dem. p, can be dissected into, say, triangles and these 
can be replaced by 27 mutually congruent triangles, the sum 
of whose measures is wf, and the set of which triangles is 
equivalent to 7,. Similarly for ~, and we can clearly make 
the same for f, and 7. A// the triangles have then the same 
measure and are therefore equivalent (13). Hence J, =f. 

‘+. If we assumed Ax. K,, we could shew that u~,;= wp, 


implies p, =, (+). 
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15. If triangles ABC, XYZ have corresponding angles con- 
gruent, the triangles are congruent. 

Dem. If not, there are points B,+ B on [AB and C,+C on 
[AC with AB, = XY, AC,= XZ, and hence AB,C,= XYZ. 
The angle-sum of BB,C,C is then 27 and its measure zero, 
contrary to 12°II, 

‘1, Thus on the present basis, triangles similar in the Eucti- 
dean sense and not congruent cannot possibly exist. 


§ 4. The Axiom of Similarity 


16. If we assume Axioms O, C, and that triangles exist 
which are not congruent but which have their corresponding 
angles congruent, it follows that the angle-sum in all triangles 
is 7, but Ax. P,’ does not follow, unless we assume Ax. K, 
(10'2), 

‘t. If, however, we assume O, C and the following: 

If ABC be a triangle and XY any interval, then there is a 
point Z such that ABC, BCA, CAB are resp. congruent to 
XYZ, YZX, ZXY, then Ax. P,’ does follow*. 
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LIST OF THE GEOMETRIC AXIOMS EMPLOYED 


(Numbers refer to pages) 


Axioms of Order O TTI, 443-1, 4g; IV, V, Vi, 48301, 
60; VIII, 65. O I—VI are quoted as 
O,; O I—VIII as O. 


Axioms of Congruence C Ia, 91; I4, II, III, IV, 92; V, 97; VI, 
1o25.Vil; rit. Mor C, see porr2, (hie 
congruence Axioms are quoted together 


as C. 
Circle Axioms Ovrars On i3437 00, 1993 O:, 220. 
Parallel Axioms PP bee are eee 
Projective Axioms AA 255 As hOGA A tO 
Archimedes’ Axiom Ky, 220 
Continuity Axiom K, 297. 
Pieri’s Axioms Chapter XIV. 
Theorem M 96. 
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Name 
Identity 
Diversity 
Precedes 
Precedes, succeeds 


» bP] 
Order 
Cyclic order 
Line 
Interval 
Ray 
Triangle 
Plane 
Tetrahedron 
Space 
Way 
Ordered way 
Half-plane 
Half-space 


Angle 

Sensed angle 
Dihedral angle 
Trihedral angle 
Cross 


Meet of planes 
Congruent 


Plus 
Greater, less than 
Measure 


Perpendicular 
Parallel 
Proportion 
Similar 
Dissection 
Equivalent 
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A(<OU)B, A(>OU)B 175 


x (~<Oab)y, (> Oab)y 
[ABC], [P,2y.-. Pal 


(Cita ttn) 

AB 

AB, AB, AY B, A-B 
[OA; OA] 
AABC 

ABC 

A ABCD 
ABCD 

id, As de 

(A, A,""' An) 
\AB, C} 

{ABC, D} 

kk; AOB 
a,b; OA, OB 
ap 

O.ABC; O.atkc 
x AOB 

aB 

+ 

ay 

B 

ah 

| 

s|siwit|?e 


P=q(+); P= 


P= Q(T), (T +), (T-) 


77 


85 

120, I5I 

122 

92; 93, 94, 99; 
100, 120 

19, 95, 113 

19, 95, 114 

95,113, 124, 262, 
265, 285, 287 

106, 122, 124 

138, 155 

167 

169 

247 

257 

291 


INDEX 


(The numbers refer to pages) 


Accessible points, 237, 277, 

Aliorelative, 7. 

Angle, 69; vertex, side, side-line of, 
69 ; adjacent, opposite, 69; rays 
in an, 69; sensed, 77; inside and 
outside of, 81; dihedral, trihe- 
dral, 85; supplementary, Io1; 
right, 107; bisector of, 107; half 
of, 108; measure of, 113; sum of 
measures of angles, 113. 

Antiparallel, 153. 

Arc, 331. 

Area, see Measure. 

Argand diagram, 209. 

Argument, arg, 210. 

Associative law, Io, II. 

Axiom, 4; consistency and inde- 
pendence of, 5 ; complete sets of, 
6; of Archimedes, 20, 221, 268, 


335- 


Between, 8, 46, 319, 331; parallel 
lines, 72; line and two parallel 
rays, 301. 

Binary law, 10, 11. 

Birectangle, isosceles, 119. 

Bound (upper), 17 ; 
(above), 7. 


bounded 


Circle, 127, 312; centre, radius, 
diameter, inside, outside of, 127; 
tangent to, 129; to touch a, 129, 
130; power of point with respect 
to, 184; great, 300; side of great, 
331; pole of great, 332. 

Class, 2; unit, empty, sub-, proper 
sub-, members or elements of, 2; 
similar, 3, 4; maximum element 
of, 7; bounded, 7; enumerable, 
12; condensed, relatively dense, 
14; (upper) bound of, 17. 

Colline, collinear, 48. 

Commutative Law, Io, II. 

Concur, concurrent, 48. 

Congruence as sole undefined, 310; 
introduced by definition, 201. 

Congruence of, point-couples, 91, 


310, 318; sets of points, 93; in- 
tervals, 94; angles, 99; triangles, 
100; crosses, 120. 

Conjugate expressions, 224, 

Construction, rational, 197; gauge, 
217, 225; Mascheroni’s, 221, 226; 
by ruler and compasses, 227 ff. 

Continuity, Dedekind, 17; Can- 
torian, 18; Axiom of, 297. 

Continuum, 18. 

Coordinates, axes of,—plane, 191 ; 
of line, 192; of plane, 195 ; homo- 
geneous, 196. 

Coplanar, coplane, 57. 

Correspondence, 3; one-to-one, or 
(1, 1), 3. 

Cos P; PP», 201; cos 8, 210. 

Cross, 120, I51; congruent, 120, 
151; Opposite, 120; bisector of, 
120; between circles, 179. 

Cube, 287. 

Cycle, 181; centre of, 181. 


D-sets, 297. 

Decompose (of region), 82. 

Definition, nominal, 4; consistency 
of, 5; by Axioms, 6; by abstrac- 
tion, 8; by induction, Io, 

Dehn’s Theorem, 288, 

Desargues’ Theorem, 156 ff., 177, 
207 ff. 

Dihedral angle, 85; edge of, half- 
planes in, 85; sensed, 86; mea- 
sure of, 124; inside, outside of, 
273. 

Distance, 199. 

Distributive Law, 11. 


Entity, 3 f.n.; undefined, 4. 

Enumerable, 12. 

Equation, of figure, 191; of line, 
193; of plane, 195; cyclotomic, 
201,231. 

Equivalence, 257, 284; by addition, 
257, 284; of polygons, 257; of 
polyhedra, 284; equivalence (T), 
(T+), (T—), 291. 
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Field, 26; fully ordered, 29; Archi- 
medean, 30; modular, 36; points 
in, 224; polynomials in, 224 ; real 
elements of, 224; F (a1, +, Gn)» 
Q (a; eney Gn), OQ (a, eee Qn), 224. 

Formalist view, 5, 12, 28. 

Frame, 191; Cartesian rectangular, 
208. 

Frustum, trihedral, 283. 


Gauge, 217. 

Geometry, hyperbolic, 1, 213; el- 
liptic, 90, 165; projective, 159, 
303; finite projective, 163; of in- 
version plane, 180; on a sphere, 
330; semi-Euclidean, 337; semi- 
elliptic, 338. 

Graphical Theorems, 162, 215. | 

Group, 24; Abelian, 24; identity 
or modulus of, 25; inverse of 
element of, 26; fully ordered, 28. 


Half-plane, 68 ; closed, 69; side of, 


85. 
Half-space, 85. 
Harmonic range, 175. 
Hessenberg’s Theorem, 215. 
Homothety, 177; centre of, 177. 
Hyper-continuum, 33. 


Ideal, points, lines, plane (projec- 
tive), 161; point of inversion 
plane, 181. 

Identity of a group, 25. 

Induction, 10. 

Interval, open, closed, ends of, 46; 
division of, 53; into congruent 
intervals, 144; measure of, sums 
of measures of, 95; products of 
measures of, 171; mid-point of, 
96; unit, 171. 

Inverse elements, 26, 27. 

Inversion, 180; plane, 181; cycles 
of inversion plane, 181. 

Irreducible polynomial and equa- 
tion, 229. 

Isomery, 320. 


Latent sets for transformation, 313. 

Line, 46, 311; side of, 68; closed 
side of, opposite side of, 69 ; sense 
on a, 76; suitable, 242, 275. 

Linear transformation (in inversion 
plane), 212. 


Magnitude, 19, 20; multiples of, 20; 


INDEX 


Archimedean, 20 ; condensed, 21; 
continuous, 23; signed, 24. 

Mascheroni’s Theorem, 221. f 

Measure, of intervals, 95; addition 
of, 95; product of, 171; of angles, 
113; of dihedral angles, 124; of 
triangle, 262; of polygon, 265; of 
sets of polygons, 265; of tetra- 
hedron, 285; of polyhedron, 287; 
of rotation, 326; angular, 114; 
signed angular, 116; non-Eu- 
clidean, 339. 

Meet, 46. 

Mid-point, of interval, 96; of point- 
couple, 312. 

Mod, 210. 

Modulus of a group, 25. 

Motion, 326. 


Normal form of an expression in 
Q (a, seey Qn); 228. 

Number, natural, 9; integral, II; 
rational, 15; real, signed real, 15, 
16, 31; complex, 35; algebraic, 
transcendental, 36. 


Operation, 3, 13 f.n. 

Order, linear, 7, 54; by relation 
‘between,’ 8; cyclic, 84; in pro- 
jective space, 163, 196; of term 
In Q (a, ..., Qn), 227. 

Ordered couple, 3. 

Orthogonal circles, lines, 179. 


Pappus’ Theorem, 154, 158, 162, 190, 
199, 203 ff.; triad, 190; net, 
203. 

Parallel, lines, 138; lines and planes, 
1555 Trays, 300. 

Parallelepiped, 155, 287 f.n. 

Parallelogram, 140; altitude of, 260 

Perpendicular, lines, 106, 314; rays, 
106; lines and planes, 122, 124. 

Plane, 57, 311; on a, 59; side of a, 
85 opposite side of a, 85. 

Points, 44, 310; cyclic, 128; addi- 
tion of, 187; zero, 187; multipli- 
cation of, 189, 209 ; unit, 189. 

Polar for circle, 183; triangle, 332. 

Pole for circle, 183; of great circle, 
332. 

Polygon, 67; simple, 67, 240 f.n.; 
vertex, side, side-line, side-inter- 
val of, 67; regular, 230; inside, 
outside of, 243 ; projecting vertex 
of, 244; dissection of, 245; convex, 


INDEX 


253; angle-sum of, 254; angle- 
difference of, 333. 

Polyhedron, 274; vertex, edge, edge- 
interval, face, closed face of, 
274; normal, 274; inside, outside, 
aspect of, 276; convex, 279; 
dissection of, 279; Euler, 294; 
regular, 294, 

Poncelet-Steiner Theorem, 219. 
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Primitive polynomials, 230. 

Primitive root of a prime, 38. 

Product of elements of group, 25. 

Projection (orthogonal), 125; para- 
meter of, 185. 

Pyramid, 283; apex, base of, 283. 

Pythagoras’ Theorem, 174. 


Quadrilateral, 72; cyclic, 129. 

Quasi-field, 26; fully-ordered, 29; 
Archimedean, 30; rational sub- 
field of, 30; linear equations in, 


39- 


Radical axis, 184, 218; centre, 184. 
Ratio, 13, 167; signed, 14. 
Rational functions, 197. 

Ray, 53; division of, 54; end of, 
side of, opposite, 69; direction 
numbers of, 200; suitable, 242, 
275; parallel, 300. 

Rectangle, 143; altitude, base of, 
143. wn 

etccton. in point, in line, 313; 
in plane, 317. 

Region, 67; convex, 67; boundary 
of, 67. : 

Relation, 2; symmetrical, asym- 
metrical, aliorelative, reflexive, 7; 
transitive, equable, 8. 

Right bisector, 119; plane, 126, 317. 

Rotation, 315; axis of, 315; mea- 
sure of, 326. 


Saccheri-Legendre Theorem, 333. 
Scale, 19I. 
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School-girl problem, 163. 

Screw, 328; axis of, 328. 

Sense, on lines, 75, 76, 196; of 
angles, 77 ; on arcs of sphere, 331. 

Separate, 67; for rays, 84; for 
points on a circle, 128. 

Sequence, 44. 

Set=Class. 

Similitude, 315. 

Simson line, 153. 

Sin 6, 210. 

Space, 61. 

Sphere, 135, 312; centre, radius, 
diameter, inside of, outside of, 
135, 318; (line and plane) tangent 
to, 136; to touch a, 136. 

Square, 143. 

Suss’ Theorem, 290. 

Symmetric spheres and points, 318. 


Tetrahedron, 60; vertex, edge, edge- 
interval, face, face-plane, 60; op- 
posite edges, 61; inside of, 61; 
altitude of, 284; regular, 284. 

Translation, 178, 324. 

Triangle, 55; vertex, side, side-in- 
terval, side-line, opposite, 55, 56; 
inside of, 56; incentre of, 130; 
equilateral, 31; circumcentre of, 
147; altitude of, 147; ecentre of, 
153; similar, 169; directly and 
indirectly similar, 174; outside 
of, 237; transversal dissectors 
of, simple dissections of, 262; 
spherical, 331; angles and sides 
of spherical, 331; polar, 332. 

Trihedral angle, 85; vertex, edge, 
face, angle of, 85 ; inside, outside 
of, 273. 


Volume, see Measure. 


Way, vertex, side, side-line, side- 
interval, adjacent vertices of, 67 ; 
simple, 67; ordered, 239; suit- 
able, 242. 
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